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Preface

It is well-known that singular integrals is continuously regarded as a
central role in harmonic analysis. There are many nice books related to
singular integrals. In this book, there are at least two sides which differ from
the other books. One of them is to establish more perfect theory of singular
integrals. It includes not only the case of smooth kernels, but also the case
of rough kernels. In the same way, we deal with some related operators, such
as fractional integral operators and Littlewood-Paley operators. The other
is to introduce more new theory on some oscillatory singular integrals with
polynomial phases. This book is mainly provided to graduate students in
analysis field. However, it is also beneficial to researchers in mathematics.

This book consists of five chapters. Let us now illustrate the choice
of material in each chapter. Chapter 1 is devoted to the theory of the
Hardy-Littlewood maximal operator as the basis of singular integrals and
other related operators. It also includes the basic theory of the Ap weights.
Chapter 2 is related to the theory of singular integrals. Since the theory
of singular integrals with Calderón-Zygmund kernel has been introduced in
many books, we will pay more attention to the singular integrals with homo-
geneous kernels. Specially, we will introduce more perfect theory of singular
integrals with rough kernels, for instance the Lp boundedness of singular
integrals with kernels in certain Hardy space on the unit sphere will be fully
proved. In addition, the weighted Lp boundedness of singular integrals with
rough kernels and their commutators will be also established. Chapter 3 is
devoted to fractional integrals. In the same way, we will pay more attention
to the case of rough kernels. It includes not only the A(p, q) weight theory of
fractional integrals with rough kernels, but also the theory of its commuta-
tors. Chapter 4 is to introduce a class of oscillatory singular integrals with
polynomial phases. Note that this oscillatory singular integral is neither
a Calderón-Zygmund operator nor a convolution operator. However there
exists certain link between this oscillatory singular integral and the corre-
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sponding singular integral. Therefore, the criterion on the Lp boundedness
of oscillatory singular integrals will become a crucial role in this chapter.
It will discover an equivalent relation between the Lp boundedness of the
oscillatory singular integral and that of the corresponding truncated singu-
lar integral. Chapter 5 is related to the Littlewood-Paley theory. In this
chapter, we will establish two kinds of the weakest conditions on the kernel
for the Lp boundedness of Marcinkiewicz integral operator with rough ker-
nel. Finally, it is worth pointing out that as space is limited, the theory of
singular integrals and related operators in this book is only worked on the
Lebesgue spaces although there are many good results on other spaces such
as Hardy spaces and BMO space.

It should be pointed out that many results in the later three chapters of
this book reflect the research accomplishment by the authors of this book
and their cooperators. We would like to acknowledge to Jiecheng Chen,
Dashan Fan, Yongsheng Han, Yingsheng Jiang, Chin-Cheng Lin, Guozhen
Lu, Yibiao Pan, Fernando Soria and Kozo Yabuta for their effective cooper-
ates in the study of singular integrals. On this occasion, the authors deeply
cherish the memory of Minde Cheng and Yongsheng Sun for their constant
encourage. The first named author of this book, Shanzhen Lu, would like
to express his thanks to his former students Wengu Chen, Yong Ding, Zun-
wei Fu, Yiqing Gui, Guoen Hu, Junfeng Li, Guoquan Li, Xiaochun Li, Yan
Lin, Heping Liu, Mingju Liu, Zhixin Liu, Zongguang Liu, Bolin Ma, Huixia
Mo, Lin Tang, Shuangping Tao, Huoxiong Wu, Qiang Wu, Xia Xia, Jingshi
Xu, Qingying Xue, Dunyan Yan, Dachun Yang, Pu Zhang, and Yan Zhang
for their cooperations and contributions to the study of harmonic analysis
during the joint working period. Finally, Shanzhen Lu would like to express
his deep gratitude to Guido Weiss for his constant encourage and help.

Shanzhen Lu
Yong Ding
Dunyan Yan

December, 2006
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Chapter 1

Hardy-Littlewood Maximal

Operator

1.1 Hardy-Littlewood maximal operator

Let us begin with giving the definition of the Hardy-Littlewood maximal
function, which plays a very important role in harmonic analysis.

Definition 1.1.1 (Hardy-Littlewood maximal function) Suppose that
f is a locally integrable on Rn, i.e., f ∈ L1

loc(R
n). Then for any x ∈ Rn, the

Hardy-Littlewood maximal function Mf(x) of f is defined by

Mf(x) = sup
r>0

1

rn

∫

|y|≤r
|f(x− y)|dy. (1.1.1)

Moreover, M is also called as the Hardy-Littlewood maximal operator.

Sometimes we need to use the following maximal functions. For f ∈
L1

loc(R
n) and x ∈ Rn,

M ′f(x) = sup
r>0

1

|Q(x, r)|

∫

Q(x,r)
|f(y)|dy, (1.1.2)

where and below, Q(x, r) denotes the cube with the center at x and with
side r and its sides parallel to the coordinate axes. Moreover, |E| denotes

1



2 Chapter 1. Hardy-Littlewood Maximal Operator

the Lebesgue measure of the set E. More general,

M ′′f(x) = sup
Q3x

1

|Q|

∫

Q
|f(y)|dy, (1.1.3)

where the supremum is taken over all cubes or balls Q containing x.

For the Hardy-Littlewood maximal operator M , we would like to give
the following some remarks.

Remark 1.1.1 By (1.1.1)-(1.1.3), it is easy to see that there exist constants
Ci (i = 0, 1, 2, 3) depending only on the dimension n such that

C0Mf(x) ≤ C1M
′f(x) ≤ C2M

′′f(x) ≤ C3Mf(x) (1.1.4)

for any x ∈ Rn. That is, the Hardy-Littlewood maximal function Mf of f
and the maximal functions M ′f , M ′′f are pointwise equivalent each other.

Remark 1.1.2 For f ∈ L1
loc(R

n), the Hardy-Littlewood maximal function
Mf(x) is a lower semi-continuous function on Rn, and is then a measurable
function on Rn.

By (1.1.4), we only need to show it for M ′f(x). In fact, it is sufficient to
show that for any λ ∈ R, the set E = {x ∈ Rn : M ′f(x) > λ} is an open set.
However, by the definition of M ′f(x) it suffices to show that E is open for all
λ > 0. Equivalently, we only need to show that Ec := {x ∈ Rn : M ′f(x) ≤ λ}
is a closed set for all λ > 0.

Suppose that {xk} ⊂ Ec satisfying xk → x as k → ∞. We only need to
show that for any r > 0

1

|Q(x, r)|

∫

Q(x,r)
|f(y)|dy ≤ λ. (1.1.5)

Denote Qk = Q(xk, r) and fk(y) = f(y)χQ(x,r)4Qk
(y) for all k = 1, 2, · · · ,

where
Q(x, r)4Qk =

(
Q(x, r)\Qk

)⋃(
Qk\Q(x, r)

)
.

Thus,
|fk(y)| ≤ |f(y)| for all k and lim

k→∞
fk(y) = 0.

Applying the Lebesgue dominated convergence theorem, we have

lim
k→∞

1

|Q(x, r)|

∫

Q(x,r)
|fk(y)|dy = 0. (1.1.6)



1.1 Hardy-Littlewood maximal operator 3

On the other hand, it is clear that

1

|Q(x, r)|

∫

Qk

|f(y)|dy =
1

|Qk|

∫

Qk

|f(y)|dy ≤ λ.

Hence

1

|Q(x, r)|

∫

Q(x,r)
|f(y)|dy ≤ 1

|Q(x, r)|

∫

Q(x,r)4Qk

|f(y)|dy

+
1

|Q(x, r)|

∫

Qk

|f(y)|dy

≤ 1

|Q(x, r)|

∫

Q(x,r)
|fk(y)|dy + λ.

Let k → ∞, by (1.1.6) we obtain (1.1.5).

Remark 1.1.3 The Hardy-Littlewood maximal operator M is not a bounded
operator from L1(Rn) to itself.

We only consider the case n = 1. Take f(x) = χ[0,1](x), then for any
x ≥ 1, we have

Mf(x) ≥ 1

2x

∫ 2x

0
|f(y)|dy =

1

2x
.

Hence ∫

R

Mf(x)dx ≥
∫ ∞

1
Mf(x)dx ≥

∫ ∞

1

1

2x
dx = ∞.

Although M is not a bounded operator on L1(Rn), however, as its a re-
placement result we shall see that M is a bounded operator from L1(Rn) to
L1,∞(Rn), i.e., the weak L1(Rn) space (see Definition 1.1.2 below).

Lemma 1.1.1 (Vitali type covering lemma) Let E be a measurable
subset of Rn and let B be a collection of balls B with bounded diameter d(B)
covering E in Vitali’s sense, i.e. for any x ∈ E there exist a ball Bx ∈ B
such that x ∈ Bx. Then there exist a β > 0 depending only on n, and disjoint
countable balls B1, B2, · · · , Bk, · · · in B such that

∑

k

|Bk| ≥ β|E|.
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In fact, it will be seen from the proof below that it suffices to take β = 5−n.
Proof. Denote `0 = sup{d(B) : B ∈ B} < ∞. Take B1 ∈ B so that
d(B1) ≥ 1

2`0. Again denote B1 = {B : B ∈ B and B ∩ B1 = ∅} and
`1 = sup{d(B) : B ∈ B1}, then we choose B2 ∈ B1 such that d(B2) ≥ 1

2`1.
Suppose that B1, B2, · · · , Bk have been chosen from B according to the

above way, then we denote

Bk =



B : B ∈ B with B

⋂



k⋃

j=1

Bj


 = ∅





and
`k = sup{d(B) : B ∈ Bk}.

Next we choose Bk+1 ∈ Bk such that d(Bk+1) ≥ 1
2`k. Thus we may choose

a sequence B1, B2, · · · , from B such that

(i) B1, B2, · · · , Bk, · · · are disjoint;

(ii) d(Bk+1) ≥ 1
2 sup{d(B) : B ∈ Bk}, and

Bk =



B : B ∈ B and B

⋂



k⋃

j=1

Bj


 = ∅





for k = 1, 2, · · · .

If this process stops at some Bk, then it shows that Bk = ∅. In this case, for
any x ∈ E there exists a ball Bx ∈ B such that x ∈ Bx and Bx ∩ Bk0 6= ∅
with some 1 ≤ k0 ≤ k. Without loss of generality, we may assume that
Bx ∩Bj = ∅ for j = 1, 2, · · · , k0 − 1. So, d(Bk0) ≥ 1

2d(Bx), and this implies
Bx ⊂ 5Bk0 , where 5Bk0 expresses the five times extension of Bk0 with the
same center. Thus, we have E ⊂ ⋃k

j=1 5Bj , and it leads to

|E| ≤

∣∣∣∣∣∣

k⋃

j=1

5Bj

∣∣∣∣∣∣
≤

k∑

j=1

|5Bj | ≤ 5n
k∑

j=1

|Bj |.

On the other hand, it is trivial when
∑∞

j=1 |Bk| = ∞. So, we may assume
that

∑∞
j=1 |Bk| <∞. Denote B∗

k = 5Bk. We will claim that

E ⊂
∞⋃

k=1

B∗
k. (1.1.7)
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In fact, it suffices to prove that B ⊂ ⋃∞
k=1B

∗
k for any B ∈ B. Since∑∞

j=1 |Bk| < ∞, we have d(Bk) → 0 as k → ∞. Thus there exists k0

such that d(Bk0) <
1
2d(B). Of course, we may think that the index k0 is

the smallest with the above property. In this case, Bx must intersect with
some Bj for 1 ≤ j ≤ k0 − 1. Otherwise, d(Bk0) ≥ 1

2d(Bx). As before, we get
Bx ⊂ 5Bj = B∗

j and (1.1.7) follows. Thus

|E| ≤
∣∣∣∣∣
∞⋃

k=1

B∗
k

∣∣∣∣∣ ≤
∞∑

k=1

|B∗
k| ≤ 5n

∞∑

k=1

|Bk|.

This completes the proof.

Definition 1.1.2 (Weak Lp spaces) Suppose that 1 ≤ p < ∞ and f is a
measurable function on Rn. The function f is said to belong to the weak Lp

spaces on Rn, if there is a constant C > 0 such that

sup
λ>0

λ|{x ∈ Rn : |f(x)| > λ}|1/p ≤ C <∞.

In other words, the weak Lp(Rn) is defined by

Lp,∞(Rn) =
{
f : ‖f‖p,∞ <∞

}
,

where
‖f‖p,∞ := sup

λ>0
λ|{x ∈ Rn : |f(x)| > λ}|1/p

denotes the seminorm of f in the weak Lp(Rn).

Remark 1.1.4 It is easy to verify that for 1 ≤ p <∞, Lp(Rn) & Lp,∞(Rn).

Definition 1.1.3 (Operator of type (p, q)) Suppose that T is a sublinear
operator and 1 ≤ p, q ≤ ∞. T is said to be of weak type (p, q) if T is a
bounded operator from Lp(Rn) to Lq,∞(Rn). That is, there exists a constant
C > 0 such that for any λ > 0 and f ∈ Lp(Rn)

|{x ∈ Rn : |Tf(x)| > λ}| ≤
(
C

λ
‖f‖p

)q

; (1.1.8)

T is said to be of type (p, q) if T is a bounded operator from Lp(Rn) to
Lq(Rn). That is, there exists a constant C > 0 such that for any f ∈ Lp(Rn)

‖Tf‖q ≤ C‖f‖p, (1.1.9)

where and below, ‖f‖p = ‖f‖Lp(Rn) denotes the Lp norm of f(x).
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When p = q and the operator T satisfies (1.1.8) or (1.1.9), T is also said
to be of weak type (p, p), respectively. Moreover, It is easy to see that an
operator of type (p, q) is also of weak type (p, q), but its reverse is not hold
generally.

Below we shall prove that the Hardy-Littlewood maximal operator M is
of weak type (1, 1) and type (p, p) for 1 < p ≤ ∞, respectively.

Theorem 1.1.1 Let f be a measurable function on Rn.

(a) If f ∈ Lp(Rn) for 1 ≤ p ≤ ∞, then Mf(x) <∞ a.e. x ∈ Rn.

(b) There exists a constant C = C(n) > 0 such that for any λ > 0 and
f ∈ L1(Rn)

|{x ∈ Rn : Mf(x) > λ}| ≤ C

λ
‖f‖1.

(c) There exists a constant C = C(n, p) > 0 such that for any f ∈
Lp(Rn) 1 < p ≤ ∞, ‖Mf‖p ≤ C‖f‖p.

Proof. Obviously, the conclusion (a) is a direct result of the conclusions
(b) and (c). Hence we only give the proof of (b) and (c).

Let us first consider (b). For any λ > 0, by Remark 1.1.1 the set

Eλ := {x ∈ Rn : Mf(x) > λ}
is an open set, and is then a measurable set. By Definition 1.1.1, for any
x ∈ Eλ, there exists a ball Bx with the center at x such that

1

|Bx|

∫

Bx

|f(y)|dy > λ.

Thus

|Bx| <
1

λ

∫

Bx

|f(y)|dy ≤ 1

λ
‖f‖1 <∞ for all x ∈ Eλ.

Therefore, if we denote B = {Bx : x ∈ Eλ}, then B covers Eλ in Vitali’s
sense. By Lemma 1.1.1, we may choose disjoint countable balls B1, B2, · · · ,
Bk, · · · in B such that ∑

k

|Bk| ≥ β|Eλ|.

Hence

β|Eλ| ≤
∑

k

|Bk| ≤ 1

λ

∑

k

∫

Bk

|f(y)|dy

=
1

λ

∫
⋃

k Bk

|f(y)|dy

≤ 1

λ
‖f‖1.
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Let us now turn to the proof of (c). Clearly, the conclusion (c) holds for
p = ∞, we only consider the case 1 < p <∞. Let f ∈ Lp(Rn) (1 < p <∞).
For any λ > 0, write f = f1 + f2, where

f1(x) =

{
f(x), for |f(x)| ≥ λ/2

0, for |f(x)| < λ/2.

It is easy to see that f1 ∈ L1(Rn). Thus we have

|f(x)| ≤ |f1(x)| +
λ

2
and Mf(x) ≤Mf1(x) +

λ

2
. (1.1.10)

Hence, by (1.1.10) and the weak (1,1) boundedness of M (i.e. the conclusion
(b)), we have

|Eλ| =
∣∣{x ∈ Rn : Mf(x) > λ}

∣∣
≤
∣∣{x ∈ Rn : Mf1(x) > λ/2}

∣∣

≤ 2β

λ

∫

Rn

|f1(x)| dx

=
2β

λ

∫

{x∈Rn: |f(x)|≥λ/2}
|f(x)| dx,

where β is the constant in Lemma 1.1.1. Therefore
∫

Rn

(Mf(x))pdx

= p

∫ ∞

0
λp−1|Eλ| dλ

≤ p

∫ ∞

0
λp−1

(
2β

λ

∫

{x∈Rn: |f(x)|≥λ/2}
|f(x)| dx

)
dλ

≤ 2βp

∫

Rn

|f(x)|
(∫ 2|f(x)|

0
λp−2dλ

)
dx

=
2βp

p− 1

∫

Rn

|f(x)|p dx.

Thus we finish the proof of Theorem 1.1.1.

Immediately, by the weak (1,1) boundedness of the Hardy-Littlewood
maximal operator M we may get the Lebesgue differentiation theorem.

Theorem 1.1.2 (Lebesgue differentiation theorem ) Suppose that f ∈
L1

loc(R
n). Then

lim
r→0

1

|B(x, r)|

∫

B(x,r)
f(y) dy = f(x) a.e. x ∈ Rn,
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where B(x, r) denotes the ball with the center at x and radius r.

Proof. Since for any R > 0, fχB(0,R) ∈ L1(Rn), we may assume that
f ∈ L1(Rn). Denote

Lr(f)(x) =
1

|B(x, r)|

∫

B(x,r)
f(y) dy,

and let
Λ(f)(x) = lim

r→0
Lr(f)(x) − lim

r→0
Lr(f)(x).

Then
Λ(f)(x) ≤ 2 sup

r>0
|Lr(f)(x)| = 2Mf(x).

Let us first show that for any λ > 0

|Eλ(Λf)| := |{x ∈ Rn : Λ(f)(x) > λ}| = 0. (1.1.11)

In fact, for any ε > 0 we may decompose f = g+h, where g is a continuous
function with compact support set and ‖h‖1 < ε. Thus

Λ(f)(x) ≤ Λ(g)(x) + Λ(h)(x) = Λ(h)(x),

and it leads to
|Eλ(Λf)| ≤ |Eλ(Λh)| ≤ |Eλ/2(Mh)|.

By Theorem 1.1.1 (b), we have

|Eλ(Λf)| ≤ 2C

λ
‖h‖1 <

2Cε

λ
.

Thus, by the arbitrariness of ε we know (1.1.11) holds, and (1.1.11) shows
that the limit lim

r→0
Lr(f)(x) exists for a.e. x ∈ Rn.

On the other hand, by the integral continuity, we have

lim
r→0

‖Lr(f) − f‖1

= lim
r→0

∫

Rn

∣∣∣∣
1

|B(x, r)|

∫

B(x,r)
f(y) dy − f(x)

∣∣∣∣dx

= lim
r→0

∫

Rn

1

|B(0, r)|

∣∣∣∣
∫

B(0,r)
[f(x− y) − f(x)]dy

∣∣∣∣dx

≤ lim
r→0

1

|B(0, r)|

∫

B(0,r)

∫

Rn

|f(x− y) − f(x)|dx dy = 0.
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Hence there exists a subsequence {rk} satisfying rk → 0 as k → ∞, such
that

lim
k→∞

Lrk
(f)(x) = f(x) for a.e. x ∈ Rn.

Because lim
r→0

Lr(f)(x) exists for a.e. x ∈ Rn, thus

lim
r→0

1

|B(x, r)|

∫

B(x,r)
f(y) dy = f(x) a.e. x ∈ Rn,

which is the desired conclusion.

Remark 1.1.5 Clearly, by the equivalence of (1.1.1) - (1.1.3), it is easy
to see that the conclusion of Theorem 1.1.2 still holds if we replace the ball
B(x, r) by cube Q(x, r), even more generally, by a cube Q containing x.

1.2 Calderón-Zygmund decomposition

Applying Lebesgue differentiation theorem, we may give a decomposition of
Rn, called as Calderón-Zygmund decomposition, which is extremely useful
in harmonic analysis.

Theorem 1.2.1 (Calderón-Zygmund decomposition of Rn) Suppose
that f is nonnegative integrable on Rn. Then for any fixed λ > 0, there
exists a sequence {Qj} of disjoint dyadic cubes (here by disjoint we mean
that their interiors are disjoint) such that

(1) f(x) ≤ λ for a.e. x /∈ ⋃j Qj ;

(2)

∣∣∣∣∣∣
⋃

j

Qj

∣∣∣∣∣∣
≤ 1

λ
‖f‖1;

(3) λ <
1

|Qj |

∫

Qj

f(x) dx ≤ 2nλ.

Proof. By f ∈ L1(Rn), we may decompose Rn into a net of equal cubes
with whose interiors are disjoint such that for every Q in the net

1

|Q|

∫

Q
f(x) dx ≤ λ.
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Let Q′ be any fixed cube in the net. We divide it into 2n equal cubes, and
denote Q′′ is one of these cubes. Then there are the follwing two cases.
Case (i)

1

|Q′′|

∫

Q′′

f(x) dx > λ.

Case (ii)
1

|Q′′|

∫

Q′′

f(x) dx ≤ λ.

In the case (i) we have

λ <
1

|Q′′|

∫

Q′′

f(x) dx ≤ 1

2−n|Q′|

∫

Q′

f(x) dx ≤ 2nλ.

Hence, we do not sub-divide Q′′ any further, and Q′′ is chosen as one of the
sequence {Qj}.

For the case (ii) we continuously sub-divide Q′′ into 2n equal subcubes,
and repeat this process until we are forced into the case (i). Thus we get a
sequence {Qj} of cubes obtained from the case (i). By Theorem 1.1.2,

f(x) = lim
Q3x
|Q|→0

1

|Q|

∫

Q
f(x) dx ≤ λ for a.e. x /∈

⋃

j

Qj.

This proves the theorem.

Remark 1.2.1 In place of Rn by a fixed cube Q0, we may similarly discuss
the Calderón-Zygmund decomposition on Q0 for f ∈ L1(Q0) and λ > 0.
Moreover, we also may obtain the similar decomposition for f ∈ Lp(Rn) (p >
1).

An application of the Calderón-Zygmund decomposition on Rn is that it
may be used to give the L1 boundedness of the Hardy-Littlewood maximal
operator M in some sense. More precisely, we have the following conclusion.

Theorem 1.2.2 Suppose that f ∈ L1(Rn).

(i) If ∫

Rn

|f(x)| log+ |f(x)|dx <∞,

then Mf ∈ L1
loc(R

n).
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(ii) If f is supported in a ball B and Mf ∈ L1(B), then

∫

B
|f(x)| log+ |f(x)|dx <∞,

where

log+ |f(x)| =

{
log |f(x)|, for |f(x)| > 1

0, for |f(x)| ≤ 1.

Proof. We first give two estimates on the maximal operator.

|{x ∈ Rn : Mf(x) > 2λ}| ≤ C

λ

∫

{x: |f(x)|>λ}
|f(x)|dx, (1.2.1)

and

|{x ∈ Rn : M ′′f(x) > λ}| ≥ C

λ

∫

{x: |f(x)|>λ}
|f(x)|dx. (1.2.2)

The constant C appearing in (1.2.1) and (1.2.2) depends only on the dimen-
sion n. In fact, (1.2.1) has appeared in the proof of Theorem 1.1.1. As for
(1.2.2), using the Calderón-Zygmund decomposition on Rn (Theorem 1.2.1)
for λ > 0, we get the sequence {Qj} of cubes to satisfy

λ <
1

|Qj |

∫

Qj

|f(x)| dx ≤ 2nλ,

and f(x) ≤ λ for a.e. x /∈ ⋃j Qj . Thus for x ∈ Qj, M
′′f(x) > λ and

|{x ∈ Rn : M ′′f(x) > λ}| ≥
∑

j

|Qj |

≥ 1

2nλ

∑

j

∫

Qj

|f(x)| dx

≥ 1

2nλ

∫

{x:|f(x)|>λ}
|f(x)| dx.
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Let us return to the proof of Theorem 1.2.2. First we consider (i). For any
compact set K ⊂ Rn, it follows from (1.2.1) that

∫

K
Mf(x)dx =

∫ ∞

0
|{x ∈ K : Mf(x) > λ}|dλ

=

∫ ∞

0
2|{x ∈ K : Mf(x) > 2λ}|dλ

≤ 2

{∫ 1

0
|K|dλ+

∫ ∞

1
|{x ∈ Rn : Mf(x) > 2λ}|dλ

}

≤ 2

{
|K| +

∫ ∞

1

C

λ

∫

{x:|f(x)|>λ}
|f(x)|dxdλ

}

= 2

{
|K| +C

∫

Rn

|f(x)|
∫ |f(x)|

1

dλ

λ
dx

}

= 2

{
|K| +C

∫

Rn

|f(x)| log+ |f(x)|dx
}

<∞.

Thus we obtain the conclusion (i).
As for (ii), without loss of generality, we may assume that the radius of

B is R. we denote by B ′ the ball with center as one of B and the radius 2R.
For any x′ ∈ B′ \ B, we take x ∈ B such that x is the point symmetric to
x′ with respect to the boundary of B. Then it is easy to check that for any
r > 0, B(x′, r) ∩B ⊂ B(x, 10r). Thus,

1

|B(x′, r)|

∫

B(x′,r)
|f(y)|dy =

1

|B(x′, r)|

∫

B(x′,r)∩B
|f(y)|dy

≤ Cn
1

|B(x, 10r)|

∫

B(x,10r)
|f(y)|dy

≤ CnMf(x).

Hence Mf(x′) ≤ CnMf(x) for any x′ ∈ B′ \ B. By the estimates above, it
is easy to see that Mf ∈ L1(B′). On the other hand, for any x ∈ Rn \ B′,
when r < R we have

1

|B(x, r)|

∫

B(x,r)
|f(y)|dy = 0

by the support set condition. Thus Mf is bounded on Rn \B′, since

Mf(x) ≤ 1

|B(x,R)| ‖f‖1, for any x ∈ Rn \ B′.
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It is also clear that

Mf(x) → 0, as |x| → ∞.

Thus, for any λ0 > 0 the set {x ∈ Rn : Mf(x) > λ0} must be contained in
some ball. So

I =

∫

{x∈Rn:Mf(x)>λ0}
Mf(x)dx <∞.

Now, if we take λ0 = Cn, then we have

I ≥
∫ ∞

Cn

|{x ∈ Rn : Mf(x) > λ}|dλ.

On the other hand, by (1.1.4) Mf(x) ≥ CnM
′′f(x) for any x ∈ Rn. If we

denote λ′ = λ/Cn, then by (1.2.2)

|{x ∈ Rn : Mf(x) > λ}| ≥ |{x ∈ Rn : M ′′f(x) > λ′}|

≥ C

λ′

∫

{x: |f(x)|>λ′}
|f(x)|dx

=
CnC

λ

∫

{x: Cn|f(x)|>λ}
|f(x)|dx.

By two inequalities above we have

I ≥
∫ ∞

Cn

cnC

λ

∫

{x: cn|f(x)|>λ}
|f(x)|dx dλ

= cnC

∫

Rn

|f(x)|
∫ cn|f(x)|

cn

dλ

λ
dx

= cnC

∫

Rn

|f(x)| log+ |f(x)|dx.

The proof of Theorem 1.2.2 is finished.

Another important application of the Calderón-Zygmund decomposition
on Rn is that it may be used to deduce the Calderón-Zygmund decomposition
on function. The later is a very important tool in harmonic analysis.

Theorem 1.2.3 (Calderón-Zygmund decomposition for function)
Let f be nonnegative integrable on Rn. Then for any fixed λ > 0, there
exists a sequence {Qj} of disjoint dyadic cubes and the functions g, b such
that
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(i) f(x) = g(x) + b(x);

(ii) |g(x)| ≤ 2nλ for a.e. x ∈ Rn;

(iii) ‖g‖p
p ≤ Cλp−1‖f‖1 for 1 < p <∞;

(iv) b(x) = 0, a.e. x ∈ Rn \
⋃

j

Qj;

(v)

∫

Qj

b(x) dx = 0, j = 1, 2, · · · .

Proof. Applying the Calderón-Zygmund decomposition on Rn for f and
λ > 0, we obtain a sequence {Qj} of disjoint dyadic cubes such that

f(x) ≤ λ for a.e. x ∈ Rn \
⋃

j

Qj;

∑

j

|Qj ≤
1

λ
‖f‖1;

and

λ <
1

|Qj|

∫

Qj

f(x) dx ≤ 2nλ, for j = 1, 2, · · · .

Now we define g(x) and b(x) as follows.

g(x) =





f(x) x ∈ Rn \
⋃

j

Qj

1
|Qj |

∫

Qj

f(x) dx, x ∈ Qj, j = 1, 2, · · · ;

and

b(x) =





0 x ∈ Rn \
⋃

j

Qj

f(x) − 1

|Qj |

∫

Qj

f(x) dx, x ∈ Qj, j = 1, 2, · · · .

Thus f(x) = g(x) + b(x), and by the definition of b, both (iv) and (v) hold.
Moreover, by the definition of g, (ii) holds. Finally, if denote F = Rn\⋃j Qj ,
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then

‖g‖p
p =

∑

j

∫

Qj

g(x)p−1g(x) dx +

∫

F
g(x)p−1g(x) dx

≤
∑

j

(2nλ)p−1

∫

Qj

g(x) dx+ λp−1

∫

F
g(x) dx

= (2nλ)p−1
∑

j

∫

Qj

f(x) dx+ λp−1

∫

F
f(x) dx

≤ Cλp−1‖f‖1.

This is just (iii), and the proof of Theorem 1.2.3 is finished.

1.3 Marcinkiewicz interpolation theorem

Notice that in the proof of Lp boundedness of the Hardy-Littlewood max-
imal operator M , we only use the weak L1 and L∞ boundedness of M .
This inspires us to consider the similar problem for more general sublinear
operator.

Theorem 1.3.1 (Marcinkiewicz interpolation theorem) Let (X,X , µ)
and (X,Y, ν) be two measure spaces, and let the sublinear operator T be both
of weak type (p0, p0) and weak type (p1, p1) for 1 ≤ p0 < p1 ≤ ∞. That is,
there exist the constants C0, C1 > 0 such that for any λ > 0 and f

(i) ν({x ∈ X : |Tf(x)| > λ}) ≤
(
C0

λ
‖f‖p0,µ

)p0

;

(ii) ν({x ∈ X : |Tf(x)| > λ}) ≤
(
C1

λ
‖f‖p1,µ

)p1

for p1 <∞.

If p1 = ∞, then the weak type and strong type coincide by definition:

‖Tf‖∞,ν ≤ C1‖f‖∞,µ.

Then T is also of type (p, p) for all p0 < p < p1, i.e. there exist a constants
C > 0 such that for any f ∈ Lp(X,µ)

(∫

X
|Tf(x)|pdν

)1/p

≤ C

(∫

X
|f(x)|pdµ

)1/p

.
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Proof. For f ∈ Lp(X,µ) and λ > 0, write f(x) = fλ(x) + fλ(x), where

fλ(x) =

{
f(x), for |f(x)| > λ,

0, for |f(x)| ≤ λ.

Thus, fλ ∈ Lp0(X,µ) and fλ ∈ Lp1(X,µ). Moreover,

|Tf(x)| ≤ |Tfλ(x)| + |Tfλ(x)|.

Case I: p1 <∞. By the weak type (pi, pi) of T (i = 1, 2), we have

ν({x ∈ X : |Tf(x)| > λ}) ≤ ν
(
{x ∈ X : |Tfλ(x)| > λ/2}

)

+ν
(
{x ∈ X : |Tfλ(x)| > λ/2}

)

≤
(

2C0

λ
‖fλ‖p0,µ

)p0

+

(
2C1

λ
‖fλ‖p1,µ

)p1

.

(1.3.1)
By (1.3.1), we have that

∫

X
|Tf(x)|pdν = p

∫ ∞

0
λp−1ν({x ∈ X : |Tf(x)| > λ})dλ

≤ 2p0C0p

∫ ∞

0
λp−p0−1

∫

{x∈X:|f(x)|>λ}
|f(x)|p0dµ(x)dλ

+ 2p1C1p

∫ ∞

0
λp−p1−1

∫

{x∈X:|f(x)|<λ}
|f(x)|p1dµ(x)dλ

≤ 2p0C0p

∫

X
|f(x)|p0

∫ |f(x)|

0
λp−p0−1dλdµ(x)

+ 2p1C1p

∫

X
|f(x)|p1

∫ ∞

|f(x)|
λp−p1−1dλdµ(x)

=
2p0C0p

p− p0

∫

X
|f(x)|pdµ+

2p1C1p

p1 − p

∫

X
|f(x)|pdµ

= Cp

∫

X
|f(x)|pdµ.

Case II: p1 = ∞. In this case, if we denote α = 1/(2C1), then

ν({x ∈ X : |Tf(x)| > λ}) ≤ ν({x ∈ X : |Tfαλ(x)| > λ/2})
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and

∫

X
|Tf(x)|pdν ≤ 2p0C0p

∫ ∞

0
λp−p0−1

∫

{x∈X:|f(x)|>αλ}
|f(x)|p0dµ(x)dλ

= 2p0C0p

∫

X
|f(x)|p0

∫ |f(x)|/α

0
λp−p0−1dλdµ(x)

= Cp

∫

X
|f(x)|pdµ.

This completes the proof of Theorem 1.3.1.

As an application of the Marcinkiewicz interpolation theorem, below we
will prove the Fefferman-Stein inequality on the Hardy-Littlewood maximal
operator M .

Theorem 1.3.2 (Fefferman-Stein inequality) Let 1 < p < ∞. Then
there exists a constant C = Cn,p such that for any nonnegative measurable
function ϕ(x) on Rn and f ,

∫

Rn

(Mf(x))pϕ(x)dx ≤ C

∫

Rn

|f(x)|pMϕ(x)dx. (1.3.2)

Proof. Without loss of generality, we may assume that Mϕ(x) < ∞ a.e.
x ∈ Rn and Mϕ(x) > 0. If denote

dµ(x) = Mϕ(x)dx and dν(x) = ϕ(x)dx,

then by the Marcinkiewicz interpolation theorem in order to get (1.3.2), it
suffices to prove that M is both of type (L∞(µ), L∞(ν)) and of weak type
(L1(µ), L1(ν)).

Let us first show that M is of type (L∞(µ), L∞(ν)). In fact, if ‖f‖∞,µ ≤
a, then

∫

{x∈Rn: |f(x)|>a}
Mϕ(x)dx = µ({x ∈ Rn : |f(x)| > a}) = 0.

Since Mϕ(x) > 0 for any x ∈ Rn, we have |{x ∈ Rn : |f(x)| > a}| = 0,
equivalently, |f(x)| ≤ a a.e. on Rn. Thus Mf(x) ≤ a a.e. on Rn and this
follows ‖Mf‖∞,ν ≤ a. Therefore, ‖Mf‖∞,ν ≤ ‖f‖∞,µ.

Before proving that M is also of weak type (L1(µ), L1(ν)), we give the
following lemma.
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Lemma 1.3.1 Let f ∈ L1(Rn) and λ > 0. If the sequence {Qk} of cubes is
chosen from the Calderón-Zygmund decomposition on Rn for f and λ > 0,
then

{x ∈ Rn : M ′f(x) > 7nλ} ⊂
⋃

k

Q∗
k,

where Q∗
k = 2Qk. Then we have

|{x ∈ Rn : M ′f(x) > 7nλ}| ≤ 2n
∑

k

|Qk|.

Proof. Suppose that x /∈ ⋃k Q
∗
k. Then there are two cases for any cube

Q with the center x. If Q ⊂ Rn \⋃k Qk, then

1

|Q|

∫

Q
|f(x)|dx ≤ λ.

If Q ∩Qk 6= ∅ for some k, then it is easy to check that Qk ⊂ 3Q, and
⋃

k

{Qk : Qk ∩Q 6= ∅} ⊂ 3Q.

Hence, for F = Rn \⋃k Qk, we have
∫

Q
|f(x)|dx ≤

∫

Q∩F
|f(x)|dx+

∑

Qk∩Q6=∅

∫

Qk

|f(x)|dx

≤ λ|Q| +
∑

Qk∩Q6=∅
2nλ|Qk|

≤ λ|Q| + 2nλ|3Q|
≤ 7nλ|Q|.

Thus we know that M ′f(x) ≤ 7nλ for any x /∈ ⋃kQ
∗
k, and it yields that

|{x ∈ Rn : M ′f(x) > 7nλ}| ≤
∣∣∣∣∣
⋃

k

Q∗
k

∣∣∣∣∣ = 2n
∑

k

|Qk|.

Let us return to the proof of weak type (L1(µ), L1(ν)). We need to prove
that there exists a constant C such that for any λ > 0 and f ∈ L1(µ)

∫

{x∈Rn: Mf(x)>λ}
ϕ(x)dx = ν({x ∈ Rn : Mf(x) > λ})

≤ C

λ

∫

Rn

|f(x)|Mϕ(x)dx.
(1.3.3)
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We may assume that f ∈ L1(Rn). In fact, if take fk = |f |χB(0,k), then
fk ∈ L1(Rn), 0 ≤ fk(x) ≤ fk+1(x) for x ∈ Rn and k = 1, 2, · · · . Moreover,
lim

k→∞
fk(x) = |f(x)|.

By (1.1.4), there exists cn > 0 such that Mf(x) ≤ cnM
′f(x) for all

x ∈ Rn. Applying the Calderón-Zygmund decomposition on Rn for f and
λ′ = λ

cn7n , we get a sequence {Qk} of cubes satisfying

λ′ <
1

|Qk|

∫

Qk

|f(x)|dx ≤ 2nλ′.

By Lemma 1.3.1, we have that

∫

{x∈Rn: Mf(x)>λ}
ϕ(x)dx ≤

∫

{x∈Rn: M ′f(x)>7nλ′}
ϕ(x)dx

≤
∫
⋃

k Q∗
k

ϕ(x)dx ≤
∑

k

∫

Q∗
k

ϕ(x)dx

≤
∑

k

(
1

|Qk|

∫

Q∗
k

ϕ(x)dx

)(
1

λ′

∫

Qk

|f(y)|dy
)

=
cn7n

λ

∑

k

∫

Qk

|f(y)|
(

2n

|Q∗
k|

∫

Q∗
k

ϕ(x)dx

)
dy

≤ cn14n

λ

∑

k

∫

Qk

|f(y)|M ′′ϕ(y)dy

=
C

λ

∫

Rn

|f(y)|Mϕ(y)dy.

Thus, M is of weak type (L1(µ), L1(ν)), and the Fefferman-Stein inequality
can be obtained by applying Theorem 1.3.1 with p0 = 1 and p1 = ∞.

The Marcinkiewicz interpolation theorem shows that if a sublinear oper-
ator T is the weak boundedness of at two ”ends” of indexes, then T is also
the strong boundedness for all index point between the two ends. The fol-
lowing conclusion shows that the weak boundedness of a sublinear operator
T at an index point is equivalent to its strong boundedness in some sense
for all index which are less than this point.

Theorem 1.3.3 (Kolmogorov inequality) Suppose that T is a sublinear
operator from Lp(Rn) to measurable function spaces and 1 ≤ p <∞. Then
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(a) If T is of weak type (p, p), then for all 0 < r < p and all set E with
finite measure, there exists a constant C > 0 such that

∫

E
|Tf(x)|rdx ≤ C|E|1−r/p‖f‖r

p. (1.3.4)

(b) If there exists 0 < r < p and constant C > 0, such that (1.3.4) holds
for all set E with finite measure and f ∈ Lp(Rn), then T is of weak
type (p, p).

Proof of (a). Since T is of weak type (p, p), for any λ > 0

|{x ∈ Rn : |Tf(x)| > λ}| ≤ C

λp
‖f‖p

p.

Thus for any set E with |E| <∞

|{x ∈ E : |Tf(x)| > λ}| ≤ |{x ∈ Rn : |Tf(x)| > λ}| ≤ C

λp
‖f‖p

p.

Hence for any 0 < r < p, we have
∫

E
|Tf(x)|rdx

= r

∫ ∞

0
λr−1|{x ∈ E : |Tf(x)| > λ}|dλ

≤ r

∫ ∞

0
λr−1 min{|E|, C

λp
‖f‖p

p}dλ

≤ r

∫ C‖f‖p|E|−1/p

0
λr−1|E|dλ + Cr

∫ ∞

C‖f‖p|E|−1/p

λr−1−p‖f‖p
pdλ

≤ C|E|1−r/p‖f‖r
p.

Proof of (b). For any λ > 0, take E = {x ∈ Rn : |Tf(x)| > λ}, then E
is a measurable set and |E| < ∞. Otherwise, there is a sequence {Ek} of
measurable sets such that Ek ⊂ E and |Ek| = k for k = 1, 2, · · · . Thus for
every k, we have

λrk = λr|Ek| ≤
∫

Ek

|Tf(x)|rdx ≤ C|Ek|1−r/p‖f‖r
p = Ck1−r/p‖f‖r

p.

However, it is not true. Thus by (1.3.4), we obtain

λr|E| ≤
∫

{x∈Rn: |Tf(x)|>λ}
|Tf(x)|rdx ≤ C|E|1−r/p‖f‖r

p.
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From this it follows

|{x ∈ Rn : |Tf(x)| > λ}| = |E| ≤ C

λp
‖f‖p

p.

Hence T is of weak type (p, p).

1.4 Weighted norm inequalities

In this section we shall extend the conclusions of Theorem 1.1.1 to a general
measure spaces (Rn, ω(x)dx), where ω is called a weight function, which is
a nonnegative locally integrable function on Rn.

For the sake of convenience, in this section we shall use (1.1.3) as the
definition of the Hardy-Littlewood maximal operator M . Indeed, by (1.1.4)
the maximal operator M ′′ is essentially the same as the operator M . Now
we give the definition of Ap weight.

Definition 1.4.1 (Ap weights (1 ≤ p < ∞)) Let ω(x) ≥ 0 and ω(x) ∈
L1

loc(R
n). We say that ω ∈ Ap for 1 < p < ∞ if there is a constant C > 0

such that

sup
Q

(
1

|Q|

∫

Q
ω(x) dx

)(
1

|Q|

∫

Q
ω(x)1−p′ dx

)p−1

≤ C, (1.4.1)

where and below, 1/p+ 1/p′ = 1. We say that ω ∈ A1 if there is a constant
C > 0 such that

Mω(x) ≤ Cω(x). (1.4.2)

The smallest constant appearing in (1.4.1) or (1.4.2) is called the Ap con-
stant of ω.

Remark 1.4.1 Clearly, ω ∈ A1 if and only if there is a constant C > 0
such that for any cube Q

1

|Q|

∫

Q
ω(x)dx ≤ C inf

x∈Q
ω(x), (1.4.3)

where and below, inf is the essential infimum. Moreover, it is easy to see
that for 1 ≤ p <∞ and any ω ∈ Ap, its Ap constant C ≥ 1. In fact, for any
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cube Q, we have that

1 =
1

|Q|

∫

Q
ω(x)1/p · ω(x)−1/pdx

≤
{(

1

|Q|

∫

Q
ω(x) dx

)(
1

|Q|

∫

Q
ω(x)1−p′ dx

)p−1}1/p

≤ C1/p.

Let us now give some elementary properties of Ap weights.

Proposition 1.4.1 (Properties (I) of Ap weights)

(i) Ap $ Aq, if 1 ≤ p < q <∞.

(ii) For 1 < p <∞, ω ∈ Ap if and only if ω(x)1−p′ ∈ Ap′ .

(iii) If ω0, ω1 ∈ A1, then ω0ω
1−p
1 ∈ Ap for 1 < p <∞.

(iv) If ω ∈ Ap (1 ≤ p <∞), then for any 0 < ε < 1, ωε ∈ Ap.

(v) If ω ∈ Ap (1 ≤ p <∞), then for any f ∈ L1
loc(R

n),
(

1

|Q|

∫

Q
|f(x)|dx

)p

· ω(Q) ≤ C

∫

Q
|f(x)|pω(x)dx. (1.4.4)

(vi) If ω ∈ Ap (1 ≤ p < ∞), then for any δ > 1 there exists a constant
C(n, p, δ) such that for any cube Q, ω(δQ) ≤ C(n, p, δ)ω(Q). In par-
ticular, the case taking δ = 2 shows that Ap weights satisfy double
condition.

(vii) If ω ∈ Ap (1 ≤ p <∞), then for any 0 < α < 1 there exists 0 < β < 1
such that for any measurable subset E ⊂ Q, |E| ≤ α|Q| and ω(E) ≤
βω(Q).

Proof. (i) For p > 1, this is a direct consequence of Definition 1.4.1 and
Hölder’s inequality. If p = 1, then by (1.4.3)

(
1

|Q|

∫

Q
ω(x)1−q′dx

)q−1

≤ sup
x∈Q

ω(x)−1

=
(

inf
x∈Q

ω(x)
)−1

≤ C

(
1

|Q|

∫

Q
ω(x)dx

)−1

.
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On the other hand, since |x|α ∈ Ap if and only if −n < α < n(p − 1) (see
Proposition 1.4.4 in this chapter), we have Ap 6= Aq.

(ii) Since (p− 1)(p′ − 1) = 1, for any cube Q we have

(
1

|Q|

∫

Q
ω(x)1−p′ dx

)(
1

|Q|

∫

Q
[ω(x)1−p′ ]1−p dx

)p′−1

=

{(
1

|Q|

∫

Q
ω(x) dx

)(
1

|Q|

∫

Q
ω(x)1−p′ dx

)p−1}p′−1

≤ Cp′−1.

(iii) For any Q, by ωi ∈ A1 (i = 1, 2) and (1.4.3) we have

ωi(x)
−1 ≤ sup

x∈Q
ωi(x)

−1 ≤
(

inf
x∈Q

ωi(x)
)−1 ≤ C

(
ωi(Q)

|Q|

)−1

. (1.4.5)

From (1.4.5), it immediately follows that

(
1

|Q|

∫

Q
ω0(x)ω1(x)

1−p dx

)(
1

|Q|

∫

Q
ω0(x)

1−p′ω1(x) dx

)p−1

≤ C.

(iv) For p = 1, by Hölder’s inequality and (1.4.3)

1

|Q|

∫

Q
ω(x)εdx ≤

(
1

|Q|

∫

Q
ω(x)dx

)ε

≤
(
C inf

x∈Q
ω(x)

)ε
= Cε inf

x∈Q
ω(x)ε.

Similarly, we can get the conclusion (iv) for 1 < p < ∞ by Definition 1.4.1
and Hölder’s inequality.

(v) For p = 1, by (1.4.3), we have that

1

|Q|

∫

Q
|f(x)|dx · ω(Q) =

∫

Q
|f(x)|dx · 1

|Q|

∫

Q
ω(x)dx

≤ C

∫

Q
|f(x)|dx · inf

x∈Q
ω(x)

≤ C

∫

Q
|f(x)|ω(x)dx.
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When 1 < p <∞, by Hölder’s inequality

1

|Q|

∫

Q
|f(x)|dx

=
1

|Q|

∫

Q
|f(x)|ω(x)1/pω(x)−1/pdx

≤
(

1

|Q|

∫

Q
|f(x)|pω(x)dx

)1/p( 1

|Q|

∫

Q
ω(x)1−p′dx

)(p−1)/p

≤ C1/p

(
1

|Q|

∫

Q
|f(x)|pω(x)dx

)1/p( 1

|Q|

∫

Q
ω(x)dx

)−1/p

.

Thus, (1.4.4) follows from this.

(vi) If we replace Q by δQ and f(x) by χQ(x) in (1.4.4), respectively,
then this is just the conclusion of (vi).

(vii) Let S = Q \ E and f(x) = χS(x) in (1.4.3). Then

( |S|
|Q|

)p

ω(Q) ≤ C

∫

S
ω(x)dx.

Thus

(1 − α)pω(Q) ≤
(

1 − |E|
|Q|

)p

ω(Q) ≤ C

(∫

Q
ω(x)dx−

∫

E
ω(x)dx

)
.

Notice that C ≥ 1 (see Remark 1.4.1),

ω(E) ≤ C − (1 − α)p

C
ω(Q).

So, we get the conclusion of (vii) with β = (C − (1 − α)p)/C.

The following theorem gives a very important and useful property of Ap

weights.

Theorem 1.4.1 (Reverse Hölder inequality) Let ω ∈ Ap, 1 ≤ p < ∞.
Then there exist a constant C and ε > 0 depending only on p and the Ap

constant of ω, such that for any cube Q

(
1

|Q|

∫

Q
ω(x)1+εdx

)1/(1+ε)

≤ C

|Q|

∫

Q
ω(x)dx. (1.4.6)
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Proof. Fix a cube Q, by Remark 1.2.1 we apply the Calderón-Zygmund
decomposition with respect to Q for ω and the increasing sequence

{ω(Q)/|Q| = λ0 < λ1 < · · · < λk < · · · }

For each λk we may get a sequence {Qk,i} of disjoint cubes such that

ω(x) ≤ λk for x /∈ Λk =
⋃

i

Qk,i,

and

λk <
1

|Qk,i|

∫

Qk,i

ω(x)dx ≤ 2nλk.

Since λk+1 > λk, for every Qk+1,j it is either to equal some Qk,i or a subcube
of Qk,i for some i. Thus

|Qk+1,j| <
1

λk+1

∫

Qk+1,j

ω(x)dx

=
|Qk,i|
λk+1

1

|Qk,i|

∫

Qk+1,j

ω(x)dx

≤ |Qk,i|
λk+1

1

|Qk,i|

∫

Qk,i

ω(x)dx

≤ 2n λk

λk+1
|Qk,i|.

From this, it follows

|Qk,i ∩ Λk+1| ≤ 2n λk

λk+1
|Qk,i|.

For fixed α < 1, we choose {λk} such that 2nλk/λk+1 = α. Equivalently,
λk = (2n/α)kλ0. Thus

|Qk,i ∩ Λk+1| ≤ α|Qk,i|.

By Proposition 1.4.1 (vii), there exists 0 < β < 1 such that

ω(Qk,i ∩ Λk+1) ≤ βω(Qk,i).

Summing up with respect to the index i, we obtain ω(Λk+1) ≤ βω(Λk), and
it yields

ω(Λk+1) ≤ βkω(Λ0).
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Similarly, we also have |Λk+1| ≤ α|Λk| and |Λk+1| ≤ αk|Λ0|. Hence
∣∣∣∣∣
∞⋂

k=0

Λk

∣∣∣∣∣ = lim
k→∞

|Λk| = 0.

Thus
∫

Q
ω(x)1+εdx =

∫

Q\Λ0

ω(x)1+εdx+

∞∑

k=0

∫

Λk\Λk+1

ω(x)1+εdx

≤ λε
0ω(Q \ Λ0) +

∞∑

k=0

λε
k+1ω(Λk \ Λk+1)

≤ λε
0

(
ω(Q \ Λ0) +

∞∑

k=0

(2n/α)(k+1)εβkω(Λ0)

)

≤ λε
0

(
ω(Q \ Λ0) + (2n/α)ε

∞∑

k=0

[(2n/α)εβ]kω(Λ0)

)
.

Let ε > 0 be small enough such that (2n/α)εβ < 1. Then the series con-
verges. Therefore we have

∫

Q
ω(x)1+εdx ≤ Cλε

0

(
ω(Q \ Λ0) + ω(Λ0)

)
)

= C

(
1

|Q|

∫

Q
ω(x)dx

)ε

·
(

1

|Q|

∫

Q
ω(x)dx

)
|Q|.

Thus we get (1.4.6) and the proof of Theorem 1.4.1 is finished.

As a corollary of Theorem 1.4.1, we get some further properties of Ap

weights.

Proposition 1.4.2 (Properties (II) of Ap weights)

(viii) If ω ∈ Ap (1 < p <∞), then there is an ε > 0 such that p− ε > 1 and
ω(x) ∈ Ap−ε.

(ix) Ap =
⋃

q<pAq, if 1 < p <∞.

(x) If ω ∈ Ap (1 ≤ p <∞), then there is an ε > 0 such that ω(x)1+ε ∈ Ap.

(xi) If ω ∈ Ap (1 ≤ p < ∞),then there is δ > 0 and C > 0 such that for
any cube Q and a measurable subset E ⊂ Q

ω(E)

ω(Q)
≤ C

( |E|
|Q|

)δ

. (1.4.7)
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Proof. (viii) Let ω ∈ Ap, then ω1−p′ ∈ Ap′ by the property (ii). Applying
the Reverse Hölder inequality (Theorem 1.4.1) for ω1−p′ , then

(
1

|Q|

∫

Q
ω(x)(1−p′)(1+θ)dx

)(p−1)/(1+θ)

≤ Cp−1

(
1

|Q|

∫

Q
ω(x)1−p′dx

)p−1

,

where θ > 0. Now multiplying the factor

1

|Q|

∫

Q
ω(x)dx

on two sides of the above inequality, we have

(
1

|Q|

∫

Q
ω(x)dx

)(
1

|Q|

∫

Q
ω(x)(1−p′)(1+θ)dx

)(p−1)/(1+θ)

≤ C.

Denote (1 − p′)(1 + θ) = 1 − q′, then 1 < q < p and ω ∈ Aq. Thus we get
the property (viii) with ε = p− q.

(ix) The property (ix) is a direct corollary of the properties (i) and (viii).
Indeed, we know that Ap ⊃ ⋃q<pAq by the property (i). On the other hand,
by (viii), Ap ⊂ ⋃q<pAq.

(x) Suppose that ω ∈ A1, then by (1.4.6)

1

|Q|

∫

Q
ω(x)1+εdx ≤

(
C

|Q|

∫

Q
ω(x)dx

)1+ε

≤ C · ω(x)1+ε a.e. x ∈ Rn.

Hence ω(x)1+ε ∈ A1.
If ω ∈ Ap, p > 1, then ω(x)1−p′ ∈ Ap′ by (ii). Using Theorem 1.3.3, it is

clear that there exists an ε > 0 such that

1

|Q|

∫

Q
ω(x)1+εdx ≤ C1

(
1

|Q|

∫

Q
ω(x)dx

)1+ε

and
1

|Q|

∫

Q
ω(x)(1−p′)(1+ε)dx ≤ C2

(
1

|Q|

∫

Q
ω(x)1−p′dx

)1+ε

.

hold at the same time. Thus,

(
1

|Q|

∫

Q
ω(x)1+εdx

)(
1

|Q|

∫

Q
[ω(x)1+ε]1−p′dx

)p−1

≤ C

{(
1

|Q|

∫

Q
ω(x)dx

)(
1

|Q|

∫

Q
ω(x)1−p′dx

)p−1
}1+ε

≤ C.
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This shows that ω1+ε ∈ Ap.
(xi) Since ω(x) ∈ Ap (1 ≤ p < ∞), using Hölder’s inequality for 1 + ε

and (1 + ε)/ε, where ε is fixed by (1.4.6), we have

∫

E
ω(x)dx ≤

(∫

E
ω(x)1+εdx

)1/(1+ε)

· |E|ε/(1+ε)

=

(
1

|Q|

∫

E
ω(x)1+εdx

)1/(1+ε)

|Q|1/(1+ε)|E|ε/(1+ε)

≤ C

|Q|

∫

Q
ω(x)dx|Q|1/(1+ε)|E|ε/(1+ε)

= Cω(Q)

( |E|
|Q|

)ε/(1+ε)

.

Thus we have showed that ω satisfies (1.4.7) if taking δ = ε/(1+ε).

Remark 1.4.2 Let ω be a nonnegative locally integrable function on Rn.
We say that ω ∈ A∞ if ω satisfies (1.4.7). The property (xi) shows that⋃

1≤p<∞Ap ⊂ A∞. However, it can be proved that the above containing
relationship may be reversed. So, we have indeed A∞ =

⋃
1≤p<∞Ap.

In this section, we shall see that Ap weights give a characterization of
weighted weak Lp and strong Lp boundedness for the Hardy-Littlewood
maximal operator M .

Theorem 1.4.2 (Characterization of the weighted weak type (p, p))
Suppose that 1 ≤ p < ∞. Then the Hardy-Littlewood maximal operator M
is of weak type (Lp(ωdx), Lp(ωdx)) if and only if ω ∈ Ap.

That is, there exists a constant C > 0 such that for any λ > 0 and
f(x) ∈ Lp(ωdx) (1 ≤ p <∞)

∫

{x∈Rn: Mf(x)>λ}
ω(x)dx ≤ C

λp

∫

Rn

|f(x)|pω(x)dx (1.4.8)

if and only if ω ∈ Ap.

Proof. Let us first prove that ω ∈ Ap is the necessary condition of (1.4.8).
For p = 1, let Q be any cube and Q1 ⊂ Q. If denote f = χQ1 , then for any
0 < λ < |Q1|/|Q|, we have Q ⊂ {x ∈ Rn : Mf(x) > λ}. By (1.4.8)

λ

∫

Q
ω(x)dx ≤ λ

∫

{x∈Rn: Mf(x)>λ}
ω(x)dx ≤ C

∫

Q1

ω(x)dx.
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By the arbitrariness of λ < |Q1|/|Q|, we get

1

|Q|

∫

Q
ω(x)dx ≤ C

|Q1|

∫

Q1

ω(x)dx.

Applying Lebesgue differentiation theorem (Theorem 1.1.2), we have that

1

|Q|

∫

Q
ω(y)dy ≤ Cω(x) a.e. x ∈ Q.

By the arbitrariness of cube Q again, we have

Mω(x) ≤ Cω(x) a.e. x ∈ Rn.

Thus ω ∈ A1.
For p > 1, let Q be any cube. If we take f = ω1−p′χQ, then for any

0 < λ < ω1−p′(Q)/|Q|, Q ⊂ {x ∈ Rn : Mf(x) > λ}. By (1.4.8)

λp

|Q|

∫

Q
ω(x)dx ≤ λp

|Q|

∫

{x∈Rn: Mf(x)>λ}
ω(x)dx

≤ C

|Q|

∫

Rn

[ω(x)1−p′χQ(x)]pω(x)dx

=
C

|Q|

∫

Q
ω(x)1−p′dx.

Hence by arbitrariness of λ, we get

1

|Q|

∫

Q
ω(x)dx ≤ C

(
1

|Q|

∫

Q
ω(x)1−p′dx

)1−p

.

So ω ∈ Ap.
Below we will prove that ω ∈ Ap is also a sufficient condition of (1.4.8).

When p = 1, (1.4.8) is just a direct corollary of (1.3.3). Now let us consider
the case p > 1. By Hölder’s inequality and the condition ω ∈ Ap, we have
(

1

|Q|

∫

Q
ω(x)dx

)(
1

|Q|

∫

Q
|f(x)|dx

)p

=

(
1

|Q|

∫

Q
ω(x)dx

)(
1

|Q|

∫

Q
|f(x)|ω(x)1/pω(x)−1/pdx

)p

≤
(

1

|Q|

∫

Q
ω(x)dx

)(
1

|Q|

∫

Q
|f(x)|pω(x)dx

)(
1

|Q|

∫

Q
ω(x)1−p′dx

)p−1

≤ C
1

|Q|

∫

Q
|f(x)|pω(x)dx.
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Thus, this shows that if f ∈ Lp(ωdx) then f ∈ L1
loc(R

n), and

∫

Q
ω(x)dx ≤ C

(
1

|Q|

∫

Q
|f(x)|dx

)−p(∫

Q
|f(x)|pω(x)dx

)
. (1.4.9)

So without loss of generality, we may assume that f ≥ 0 and f ∈ L1(Rn).
Applying the Calderón-Zygmund decomposition (Theorem 1.2.1) for f at
height 7−nλ, we get a cube sequence {Qk} such that

7−nλ <
1

|Qk|

∫

Qk

f(x)dx for all Qk. (1.4.10)

By Lemma 1.3.1, we have that

{x ∈ Rn : Mf(x) > λ} ⊂
⋃

k

Q∗
k,

where Q∗
k = 2Qk. Thus by the property (vi) of Ap weights and (1.4.9) and

(1.4.10), we conclude that

∫

{x∈Rn: Mf(x)>λ}
ω(x)dx

≤
∑

k

∫

2Qk

ω(x)dx ≤ C2np
∑

k

∫

Qk

ω(x)dx

≤ C2np
∑

k

(
1

|Qk|

∫

Qk

|f(x)|dx
)−p(∫

Qk

|f(x)|pω(x)dx

)

≤ C
14np

λp

∫

Rn

|f(x)|pω(x)dx.

This shows that the Hardy-Littlewood maximal operator M is of weak type
(Lp(ωdx), Lp(ωdx)). Hence we finish the proof of Theorem 1.4.2.

Theorem 1.4.3 (Characterization of the weighted strong type (p, p))
Suppose that 1 < p < ∞. Then the Hardy-Littlewood maximal operator M
is of strong type (Lp(ωdx), Lp(ωdx)) if and only if ω ∈ Ap.

Proof. The necessity is a corollary of Theorem 1.4.2. In fact, since M is of
strong type (Lp(ωdx), Lp(ωdx)), and is also weak type (Lp(ωdx), Lp(ωdx)).
Then by Theorem 1.4.2, ω ∈ Ap.
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On the other hand, if ω ∈ Ap for 1 < p <∞, then by the property (viii)
there exists 1 < q < p such that ω ∈ Aq. By Theorem 1.4.2, M is of weak
type (Lp(ωdx), Lp(ωdx)). That is,

∫

{x∈Rn: Mf(x)>λ}
ω(x)dx ≤ C

λq

∫

Rn

|f(x)|qω(x)dx. (1.4.11)

Notice that if ω ∈ Ap, then for any measurable set E ∈ Rn ω(E) = 0 if
and only if |E| = 0. So, L∞(ωdx) = L∞ in the sense of equality of norms.
Hence by the L∞(Rn)-boundedness of M (Theorem 1.1.1), we have

‖Mf‖∞,ω ≤ ‖f‖∞,ω.

Using the Marcinkiewicz interpolation theorem (Theorem 1.3.1) between
this and (1.4.11) we obtain

∫

Rn

Mf(x)pω(x)dx ≤ C

∫

Rn

|f(x)|pω(x)dx.

In other words, M is of strong type (Lp(ωdx), Lp(ωdx)).

In this section, we shall discuss further some important properties of A1

weights, such as the construction of A1 weights, the relationship between A1

weights and Ap weights and its some application, etc.

Theorem 1.4.4 (Constructive characterization of A1 weights)

(a) If f(x) ∈ L1
loc(R

n) and Mf(x) < ∞, a.e. x ∈ Rn, where M is the
Hardy-Littlewood maximal operator. Then for any 0 < ε < 1, ω(x) =(
Mf(x)

)ε
∈ A1 and whose A1 constant depends only on ε.

(b) If ω(x) ∈ A1, then there exists f(x) ∈ L1
loc(R

n), 0 < ε < 1 and a
function b(x) such that

(i) 0 < C1 ≤ b(x) ≤ C2, a.e. x ∈ Rn;

(ii)
(
Mf(x)

)ε
<∞, a.e. x ∈ Rn;

(iii) ω(x) = b(x)
(
Mf(x)

)ε
.
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Proof of (a). By Remark 1.4.1, we need to show that for any 0 < ε < 1,
there exists a constant C such that for any cube Q in Rn

1

|Q|

∫

Q

(
Mf(y)

)ε
dy ≤ C

(
Mf(x)

)ε
for a.e. x ∈ Q.

Fix Q and 0 ≤ ε < 1, we denote f = fχ2Q + fχRn\2Q := f1 + f2. Then

(
Mf(x)

)ε
≤
(
Mf1(x)

)ε
+
(
Mf2(x)

)ε
.

By the weak (1, 1) boundedness ofM and Kolmogorov’s inequality (Theorem
1.3.3)

1

|Q|

∫

Q
Mf1(x)

εdx ≤ C

|Q| |Q|1−ε‖f1‖ε
1

≤ C

(
1

|Q|

∫

2Q
|f1(y)|dy

)ε

≤ C2nε
(
Mf(x)

)ε

for any x ∈ Q.

Now we give the estimate of
(
Mf2(x)

)ε
. Clearly, if y ∈ Q and a cube

Q′ 3 y such that Q′ ∩ (Rn \ 2Q) 6= ∅, then 4Q′ ⊃ Q. Hence if x ∈ Q

1

|Q′|

∫

Q′

|f2(y)|dy ≤ 4n

|4Q′|

∫

4Q′

|f2(y)|dy ≤ 4nMf(x).

This shows that Mf2(y) ≤ 4nMf(x) for any y ∈ Q, and so is

1

|Q|

∫

Q

(
Mf2(y)

)ε
dy ≤ 4nε

(
Mf(x)

)ε
.

Proof of (b). Since ω(x) ∈ A1, then by the Reverse Hölder inequality
(Theorem 1.4.1) there exists η > 0 such that for any cube Q

(
1

|Q|

∫

Q
ω(x)1+ηdx

)1/(1+η)

≤ 1

|Q|

∫

Q
ω(x)dx ≤ Cω(x).

This implies that

M(ω1+η)(x)1/(1+η) ≤ Cω(x) for a.e. x ∈ Rn.

On the other hand, by the Lebesgue differentiation theorem (Theorem 1.1.2)

ω(x)1+η ≤M(ω1+η)(x).
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Therefore, if let ε = 1/(1+ η), f(x) = ω(x)1+η and b(x) = ω(x)/
(
Mf(x)

)ε
,

then we obtain the conclusions of (b). Thus we finish the proof of Theorem
1.4.4.

Below we shall turn to discuss the relationship between A1 weights and
Ap weights.

By Remark 1.4.1, if ω ∈ A1, then we have the following equivalent form
of (1.4.2)

1

|Q|

∫

Q
ω(x)dx · sup

x∈Q
(ω(x)−1) ≤ C,

where and below, sup is the essential supremun. On the other hand, it is
easy to see that when p→ 1

(
1

|Q|

∫

Q
ω(x)1−p′dx

)p−1

→ ‖ω−1‖∞,Q = sup
x∈Q

(ω(x)−1).

Therefore, the A1 weights can be seen as the limit of Ap weights when p→ 1.
By the property (iii) of Ap weights, we have known that if ω1, ω2 ∈

A1 then ω1 · ω1−p
2 ∈ Ap. A very deep result is that the converse of above

conclusion is also true.

Theorem 1.4.5 (Jones decomposition of Ap weights) Let ω be non-
negative locally integrable function. Then for 1 < p < ∞, ω ∈ Ap if and
only if there are ω1, ω2 ∈ A1 such that ω(x) = ω1(x) · ω2(x)

1−p.

Proof. we only consider the necessity. Since ω ∈ Ap, by the property (ii)
ω(x)1−p′ ∈ Ap′ .

First let 1 < p ≤ 2, then s = p′ − 1 > 1. Take a nonnegative function
u0(x) ∈ Lp′(Rn, ωdx), let us construct a function sequence {uj(x)} by the
Hardy-Littlewood maximal operator M as follows.

uj+1(x) = [M(us
j)(x)]

1/s + ω(x)−1M(ujω)(x), for j = 0, 1, · · · .
Then we have the following two conclusions.

(a) There exists a constant C such that ‖uj+1‖p′, ωdx ≤ C‖uj‖p′, ωdx, for
j = 0, 1, · · · .

(b) For the constant C appearing in (a), take δ > C and denote

U(x) =
∞∑

j=0

δ−juj(x),

then Uω ∈ A1 and U s ∈ A1.
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In fact, by Theorem 1.4.3, we have that

‖uj+1‖p′

p′, ωdx

≤ C

(∫

Rn

[M(us
j)(x)]

p′/sω(x)dx+

∫

Rn

[ω(x)−1M(ujω)(x)]p
′
ω(x)dx

)

= C

(∫

Rn

[M(us
j)(x)]

pω(x)dx+

∫

Rn

[M(ujω)(x)]p
′
ω(x)1−p′dx

)

≤ C1

(∫

Rn

up′

j (x)ω(x)dx +

∫

Rn

[uj(x)ω(x)]p
′
ω(x)1−p′dx

)

≤ C

∫

Rn

up′

j (x)ω(x)dx.

So the conclusion (a) holds and it is easy to check that the constant C is
independent of uj for all j ≥ 0. Now let us verify (b). By the definition of
uj+1, we have that

M(Uω)(x) ≤
∞∑

j=0

δ−jM(ujω)(x)

≤
∞∑

j=0

δ−juj+1(x)ω(x)

= δ

∞∑

j=1

δ−juj(x)ω(x)

≤ δ(U(x)ω(x)).

Hence Uω ∈ A1. On the other hand, we have that

[M(U s)(x)]1/s ≤
∞∑

j=0

δ−j [M(us
j)(x)]

1/s ≤
∞∑

j=0

δ−juj+1(x) ≤ δU(x).

So U s ∈ A1 too. Thus, if denote ω1 = Uω and ω2 = U s, then ω1, ω2 ∈ A1

and
ω = (Uω) · (U s)−1/s = (Uω) · (U s)1−p = ω1 · ω1−p

2 .

Hence the necessity of theorem holds for 1 < p ≤ 2.
If 2 < p < ∞ and ω ∈ Ap, then ω1−p′ ∈ Ap′ and 1 < p′ ≤ 2. Thus by

the above proof process, there are ν1, ν2 ∈ A1 such that ω1−p′ = ν1 · ν1−p′

2 .

Equivalently, ω = ν2 · ν1−p
1 . Thus we complete the proof of Theorem 1.4.5.

Below we give a sharp result about A1 weights.
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Proposition 1.4.3 Let x ∈ Rn. Then |x|α ∈ A1 if and only if −n < α ≤ 0.

Proof. If |x|α ∈ A1. Then |x|α ∈ L1
loc(R

n), hence the condition α > −n
is necessary. On the other hand, if α > 0 and |x|α ∈ A1, we take 1 <
p ≤ 1 + α/n, then |x|α ∈ Ap by the property (i) of Ap weights. However,
|x|α(1−p′) /∈ L1

loc(R
n) for the choice of p.

Conversely, suppose that −n < α ≤ 0, we will show that |x|α ∈ A1.
Indeed, for any fixed cube Q, we denote Q0 is the translation of Q with the
center at origin.

The case (i): 2Q0 ∩Q 6= ∅. In this case, we have 4Q0 ⊃ Q, and

1

|Q|

∫

Q
|x|αdx ≤ 1

|Q|

∫

4Q0

|x|αdx ≤ C|Q|α/n ≤ C inf
x∈Q

|x|α.

The case (ii): 2Q0 ∩Q = ∅. Notice that if x, y ∈ Q, then

|x| ≤ |x− y| + |y| ≤ C|Q|1/n + |y| ≤ (C + 1)|y|,

Thus
1

|Q|

∫

Q
|x|αdx ≤ C inf

x∈Q
|x|α.

It is easy to see that the constants C in the cases both (i) and (ii) depend
only on n. Therefore, we have proved that |x|α ∈ A1.

By the property (iii) of Ap weights, we get immediately the following
sharp result for Ap weights.

Proposition 1.4.4 Let x ∈ Rn. Then for 1 < p < ∞, |x|α ∈ Ap if and
only if −n < α < n(p− 1).

1.5 Notes and references

Theorem 1.1.1 was first proved by Hardy and Littlewood [HaL] for n = 1
and then by Wiener [Wi] for n > 1. The idea of proof given here was taken
from Stein [St4] which is one of the most important monograph in harmonic
analysis.

The Calderón-Zygmund decomposition (Theorems 1.2.1 and 1.2.3) first
appeared in Calderón and Zygmund [CaZ1] which is regarded as the foun-
dation of several variables singular integrals theory.
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Theorem 1.2.2 is due to Stein [St2]. The idea of proof given here was
taken from Garcia-Cuerva and Rubia de Francia [GaR], which is a nice
monograph on the topic of weighted norm inequalities.

The Marcinkiewicz interpolation theorem was first announced by
Marcinkiewicz [Ma]. Its complete proof can be found in Zygmund [Zy].
Theorem 1.3.1 in this chapter is general form of the Marcinkiewicz interpo-
lation theorem, whose proof was taken from Duoandikoetxea [Du2].

Theorem 1.3.2 is due to Fefferman and Stein [FeS1].

The Reverse Hölder inequality (Theorem 1.4.1) first was proved by Coif-
man and Fefferman [CoiF].

Theorem 1.4.2 and Theorem 1.4.3 were first proved by Muckenhoupt
[Mu] for n = 1. So, the Ap weights are also called as Muckenhoupt Ap

weights. Precisely, a function ω is called to satisfy Muckenhoupt Ap condi-
tion if ω ∈ Ap. The idea of proving Theorems 1.4.2 and 1.4.3 given here was
taken from Journé [Jou].

Theorem 1.4.4 is due to Coifman and Rochberg [CoiR].

Theorem 1.4.5 was first proved by Jones [Jon]. The proof of Theo-
rems 1.4.5 given here was taken from Coifman, Jones and Rubia de Francia
[CoiJR].



Chapter 2

Singular Integral

Operators

Calderón-Zygmund singular integral operator is a direct generalization of
the Hilbert transform and the Riesz transform. The former is originated
from researches of boundary value of conjugate harmonic functions on the
upper half-plane, and the latter is tightly associated to the regularity of
solution of second order elliptic equation.

Now we will introduce their backgrounds briefly.

Suppose f ∈ Lp(R) (1 ≤ p <∞). Consider the Cauchy integral on R:

F (z) =
1

2πi

∫

R

f(t)

t− z
dt,

where z = x+ iy, y > 0. It is clear to see that F (z) is analytic on R2
+. Note

that

F (z) =
1

2π

∫

R

y

(x− t)2 + y2
f(t)dt+

i

2π

∫

R

x− t

(x− t)2 + y2
f(t)dt

:=
1

2

[
(Py ∗ f)(x) + i(Qy ∗ f)(x)

]
,

where

Py(t) =
1

π

y

t2 + y2

is called the Poisson kernel, and

Qy(t) =
1

π

t

t2 + y2

37
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is called the conjugate Poisson kernel. Correspondingly, Py ∗ f is called the
Poisson integral of f , and Qy ∗ f is called the conjugate Poisson integral of
f . From the property of boundary values of harmonic functions, it follows
that Py ∗ f → f , a.e. as y → 0 and Qy ∗ f → Hf , a.e. as y → 0. Hf is
called the Hilbert transform of f .

Hf(x) = p.v.
1

π

∫

R

f(t)

x− t
dt. (2.0.1)

It can be proved that if f ∈ L2(R), then

Ĥf(ξ) = −isgnξf̂(ξ). (2.0.2)

Let K(x) = p.v.
1

x
, then Hf = (K ∗ f).

Now suppose that f ∈ L2(Rn) and give the Poisson equation 4u = f ,
where

4 =
n∑

j=1

∂2

∂x2
j

is the Laplacian operator on Rn. By taking the Fourier transform on both
sides of the equation we have that

f̂(ξ) = −4π2|ξ|2û(ξ).

This is equivalent to

û(ξ) = − 1

4π2|ξ|2 f̂(ξ).

Thus, for 1 ≤ j, k ≤ n,

̂( ∂2u

∂xj∂xk

)
(ξ) = −4π2ξjξkû(ξ) =

ξjξk
|ξ|2 f̂(ξ).

If we define the operator

R̂jf(ξ) = −i ξj|ξ| f̂(ξ), j = 1, 2, · · · , n, (2.0.3)

then it implies that

̂( ∂2u

∂xj∂xk

)
(ξ) = −R̂jRkf(ξ).
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The operator Rj defined by (2.0.3) is called the Riesz transform. Thus
the problem of regularity of solution for the Poisson equation is transfered
to that of boundedness of the Riesz transform. By comparing (2.0.2) with
(2.0.3), it is evident to see that the Riesz transform is a generalization of the
Hilbert transform from one dimension to n dimension. If f ∈ Lp(Rn) (1 ≤
p <∞), then the Riesz transform of f has the following form:

Rjf(x) = p.v.Cn

∫

Rn

xj − yj

|x− y|n+1
f(y)dy, 1 ≤ j ≤ n. (2.0.4)

If we let Kj(x) = p.v.
xj

|x|n+1
(j = 1, 2, · · · , n), then

Rjf = Kj ∗ f.

Let us now see another background of singular integral operator. We know,
when n ≥ 3, the basic solution of the Laplacian operator 4 is

Γ(x) =
1

(2 − n)ωn−1

1

|x|n−2
.

Thus when f has good properties, for example f ∈ S (Rn), Γ∗f is a solution
of the Poisson equation 4u = f , that is

u(x) = Γ ∗ f(x) = Cn

∫

Rn

f(y)

|x− y|n−2
dy.

Formally, by taking partial derivatives of second order of u, we obtain that

∂2u(x)

∂x2
j

=

∫

Rn

Ωj(x− y)

|x− y|n f(y)dy := lim
ε→0+

∫

|x−y|>ε

Ωj(x− y)

|x− y|n f(y)dy,

where Ωj(y) = Cn(1−n|y|−2y2
j ). It is not difficult to prove that Ωj satisfies

the following properties:

(a) Ωj(λy) = Ωj(y), ∀λ > 0;

(b)

∫

Sn−1

Ωj(y
′)dσ(y′) = 0;

(c) Ωj ∈ L1(Sn−1).

Put Tjf(x) = lim
ε→0+

∫

|x−y|>ε

Ωj(x− y)

|x− y|n f(y)dy, then Lp regularity of so-

lution of equation 4u = f is converted to the Lp boundedness of operator
Tj.
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Suppose that a function Ω satisfies above three conditions (a), (b) and
(c), then for f ∈ Lp(Rn)(1 ≤ p <∞), define an integral operator TΩ by

TΩf(x) = p.v.

∫

Rn

Ω(x− y)

|x− y|n f(y)dy. (2.0.5)

If we take Ω(x) =
xj

|x| , then TΩ becomes the Riesz transform Rj(j =

1, 2, · · · , n). If we take n = 1 and Ω(x) = sgnx, then TΩ is just the Hilbert
transform H. The operator TΩ defined by (2.0.5) is the object of study in
this chapter.

2.1 Calderón-Zygmund singular integral operators

Definition 2.1.1 Suppose that K(x) ∈ L1
loc(R

n\{0}) and satisfies the fol-
lowing conditions:

|K(x)| ≤ B|x|−n, ∀ x 6= 0; (2.1.1)
∫

r≤|x|≤R
K(x)dx = 0, ∀ 0 < r < R <∞; (2.1.2)

∫

|x|≥2|y|
|K(x− y) −K(x)|dx ≤ B, ∀ y 6= 0. (2.1.3)

Then K is called the Calderón-Zygmund kernel, where B is a constant in-
dependent of x and y. And the condition (2.1.3) is called as Hömander’s
condition.

Theorem 2.1.1 Suppose that K is the Calderón-Zygmund kernel. For ε >
0 and f ∈ Lp(Rn)(1 < p <∞), let

Tεf(x) =

∫

|y|≥ε
f(x− y)K(y)dy,

then the following statements hold.
(i) ‖Tεf‖p ≤ Ap‖f‖p, where Ap is independent of ε and f .
(ii) For any f ∈ Lp(Rn), lim

ε→0
Tεf exists in the sense of Lp norm. That

is, these exists a T such that

Tf(x) = p.v.

∫

Rn

f(x− y)K(y)dy.

(iii) ‖Tf‖p ≤ Ap‖f‖p.
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Remark 2.1.1 The linear operator T defined by Theorem 2.1.1 (ii) is called
the Calderón-Zygmund singular integral operator. Tε is also called the trun-
cated operator of T .

Proof. For ε > 0, let Kε(x) = K(x)χ{|x|≥ε}(x), then Tεf(x) = Kε ∗ f(x).
First we will prove that Tε is of type (2, 2), and {Tε} is uniformly bounded
on L2(Rn). It is clear to check that Kε satisfies (2.1.1) and (2.1.2) uniformly
in ε. Next we will show that Kε also satisfies (2.1.3) uniformly. Actually, for
any x, y ∈ Rn with y 6= 0 and |x| ≥ 2|y|, if both x and x− y are in B(0, ε),
then Kε(x) = Kε(x − y) = 0; If both x and x − y are in (B(0, ε))c, then
Kε(x) = K(x),Kε(x − y) = K(x − y). In this case, Kε satisfies (2.1.3). If
|x| > ε and |x − y| < ε, then we have |x|/2 ≤ |x− y| < ε and ε < |x| < 2ε.
Therefore, we have that

∫

|x|≥2|y|
|Kε(x− y) −Kε(x)|dx ≤

∫

ε≤|x|≤2ε
|Kε(x)|dx ≤ CB,

where C is independent of ε. By similar way we can prove, when |x| < ε
and |x− y| > ε, Kε satisfies (2.1.3) uniformly in ε.

Next we will show that {Tε} is uniformly bounded in ε on L2(Rn). Ac-
tually, for any ε > 0, Kε ∈ L2(Rn), so by the Plancherel Theorem, it suffices
to prove that there exists a constant C > 0 such that, for any ε > 0,

sup
ξ∈Rn

|K̂ε(ξ)| ≤ CB. (2.1.4)

In fact, for ξ ∈ Rn,

K̂ε(ξ) = lim
R→∞

∫

|x|≤R
e−2πix·ξKε(x)dx

= lim
R→∞

(∫

|x|≤ a
|ξ|

e−2πix·ξKε(x)dx+

∫

a
|ξ|

<|x|≤R
e−2πix·ξKε(x)dx

)

:= lim
R→∞

(I1 + I2).

From condition (2.1.1) and (2.1.2), it follows that

|I1| =

∣∣∣∣∣

∫

|x|≤ a
|ξ|

(e−2πix·ξ − 1)Kε(x)dx

∣∣∣∣∣

≤ C|ξ|
∫

|x|≤ a
|ξ|

|x||Kε(x)|dx

≤ CaB.
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Now consider I2. Take y = ξ
2|ξ|2 , then e2πiy·ξ = −1. Thus

I2 =

∫

a
|ξ|

<|x−y|≤R
e−2πi(x−y)·ξKε(x− y)dx

= −
∫

a
|ξ|

<|x−y|≤R
e−2πix·ξKε(x− y)dx

= −
∫

a
|ξ|

<|x|≤R
e−2πix·ξKε(x− y)dx+ J,

where

J =

(∫

a
|ξ|

<|x|≤R
−
∫

a
|ξ|

<|x−y|≤R

)
e−2πix·ξKε(x− y)dx.

Hence we have

I2 =
1

2

∫

a
|ξ|

<|x|≤R
[Kε(x) −Kε(x− y)]e−2πix·ξdx+

J

2
.

As |y| = 1
2|ξ| and a > 1, we have that

∣∣∣∣∣

∫

a
|ξ|

<|x|≤R
[Kε(x) −Kε(x− y)]e−2πix·ξdx

∣∣∣∣∣

≤
∫

|x|≥2|y|
|Kε(x) −Kε(x− y)|dx ≤ CB,

where C,B are independent of ε, ξ.
On the other hand, if we let E be the symmetric difference of both sets

{x : a
|ξ| < |x| ≤ R} and {x : a

|ξ| < |x− y| ≤ R}, then

|J | ≤
∫

E
|Kε(x− y)|dx.

Noting that |y| = 1
2|ξ| and a > 1, it follows that

E ⊂
{
x :

a

2|ξ| ≤ |x| ≤ 2a

|ξ|

}⋃{
x :

R

2
≤ |x| ≤ 2R

}
.

Thus by (2.1.1), it implies that

|J | ≤
∫

a
2|ξ|

≤|x|≤ 2a
|ξ|

|Kε(x− y)|dx+

∫

R
2
≤|x|≤2R

|Kε(x− y)|dx

≤ CB,
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where C,B are independent of ξ, ε. Sum up all above we get (2.1.4), therefore
{Tε} is uniformly bounded in ε on L2(Rn).

Now we show that Tε is of weak type (1, 1), and the bound is independent
of ε.

For every f ∈ L1(Rn) and λ > 0, by the Calderón-Zygmund decom-
positin of a function (Theorem 1.2.3) we can get a series of non-overlapping
cubes {Qj} and two functions g, b, such that f = g + b which satisfy the
following properties:

(a) ‖g‖2
2 ≤ Cλ‖f‖1, |g(x)| ≤ 2nλ, a.e. x ∈ Rn;

(b) λ ≤ 1

|Qj|

∫

Qj

|f(x)|dx ≤ 2nλ, for every Qj;

(c)
∑

j

|Qj| ≤
1

λ
‖f‖1;

(d) b(x) =
∑

j

bj(x),

∫

Qj

bj(x)dx = 0, suppbj ⊂ Qj and ‖bj‖1 ≤ 2

∫

Qj

|f(x)|dx.

Since Tεf(x) = Tεg(x) + Tεb(x), we have that

|{x ∈ Rn : |Tεf(x)| > λ}|

≤
∣∣∣∣
{
x ∈ Rn : |Tεg(x)| >

λ

2

}∣∣∣∣+
∣∣∣∣
{
x ∈ Rn : |Tεb(x)| >

λ

2

}∣∣∣∣
:= I1 + I2.

The first step and (a) imply that

I1 ≤
(

2

λ

)2 ∫

Rn

|Tεg(x)|2dx ≤ 4C

λ2

∫

Rn

|g(x)|2dx ≤ 4C

λ
‖f‖1.

To estimate I2, let Q∗
j = 2

√
nQj be a cube whose center is the same as Qj

and side is 2
√
n times that of Qj. Let E∗ =

⋃
j Q

∗
j , then (c) implies that

|E∗| ≤
∑

j

|Q∗
j | ≤

Cn

λ
‖f‖1.

Thus

I2 ≤ |E∗| +
∣∣∣∣
{
x /∈ E∗ : |Tεb(x)| >

λ

2

}∣∣∣∣

≤ Cn

λ
‖f‖1 +

2

λ

∫

Rn\E∗

|Tεb(x)|dx.
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Notice that |Tεb(x)| ≤
∑

j

|Tεbj(x)|, it suffices to prove that

∑

j

∫

Rn\E∗

|Tεbj(x)|dx ≤ C‖f‖1. (2.1.5)

Denote the center of Qj by yj, then by (2.1.3) we have that
∫

Rn\E∗

|Tεbj(x)|dx ≤
∫

Rn\Q∗
j

∫

Qj

|Kε(x− y) −Kε(x− yj)||bj(y)|dydx

≤
∫

Qj

|bj(y)|
∫

Rn\Q∗
j

|Kε(x− y) −Kε(x− yj)|dxdy

≤ CB

∫

Qj

|bj(y)|dy ≤ 2CB

∫

Qj

|f(y)|dy,

which, together with (b) and (c), yields (2.1.5). It follows that Tε is of weak
type (1, 1) and its bound is independent of ε or f .

Now we will show that Tε is of type (p, p) (1 < p < ∞). Applying the
Marcinkiewiz Interpolation Theorem (Theorem 1.3.1) we know that Tε is
of type (p, p) (1 < p < 2), and its bound is independent of ε or f . Now
suppose 2 < p < ∞, and 1

p + 1
p′ = 1, then 1 < p′ < 2. If we let T̃ε be

the dual operator of Tε, then T̃εf(x) = K̃ε ∗ f(x), where K̃ε(x) = Kε(−x).
Clearly, K̃ε satisfies all the conditions of Kε. Thus T̃ε is of type (p′, p′).
Thus for any f ∈ Lp(Rn), we have that

‖Tεf‖p = sup
‖g‖p′≤1

∣∣∣∣
∫

Rn

Tεf(x)g(x)dx

∣∣∣∣

= sup
‖g‖p′≤1

∣∣∣∣
∫

Rn

f(x)T̃εg(x)dx

∣∣∣∣

≤ ‖f‖p · sup
‖g‖p′≤1

∥∥∥T̃εg
∥∥∥

p′

≤ Ap‖f‖p.

Here Ap is independent of ε or f . This finishes the proof of (i).

Next we will illustrate that for any f ∈ Lp(Rn) (1 < p < ∞), Tf exists
and is the limit of {Tεf} in Lp. First suppose that f ∈ C∞

0 (Rn). For any y
(y 6= 0) we wish to obtain

(∫

Rn

|f(x− y) − f(x)|pdx
) 1

p

≤ C|y|. (2.1.6)
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Actually, from
d

dt
f(x− ty) = 〈∇f,−y〉(x− ty),

it follows that

f(x− y) − f(x) =

∫ 1

0

d

dt
f(x− ty)dt

=

∫ 1

0
〈∇f,−y〉(x− ty)dt

=

∫ |y|

0
〈∇f,−y′〉(x− sy′)ds,

where y′ = y
|y| . Thus

(∫

Rn

|f(x− y) − f(x)|pdx
) 1

p

=

(∫

Rn

∣∣∣∣∣

∫ |y|

0
〈∇f,−y′〉(x− sy′)ds

∣∣∣∣∣

p

dx

) 1
p

≤
∫ |y|

0

(∫

Rn

|〈∇f,−y′〉(x− sy′)|pdx
) 1

p

ds

≤ |y| ·
n∑

j=1

∥∥∥∥
∂f

∂xj

∥∥∥∥
p

.

Now assume 0 < η < ε, then (2.1.6) and (2.1.1) implies that

‖Tηf − Tεf‖p ≤
∫

η<|y|≤ε
|K(y)|

(∫

Rn

|f(x− y) − f(x)|pdx
) 1

p

dy

≤ C

∫

η<|y|≤ε
|y| · |K(y)|dy

≤ CBε −→ 0 (as η, ε −→ 0).

This shows that for every function f in C∞
0 (Rn), {Tεf} is a Cauchy sequence

in Lp(Rn), therefore there exists Tf ∈ Lp such that

lim
ε→0

‖Tεf − Tf‖p = 0.

It immediately follows that

‖Tf‖p ≤ ‖Tf − Tεf‖p + ‖Tεf‖p ≤ ‖Tf − Tεf‖p +Ap‖f‖p,

so
‖Tf‖p ≤ Ap‖f‖p.
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For any f ∈ Lp(Rn) and δ > 0, there exists g ∈ C∞
0 (Rn) such that f = g+h

and ‖h‖p < δ. Thus, for 0 < η < ε,

‖Tηf − Tεf‖p ≤ ‖Tη(f − g)‖p + ‖Tηg − Tεg‖p + ‖Tε(g − f)‖p

≤ Ap‖f − g‖p + ‖Tηg − Tεg‖p +Ap‖g − f‖p

−→ 2Apδ, as η, ε→ 0.

Since δ is arbitrary, we conclude that {Tεf} is still a Cauchy sequence in
Lp(Rn) for any f ∈ Lp(Rn). Thus there exists Tf ∈ Lp, such that

lim
ε→0

‖Tf − Tεf‖p = 0

and
‖Tf‖p ≤ Ap‖f‖p.

This completes the proof of Theorem 2.1.1.

Let us now consider a dilation δε in Rn. Define δεf(x) = f(εx) for ε > 0
and x ∈ Rn. Suppose that Tf = K ∗ f , and T commute with dilation, i.e.,
Tδε = δεT . Then the kernel K(x) of T satisfies:

K(εx) = ε−nK(x). (2.1.7)

The formula (2.1.7) shows that K is homogeneous of degree −n. Thus we

can rewrite K(x) as Ω(x)
|x|n , where Ω satisfies the homogeneous condition of

degree zero, i.e., Ω(λx) = Ω(x) for every λ > 0 and x 6= 0. In this case, due
to the conditions (2.1.1) and (2.1.3), Ω(x′) should satisfy:

(a) |K(x)| ≤ B
|x|n ⇐⇒ |Ω(x′)| ≤ B, for every x′ ∈ Sn−1;

(b)

∫

r<|x|≤R
K(x)dx = 0 ⇐⇒

∫

Sn−1

Ω(x′)dσ(x′) = 0; where σ is a mea-

sure on Sn−1 induced by the Lebesgue measure.
(c) The condition (2.1.3) will be changed to a stronger Dini’s condition:

∫ 1

0

ω∞(δ)

δ
dδ <∞,

where
ω∞(δ) = sup

x′,y′∈Sn−1,|x′−y′|<δ

|Ω(x′) − Ω(y′)|.

The condition (b) is derived from the following equality.
∫

r<|x|≤R
K(x)dx =

∫ ∞

r

∫

Sn−1

Ω(x′)dσ(x′)
dr

r
= log

R

r

∫

Sn−1

Ω(x′)dσ(x′).
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Remark 2.1.2 The condition mentioned above is called L∞-Dini condition.

Theorem 2.1.2 Suppose that Ω(x) is a homogeneous bounded function of
degree 0 on Rn, with ∫

Sn−1

Ω(x′)dσ(x′) = 0 (2.1.8)

and ∫ 1

0

ω∞(δ)

δ
dδ <∞. (2.1.9)

Let

Tεf(x) =

∫

|y|≥ε

Ω(y)

|y|n f(x− y)dy

for f ∈ Lp(Rn), 1 < p <∞. Then the following three statements hold:

(i) there exists a constant Ap independent of f, ε such that ‖Tεf‖p ≤
Ap‖f‖p;

(ii) there exists Tf such that lim
ε→0

Tεf(x) = Tf(x) in Lp norm;

(iii) ‖Tf‖p ≤ Ap‖f‖p.

Proof. By Theorem 2.1.1, we merely need to show that K(x) = Ω(x)
|x|n

satisfies the condition (2.1.3).

K(x− y) −K(x) =
Ω(x− y) − Ω(x)

|x− y|n + Ω(x)

(
1

|x− y|n − 1

|x|n
)

:= I1 + I2.

when |x| ≥ 2|y| with 0 < θ < 1, we have that

|x− θy| ≤ |x| + |y| ≤ 3

2
|x|

and

|x− y| ≥ |x| − |y| ≥ 1

2
|x|.

Thus ∣∣∣∣
1

|x− y|n − 1

|x|n
∣∣∣∣ ≤ C

|y||x− θy|n−1

|x− y|n|x|n ≤ C
|y|

|x|n+1
. (2.1.10)

On the other hand, when |x| ≥ 2|y|,
∣∣∣∣
x− y

|x− y| −
x

|x|

∣∣∣∣ ≤ 2
|y|
|x| . (2.1.11)
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Therefore from (2.1.10) and (2.1.11) it follows that

∫

|x|≥2|y|
|K(x− y) −K(x)|dx ≤

∫

|x|≥2|y|
|I1|dx+

∫

|x|≥2|y|
|I2|dx

≤
∫

|x|≥2|y|

∣∣∣∣Ω
(
x− y

|x− y|

)
− Ω

(
x

|x|

)∣∣∣∣
dx

|x− y|n

+ C‖Ω‖∞|y|
∫

|x|≥2|y|

dx

|x|n+1

≤ C

∫

|x|≥2|y|
ω∞

(
2
|y|
|x|

)
dx

|x|n + C ′‖Ω‖∞

= C

∫ ∞

2|y|

∫

Sn−1

ω∞

(
2
|y|
r

)
dσ(x′)

dr

r
+ C ′‖Ω‖∞

≤ C ′
∫ 1

0

ω∞(δ)

δ
dδ + C‖Ω‖∞

≤ B.

Remark 2.1.3 If K(x) = Ω(x)
|x|n , where Ω is homogeneous of degree zero,

then TΩ defined by

TΩf(x) = p.v.

∫

Rn

Ω(y)

|y|n f(x− y)dy (2.1.12)

is also called a singular integral operator with homogeneous kernel.

Both Theorem 2.1.1 and Theorem 2.1.2 show that the Lp-norm limit of
Calderón-Zygmund singular integral operator and singular integral opera-
tor with homogeneous kernel exist while considering them as the truncated
operator family, and they are both operators of type (p, p)(1 < p < ∞). A
natural question is whether the limit of {Tεf(x)} in pointwise sense exist
for any f ∈ Lp(Rn)(1 ≤ p <∞). In the following we will give an affirmative
answer by introducing the maximal operator of singular integral operator,
meanwhile we will show the weak (1, 1) boundedness of TΩ.

Suppose that TΩ is a singular integral operator defined by (2.1.12). Let
Ω be a homogeneous of degree 0 on Rn and satisfy (2.1.8) and (2.1.9). For
f ∈ Lp(Rn)(1 ≤ p <∞),

T ∗
Ωf(x) = sup

ε>0
|TΩ,εf(x)|
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is called the maximal singular integral operator, where TΩ,ε is the truncated
operator of TΩ defined by

TΩ,εf(x) =

∫

|y|≥ε

Ω(y)

|y|n f(x− y)dy, ε > 0.

Next we will formulate a pointwise inequality of T ∗
Ω.

Lemma 2.1.1 (Cotlar inequality) There exist two constant C1, c2 > 0
such that

T ∗
Ωf(x) ≤ C1M(TΩf)(x) + C2Mf(x), (2.1.13)

for every f ∈ Lp(Rn) (1 < p < ∞) and x ∈ Rn, where M is the Hardy-
Littlewood maximal operator.

Proof. Let Kε(x) = |x|−nΩ(x)χ{|x|≥ε}(x). Choose nonnegative, compact
supported, radial function ϕ ∈ S (Rn) such that supp(ϕ) ⊂ {x : |x| ≤ 1}
and ∫

Rn

ϕ(x)dx = 1.

Without loss of generality, we may assume that ϕ(|x|) decrease in |x|. Thus

lim
ε→0

Kε ∗ ϕ = K ∗ ϕ

holds pointwisely.
Now denote Φ(x) = K ∗ϕ(x)−K1(x). Since K is homogeneous of degree

−n, we have for ε > 0 that

Φε(x) = ϕε ∗K(x) −Kε(x), (2.1.14)

where

Φε(x) =
1

εn
Φ
(x
ε

)
and ϕε(x) =

1

εn
ϕ
(x
ε

)
.

By (2.1.14), for any f ∈ Lp(Rn), we have

TΩ,εf(x) = Kε ∗ f(x) = (ϕε ∗K) ∗ f(x) − Φε ∗ f(x). (2.1.15)

On the other hand, for every η > 0 and x ∈ Rn, it follows that

(ϕε ∗Kη) ∗ f(x) = ϕε ∗ (Kη ∗ f)(x) = ϕε ∗ (TΩ,ηf)(x).

Assume ϕε ∈ Lp′ . Then ϕε ∗Kη converges to ϕε ∗K in Lp as η → 0, (see the
proof of Theorem 2.1.1), meanwhile TΩ,ηf converges to TΩf in L∞ . Thus

(ϕε ∗K) ∗ f(x) = ϕε ∗ (TΩf)(x).
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This formula together with (2.1.15) implies that

TΩ,εf(x) = ϕε ∗ (TΩf)(x) − Φε ∗ f(x). (2.1.16)

Next we will prove that Φ can be dominated by a radial integrable function.
When |x| < 1,

Φ(x) = ϕ ∗K(x) =

∫

Rn

[ϕ(x− y) − ϕ(x)]K(y)dy.

Note that K(y) = |y|−nΩ(y), ϕ ∈ C∞
0 (Rn) and suppϕ ⊂ {x : |x| ≤ 1}.

Clearly Φ is bounded when |x| < 1. Also, when 1 ≤ |x| ≤ 2, Φ is still
bounded. When |x| > 2, we have that

Φ(x) =

∫

Rn

K(x− y)ϕ(y)dy −K(x)

=

∫

|y|≤1
[K(x− y) −K(x)]ϕ(y)dy.

Since

|K(x− y) −K(x)| ≤ |Ω(x− y) − Ω(x)|
|x− y|n + |Ω(x)|

∣∣∣∣
1

|x− y|n − 1

|x|n
∣∣∣∣ ,

The proof of Theorem 2.1.2 implies that

|K(x− y) −K(x)| ≤ C ′|x|−n · ω∞

(
2

|x|

)
.

Thus when |x| > 2, |Φ(x)| ≤ C ′|x|−nω∞
(

2
|x|

)
. Since Ω satisfies (2.1.10), the

minimum radical dominated function of Φ, denoted by

Ψ(x) = sup
|y|≥|x|

|Φ(y)|,

must be integrable. Thus by (2.1.16) and the properties of the Hardy-
Littlewood maximal operator we obtain that there exist C1, C2 > 0, such
that

T ∗
Ωf(x) = sup

ε>0
|TΩ,εf(x)|

≤ sup
ε>0

|ϕε ∗ (TΩf)(x)| + sup
ε>0

|Φε ∗ f(x)|

≤ C1M(TΩf)(x) + C2Mf(x).
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This implies (2.1.13).

Since M and TΩ are both operators of (p, p) type (see Theorem 1.1.1 and
Theorem 2.1.2), it immediately follows that T ∗

Ω is of type (p, p).

Theorem 2.1.3 Suppose that Ω is a homogeneous bounded function of de-
gree 0 and satisfies (2.1.8) and (2.1.9). Then T ∗

Ω is of type (p, p) (1 < p <
∞) and weak type (1, 1).

Proof. It suffices to show that T ∗
Ω is of weak type (1, 1). The idea in

the proof is the same as that of Theorem 2.1.1. For any f ∈ L1(Rn) and
λ > 0, using the Calderón-Zygmund decomposition, we have f = g + b and
a sequence of non-overlapping cubes {Qj}. Thus

|{x : T ∗
Ωf(x) > λ}| ≤

∣∣∣∣
{
x : T ∗

Ωg(x) >
λ

2

}∣∣∣∣+
∣∣∣∣
{
x : T ∗

Ωb(x) >
λ

2

}∣∣∣∣ . (2.1.17)

Since ‖g‖2
2 ≤ Cλ‖f‖1 and T ∗

Ω is of type (2, 2), we have

∣∣∣∣
{
x : T ∗

Ωg(x) >
λ

2

}∣∣∣∣ ≤ C ′λ−2‖T ∗
Ωg‖2

2 ≤ C ′′ 1
λ
‖f‖1.

Now denote the center of Qj by yj and the side-length of Qj by dj . Let
Sj =

√
nQj and E =

⋃
j Sj. Thus

|E| ≤
∑

j

|Sj | =
∑

j

Cn|Qj| ≤
Cn

λ
‖f‖1.

It follows that
∣∣∣∣
{
x : T ∗

Ωb(x) >
λ

2

}∣∣∣∣ ≤ |E| +
∣∣∣∣
{
x ∈ Ec : T ∗

Ωb(x) >
λ

2

}∣∣∣∣ . (2.1.18)

Fix x ∈ Ec and ε > 0, then

TΩ,εb(x) =
∑

j

∫

Qj

Kε(x− y)b(y)dy.

We consider the following three cases of Qj :

(i) for any y ∈ Qj, |x− y| < ε;
(ii) for any y ∈ Qj , |x− y| > ε;
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(iii) there exists y ∈ Qj, such that |x− y| = ε.

For the first case, Kε(x−y) = 0, thus TΩ,εb(x) = 0. For the second case,
Kε(x− y) = K(x− y), thus

∣∣∣∣∣

∫

Qj

Kε(x− y)bj(y)dy

∣∣∣∣∣ =

∣∣∣∣∣

∫

Qj

[K(x− y) −K(x− yj)]bj(y)dy

∣∣∣∣∣

≤
∫

Qj

|K(x− y) −K(x− yj)||bj(y)|dy.

As to the third case, notice that x ∈ Ec ⊂ Sc
j , there exist two constants

Cn and C ′
n only depending on n such that Qj ⊂ S(x, r), where S(x, r) is

a closed ball with the center at x and radius r = Cnε. If y ∈ Qj, then
|x− y| ≥ C ′

nε. Thus, for y ∈ Qj ,

|Kε(x− y)| ≤ |Ω(x− y)|
|x− y|n ≤ ‖Ω‖∞(C ′

nε)
−n.

Therefore

∣∣∣∣∣

∫

Qj

Kε(x− y)bj(y)dy

∣∣∣∣∣ ≤
∫

Qj∩S(x,r)
|Kε(x− y)||b(y)|dy

≤ C ′‖Ω‖∞ε−n

∫

S(x,r)
|b(y)|dy

≤ C ′′ 1

|S(x, r)|

∫

S(x,r)
|b(y)|dy.

Taking the sum of all cubes yields that

|TΩ,εb(x)| ≤
∑

j

∫

Qj

|K(x−y)−K(x−yj)||bj(y)|dy+
C ′′

|S(x, r)|

∫

S(x,r)
|b(y)|dy.

Thus

T ∗
Ωb(x) ≤

∑

j

∫

Qj

|K(x− y) −K(x− yj)||b(y)|dy + CMb(x).
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Hence
∣∣∣∣
{
x ∈ Ec : T ∗

Ωb(x) >
λ

2

}∣∣∣∣

≤

∣∣∣∣∣∣



x ∈ Ec :

∑

j

∫

Qj

|k(x− y) −K(x− yj)||b(y)|dy >
λ

4





∣∣∣∣∣∣

+

∣∣∣∣
{
x ∈ Ec : CMb(x) >

λ

4

}∣∣∣∣ .

By (2.1.5) and the weak (1, 1) boundedness of the Hardy-Littlewood maxi-
mal operator we have

∣∣∣∣
{
x ∈ Ec : T ∗

Ωb(x) >
λ

2

}∣∣∣∣ ≤
C ′

λ
‖f‖1.

This inequality together with (2.1.17) and (2.1.18) shows that T ∗
Ω is operator

of weak type (1, 1).

Corollary 2.1.1 Suppose that Ω satisfies the conditions in Theorem 2.1.3.
Then, for f ∈ Lp(Rn) (1 ≤ p <∞), we have that

lim
ε→0

TΩ,εf(x) = TΩf(x), a.e. x ∈ Rn.

Proof. For f ∈ Lp(Rn) (1 ≤ p <∞), let

Λ(f)(x) =
∣∣∣lim
ε→0

supTΩ,εf(x) − lim
ε→0

inf TΩ,εf(x)
∣∣∣ , x ∈ Rn,

then Λ(f)(x) ≤ 2T ∗
Ωf(x). For any δ > 0, let f = g + h such that g ∈

C∞
0 (Rn) and ‖h‖p < δ. Since Ω satisfies (2.1.8) and g is a smooth function

with compact support, TΩ,εg converges to TΩg uniformly as ε → 0. So
Λ(g)(x) = 0. Then, for 1 < p <∞,

‖Λ(f)‖p ≤ ‖Λ(h)‖p ≤ 2Ap‖h‖p ≤ 2Apδ.

Since δ is arbitrary, it follows that Λ(f)(x) = 0 a.e. x ∈ Rn for 1 < p <∞.
Thus the limit of TΩ,εf(x) exists for a.e. x ∈ Rn.

When p = 1, for any λ > 0, we also have

|{x : Λ(f)(x) > λ}| ≤ 2A

λ
‖h‖1 ≤ 2Aδ

λ
.

Therefore we still have Λ(f)(x) = 0 a.e. x ∈ Rn. Thus the limit of TΩ,εf(x)
exists for a.e. x ∈ Rn with f ∈ L1(Rn).
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Corollary 2.1.2 Suppose that Ω satisfies the conditions in Theorem 2.1.3.
Then TΩ is of weak type (1, 1).

Remark 2.1.4 The Riesz transforms Rj (j = 1, 2, · · · , n) are defined by

Rjf(x) = p.v.Cn

∫

Rn

xj − yj

|x− y|n+1
f(y)dy,

where Cn = Γ
(

n+1
2

)
/π

n+1
2 .

It is clear that the kernels Ωj(x) = Cn
xj

|x|(j = 1, 2, · · · , n) satisfies the con-
ditions in Theorem 2.1.2. So we have

Theorem 2.1.4 The Riesz transforms Rj(j = 1, 2, · · · , n) are of type (p, p)
(1 < p <∞) and of weak type (1, 1).

Since the Hilbert transform H is the Riesz transform of dimension 1, i.e.,

Hf(x) = p.v.
1

π

∫ ∞

−∞

f(y)

x− y
dy,

of course we have

Theorem 2.1.5 The Hilbert transform H is operator of type (p, p) (1 <
p <∞) and of weak type (1, 1).

Remark 2.1.5 Similarly, we can also define the maximal Hilbert transform
H∗ and the maximal Riesz transforms R∗

j , where

H∗f(x) = sup
ε>0

∣∣∣∣∣Cn

∫

|y|≥ε

f(x− y)

y
dy

∣∣∣∣∣ ,

R∗
jf(x) = sup

ε>0

∣∣∣∣∣Cn

∫

|y|≥ε

yj

|y|n+1
f(x− y)dy

∣∣∣∣∣ , (j = 1, 2, · · · , n).

Theorem 2.1.3 implies H∗ and R∗
j (j = 1, 2, · · · , n) are all of type (p, p) (1 <

p <∞) and of weak type (1, 1).

In the following we will give the weighed boundedness of the Calderón-
Zygmund singular integral operator and its maximal operator. First we will
formulate the definition of sharp maximal function.
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Suppose f ∈ L1
loc(R

n). The sharp maximal function M ]f(x) of f is
defined by

M ]f(x) = sup
Q3x

1

|Q|

∫

Q
|f(y) − fQ|dy, x ∈ Rn.

Here the supremum is taken over all the cubes Q in Rn which contain x,
and

fQ =
1

|Q|

∫

Q
f(t)dt

is the average of f on Q. An obvious fact is that, for every a ∈ C and
Q ⊂ Rn,

1

|Q|

∫

Q
|f(x)− fQ|dx ≤ 1

|Q|

∫

Q
|f(x)−a|dx+ |a− fQ| ≤

2

|Q|

∫

Q
|f(x)−a|dx.

(2.1.19)

Lemma 2.1.2 Suppose that Ω is a homogeneous bounded function of degree
0 in Rn and satisfies (2.1.8) and (2.1.9). Then

M ](TΩf)(x) ≤ C(n, s) (M (|f |s) (x)) , x ∈ Rn

holds for every s > 1, where M is the Hardy-Littlewood maximal operator.

Proof. For any fixed s > 1 and x ∈ Rn, suppose Q is cube containing x,
and let B be a ball of the same center and radius as Q. Let f1 = fχ16B and
f2 = fχ(16B)c , then f = f1 + f2. By (2.1.19) we only need to show that

1

|Q|

∫

Q
|TΩf(y) − TΩf2(x)|dy ≤ C (M (|f |s) (x))

1
s . (2.1.20)

Since

1

|Q|

∫

Q
|TΩf(y) − TΩf2(x)|dy

≤ 1

|Q|

∫

Q
|TΩf1(y)|dy +

1

|Q|

∫

Q
|TΩf2(y) − TΩf2(x)|dy

and s > 1, applying Theorem 2.1.2 we have

1

|Q|

∫

Q
|TΩf1(y)|dy ≤

(
1

|Q|

∫

Q
|TΩf1(y)|sdy

) 1
s

≤ C

(
1

|Q|

∫

16B
|f(y)|sdy

) 1
s

≤ C(n, s)
(
M(|f |s)(x)

) 1
s
.

(2.1.21)
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On the other hand, let d be the radius of B, then

1

|Q|

∫

Q
|TΩf2(y) − TΩf2(x)|dy

=
1

|Q|

∫

Q

∣∣∣∣∣

∫

Rn\16B

[
Ω(y − z)

|y − z|n − Ω(x− z)

|x− z|n
]
f(z)dz

∣∣∣∣∣ dy

≤ 1

|Q|

∫

Q

∞∑

k=2

∫

2kd<|x−z|≤2k+1d

∣∣∣∣
Ω(y − z)

|y − z|n − Ω(x− z)

|x− z|n
∣∣∣∣ |f(z)|dzdy.

(2.1.22)
Note that |x− z| ∼ |y − z|, thus

∣∣∣∣
Ω(y − z)

|y − z|n − Ω(x− z)

|x− z|n
∣∣∣∣ ≤ C

{
|Ω(x− z)| |x− y|

|x − z|n+1
+

|Ω(y − z) − Ω(x− z)|
|x− z|n

}
.

And when 2kd < |x− z| ≤ 2k+1d,

|Ω(x− z)| |x− y|
|x− z|n+1

≤ ‖Ω‖∞
|x− y|

(2kd)n+1
.

In addition, the homogeneity of degree 0 of Ω yields that

|Ω(y − z) − Ω(x− z)| =

∣∣∣∣Ω
(
y − z

|y − z|

)
− Ω

(
x− z

|x− z|

)∣∣∣∣

=

∣∣∣∣Ω
(

(x− z) − (x− y)

|(x− z) − (x− y)|

)
− Ω

(
x− z

|x− z|

)∣∣∣∣ .

Note |x− z| ≥ 2|x− y|, so (2.1.11) implies that

|Ω(y − z) − Ω(x− z)| ≤ ω∞

(
2
|x− y|
|x− z|

)
.

Since ω∞(δ) is nondecreasing on δ, when 2kd < |x − z| ≤ 2k+1d, we have
that

|Ω(y − z) − Ω(x− z)|
|x− z|n ≤ 1

(2kd)n
ω∞

(
2
|x− y|
|x− z|

)

≤ 1

(2kd)n
ω∞

(
d

2k−1d

)

=
1

(2kd)n
ω∞

(
1

2k−1

)
.
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Thus

∞∑

k=2

∫

2kd<|x−z|≤2k+1d

∣∣∣∣
Ω(y − z)

|y − z|n − Ω(x− z)

|x− z|n
∣∣∣∣ |f(z)|dz

≤ C

∞∑

k=2

∫

2kd<|x−z|≤2k+1d
|Ω(x− z)| |x− y|

|x − z|n+1
|f(z)|dz

+ C

∞∑

k=2

∫

2kd<|x−z|≤2k+1d

|Ω(y − z) − Ω(x− z)|
|x− z|n |f(z)|dz

≤ C

∞∑

k=2

‖Ω‖∞
|x− y|

(2kd)n+1

∫

|x−z|≤2k+1d
|f(z)|dz

+ C

∞∑

k=2

1

(2kd)n
ω∞

(
1

2k−1

)∫

|x−z|≤2k+1d
|f(z)|dz

≤ C ′Mf(x) +CMf(x)
∞∑

k=2

ω∞

(
1

2k−1

)
.

However,

∞∑

k=2

ω∞

(
1

2k−1

)
=

1

log 2

∞∑

k=2

ω∞

(
1

2k−1

)∫ 1

2k−2

1

2k−1

dδ

δ

≤ 1

log 2

∞∑

k=2

∫ 1

2k−2

1

2k−1

ω∞(δ)
dδ

δ

≤ 1

log 2

∫ 1

0
ω∞(δ)

dδ

δ
<∞.

All estimates above imply that

1

|Q|

∫

Q
|TΩf2(y) − TΩf2(x)|dy ≤ CMf(x) ≤ C(M(|f |s)(x)) 1

s ,

which combining with (2.1.21) leads to (2.1.20).

In order to formulate the next lemma, we first give definitions of dyadic
cubes, the dyadic Hardy-Littlewood maximal function, and the dyadic sharp
maximal function.

Let Q0 = [0, 1)n be the unit cube in Rn, and Q0 is the total of cubes
which are translated from Q0 by one unit. That is, the length of the side of
the cubes in Q0 are all 1 and they are nonoverlapping whose union is Rn.
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Similarly, for k ∈ Z, let Qk = [0, 2k)n, and Qk are the total cubes which are
translated from Qk by 2k units. That is, the length of the side of the cubes
in Qk are all 2k and they are nonoverlapping whose union is Rn. Thus we
have the following properties.

(i) For any fixed x ∈ Rn and k ∈ Z, there is only one cube Qk 3 x.
(ii) For any given two dyadic cubes, either their intersection is empty, or

one lies in the other.
(iii) Any one cube in Qk must contain 2n cubes in Qk−1.
(iv) When k < j, any cube in Qk must lie in a unique cube in Qj .

Lemma 2.1.3 Suppose ω ∈ A∞ and there exists 0 < p0 < ∞ such that
Mf ∈ Lp0(ω). Then

∫

Rn

(Mf(x))p ω(x)dx ≤ C

∫

Rn

(
M ]f(x)

)p
ω(x)dx (2.1.23)

holds for p0 ≤ p <∞.

Proof. Since M ](|f |)(x) ≤ 2M ]f(x), without loss of generality, we may
assume that f ≥ 0. For any λ > 0, we use the Calderón-Zygmund decom-
position. By the property (ii) of dyadic cubes, if there exists a sequence
of dyadic cubes satisfying Q1 ⊂ Q2 ⊂ · · · and fQk

> λ, then {ω(Qk)} is
uniformly bounded about k. In fact, for any x ∈ Qk, we have

t <
1

|Qk|

∫

Qk

f(y)dy ≤Mf(x).

Thus

ω(Qk) =

∫

Qk

ω(x)dx ≤ 1

tp0

∫

Qk

(Mf(x))p0ω(x)dx

≤ 1

tp0
‖Mf‖p0

Lp0 (ω).

Since ω(x)dx is a double measure and ω ∈ A∞, thus {|Qk|} is uniformly
bounded. Therefore all the dyadic cubes Q satisfying fQ > t are definitely
included in a dyadic cube, which is called the maximal dyadic cube. Suppose
that {Qj} is the set of all maximal dyadic cubes, then any Qj must satisfy

t <
1

|Qj|

∫

Qj

f(y)dy ≤ 2nt.
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Since {Qj} depend on λ, without loss of generality we denote it by {Qλ,j}.
Note that when λ < µ, for any Qµ,j, there must be a k such that Qµ,j ⊂ Qλ,k.

Now for any λ > 0, let Q0 = Q2−n−1λ,j0 and A > 0. If

Q0 ⊂
{
x : M ]f(x) >

λ

A

}
,

then
∑

{j:Qλ,j⊂Q0}
ω(Qλ,j) ≤ ω

({
x : M ]f(x) >

λ

A

})
. (2.1.24)

If Q0 *
{
x : M ]f(x) > λ

A

}
, then

1

|Q0|

∫

Q0

|f(y) − fQ0 |dy ≤ λ

A

and

fQ0 =
1

|Q0|

∫

Q0

f(t)dt ≤ 2n2−n−1λ =
λ

2
.

Thus

∑

{j:Qλ,j⊂Q0}

(
λ− λ

2

)
|Qλ,j| =

∑

{j:Qλ,j⊂Q0}

∫

Qλ,j

(
λ− λ

2

)
dy

≤
∑

{j:Qλ,j⊂Q0}

∫

Qλ,j

|f(y) − fQ0|dy

≤
∫

Q0

|f(y) − fQ0 |dy

≤ A−1λ|Q0|,

which gives ∑

{j:Qλ,j⊂Q0}
|Qλ,j | ≤ 2A−1|Q0|.

On the other hand, since

⋃

{j:Qλ,j⊂Q0}
Qλ,j ⊂ Q0
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and ω ∈ A∞, there exist δ > 0 and C > 0, such that

ω


 ⋃

{j:Qλ,j⊂Q0}
Qλ,j




ω(Q0)
≤ C




∣∣∣∣∣∣
∑

{j:Qλ,j⊂Q0}
Qλ,j

∣∣∣∣∣∣
|Q0|




δ

.

Thus we get ∑

{j:Qλ,j⊂Q0}
ω(Qλ,j) ≤ C

(
2A−1

)δ
ω(Q0). (2.1.25)

By (2.1.24) and (2.1.25) we have

∑

{j:Qλ,j⊂Q0}
ω(Qλ,j) ≤ ω

({
x : M ]f(x) >

λ

A

})
+ C

(
2A−1

)δ
ω(Q0).

Now taking over all the Q0, this inequality yields

∑

j

ω(Qλ,j) ≤ ω

({
x : M ]f(x) >

λ

A

})
+C

(
2A−1

)δ∑

k

ω
(
Q2−n−1λ,k

)
.

(2.1.26)
Let α(λ) =

∑
j ω (Qλ,j) and β(λ) = ω({x : Mf(x) > λ}), then

⋃
j Qλ,j ⊂

{x : Mf(x) > λ} and the disjoint of {Qλ,j} imply

α(λ) ≤ β(λ). (2.1.27)

Next we wish to obtain that

β(λ) ≤
∑

j

ω
(
3Q4−nλ,j

)
≤ C1α

(
λ

C2

)
. (2.1.28)

Put Eλ = {x : Mf(x) > λ}, where 3Q is the cube whose side length is 3
times that of Q with the center at the same as that of Q. If we can show

Eλ ⊂
⋃

j

3Q4−nλ,j, (2.1.29)

then the left inequality of (2.1.28) naturally holds. Therefore (2.1.28) holds,
since the second one is clear. Now for any given x ∈ Eλ, R is a cube which
contains x and satisfies

1

|R|

∫

R
f(y)dy > λ.
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If we denote d as the side length of R, then there exists the unique integer
k such that 2k−1 < d ≤ 2k. Thus in Qk there are at most 2n dyadic cubes
that intersect with R, and there are at most one dyadic cube Q such that

∫

R∩Q
|f(y)|dy > λ|R|

2n
.

Since |R| ≤ |Q| < 2n|R|, we have that

∫

R∩Q
|f(y)|dy > λ|R|

2n
>

λ

4n
|Q|.

This is equivalent to

1

|Q|

∫

Q
|f(y)|dy > λ

4n
.

Consequently there exists j such that the maximal dyadic cube Q4−nλ,j ⊃ Q.
Since Q∩R 6= φ and |R| ≤ |Q|, then R ⊂ 3Q ⊂ 3Q4−nλ,j, which establishes
(2.1.29). It follows from (2.1.26) that

α(λ) ≤ ω

({
x : M ]f(x) >

λ

A

})
+ C

(
2A−1

)δ
α
(
2−n−1λ

)
. (2.1.30)

For N > 0, by (2.1.27), applying the following equality

∫ ∞

0
p0λ

p0−1β(λ)dλ =

∫

Rn

[Mf(x)]p0ω(x)dx,

we conclude that

IN =

∫ N

0
pλp−1α(λ)dλ

≤
∫ N

0
pλp−1β(λ)dλ

≤ pp−1
0 Np−p0

∫ N

0
p0λ

p0−1β(λ)dλ

≤ pp−1
0 Np−p0

∫

Rn

(Mf(x))p0ω(x)dx

<∞.
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On the other hand, (2.1.30) implies that

IN ≤
∫ N

0
pλp−1ω

({
x : M ]f(x) >

λ

A

})
dλ

+ C
(
2A−1

)δ ∫ N

0
pλp−1α(2−n−1λ)dλ

=

∫ N

0
pλp−1ω

({
x : M ]f(x) >

λ

A

})
dλ

+ C2(n+1)p
(
2A−1

)δ ∫ 2−n−1N

0
pλp−1α(λ)dλ

≤
∫ N

0
pλp−1ω

({
x : M ]f(x) >

λ

A

})
dλ+ C2(n+1)p

(
2A−1

)δ
IN .

Now we take A > 0 such that C2(n+1)p(2A−1)δ = 1
2 , then

IN ≤ 2

∫ N

0
pλp−1ω

({
x : M ]f(x) >

λ

A

})
dλ.

As N tends to ∞, we have
∫ ∞

0
pλp−1α(λ)dλ ≤ 2

∫ ∞

0
pλp−1ω

({
x : M ]f(x) >

λ

A

})
dλ.

This together with (2.1.28) implies that
∫

Rn

[Mf(x)]pω(x)dx =

∫ ∞

0
pλp−1β(λ)dλ

≤ C1

∫ ∞

0
pλp−1α

(
λ

C2

)
dλ

= C

∫ ∞

0
pλp−1α(λ)dλ

≤ C

∫ ∞

0
pλp−1ω({x : M ]f(x) > λ})dλ

= C

∫

Rn

(
M ]f(x)

)p
ω(x)dx.

Theorem 2.1.6 Suppose that Ω is a homogeneous bounded function of de-
gree 0 and satisfies (2.1.8) and (2.1.9). Then there exists a constant C
independent of f , for 1 < p <∞ and ω ∈ Ap(Rn), such that

∫

Rn

|TΩf(x)|p ω(x)dx ≤ C

∫

Rn

|f(x)|pω(x)dx. (2.1.31)
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Proof. Since ω ∈ Ap, there exists 1 < s < p such that ω ∈ A p
s
. First we

will prove (2.1.31) under the condition that f is a bounded function with
compact support. To the end, we will first illustrate M(TΩf)(x) ∈ Lp(ω).
It suffices to prove TΩf ∈ Lp(ω). Without loss of generality we may assume
that supp(f) ⊂ {y : |y| < R}. If |x| > 2R, then

|x− y| ≥ |x| − |y| > |x|
2
.

It follows that

|TΩf(x)| ≤
∫

|y|<R

|Ω(x− y)|
|x− y|n |f(y)|dy ≤ C

|x|n ‖f‖∞. (2.1.32)

Set
∫

Rn

|TΩf(x)|pω(x)dx =

∫

|x|≤2R
|TΩf(x)|pω(x)dx+

∫

|x|>2R
|TΩf(x)|pω(x)dx

:= I1 + I2.

For some ε > 0, Hölder’s inequality implies that

I1 ≤
(∫

|x|≤2R
|TΩf(x)|p(1+ε)/εdx

) ε
1+ε
(∫

|x|≤2R
ω(x)1+εdx

) 1
1+ε

.

Then the Lq−boundedness of TΩ (to see Theorem 2.1.2) implies that the
first part of right side of the above inequality is bounded. Since ω satisfies
the inverse Hölder inequality, as ε is small enough, we deduce that the
second part of right side of above inequality is also bounded. In order to
illustrate that I2 is bounded, we need the following property of Ap weight.
If ω ∈ Ap (1 ≤ p <∞), then for any cube Q ⊂ Rn and a > 1 we have

ω(aQ) ≤ Canpω(Q), (2.1.33)

where C only depends on ω but not on a. In fact, for any f ∈ Lp(ω) and
λ > 0, Theorem 1.4.2 implies that

ω({x ∈ Rn : Mf(x) > λ}) ≤ C

λp

∫

Rn

|f(x)|pω(x)dx.

Now we take f ≥ 0 and cube Q such that
∫

Q
f(y)dy > 0.
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Thus for all 0 < λ < fQ, we have Q ⊂ {x : M(fχQ)(x) > λ}, which implies
that

ω(Q) ≤ C

λp

∫

Q
|f(x)|pω(x)dx.

So

ω(Q)λp ≤ C

∫

Q
|f(x)|pω(x)dx.

Now let λ→ fQ, then

ω(Q) (fQ)p ≤ C

∫

Q
|f(x)|pω(x)dx.

If we take f = χS with S ⊂ Q being measurable set, then the above in-
equality becomes

ω(Q)

( |S|
|Q|

)p

≤ Cω(S).

Replacing Q by aQ and S by Q in the above formula will yield (2.1.33).
Clearly if we replace cube Q by a ball in (2.1.33), the inequality still holds.

Now we turn our attention to the estimate of I2. For ω ∈ Ap there exists
1 < q < p such that ω ∈ Aq. From (2.1.32) and (2.1.33), it follows that

I2 ≤ C

∞∑

k=1

∫

2kR<|x|≤2k+1R

ω(x)

|x|np
dx

≤ C

∞∑

k=1

(
2kR

)−np
ω
(
B(0, 2k+1R)

)

≤ C
∞∑

k=1

(
2kR

)−np
C
(
2k+1R

)nq
ω(B(0, 1))

≤ C(n,R, ω) <∞.

We have proved that TΩf ∈ Lp(ω), therefore M(TΩf) ∈ Lp(ω). If f is a
bounded function with compact support, then applying Lemma 2.1.2 and
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Lemma 2.1.3 we have

∫

Rn

|TΩf(x)|pω(x)dx ≤
∫

Rn

(M(TΩf)(x))p ω(x)dx

≤ C

∫

Rn

(
M ](TΩf)(x)

)p
ω(x)dx

≤ C

∫

Rn

(M(|f |s)(x))
p
s ω(x)dx

≤ C

∫

Rn

|f(x)|pω(x)dx.

Finally, since the set of bounded functions with compact support is dense
in Lp(ω), TΩ can be extended to Lp(ω) continuously.

Theorem 2.1.7 Suppose that Ω satisfies the conditions of Theorem 2.1.6
and ω ∈ A1. Then there exists a constant C, for any λ > 0 and f ∈ L1(ω),
such that

ω({x ∈ Rn : |TΩf(x)| > λ}) ≤ C

λ

∫

Rn

|f(x)|ω(x)dx.

Proof. The proof is similar to that of truncated operator Tε being of weak
type (1,1) in Theorem 2.1.1. Using the Calderón-Zygmund decomposition
of f and λ, we have f = g + b and a series of nonoverlapping cubes {Qk}.
Clearly

ω({x : |TΩf(x)| > λ}) ≤ ω

({
x : |TΩg(x)| >

λ

2

})
+ ω

({
x : |TΩb(x)| >

λ

2

})

:= I1 + I2.

We will give the estimate of I1 and I2 respectively. Since ω ∈ A1 ⊂ A2 and
TΩ is bounded on L2(ω), we have

I1 ≤ 4

λ2

∫

Rn

|TΩg(x)|2ω(x)dx

≤ 4C

λ2

∫

Rn

|g(x)|2ω(x)dx

≤ 2n4C

λ

∫

Rn

|g(x)|ω(x)dx.



66 Chapter 2. Singular Integral Operators

Noting the definition of g in the Calderón-Zygmund decomposition, then

I1 ≤ C

λ

∫

Rn\⋃Qk

|f(x)|ω(x)dx+
C

λ

∑

k

∫

Qk

1

|Qk|

∫

Qk

|f(y)|dyω(x)dx

≤ C

λ

∫

Rn\⋃Qk

|f(x)|ω(x)dx+
1

λ

∑

k

∫

Qk

|f(y)|ω(Qk)

|Qk|
dy

≤ C

λ

∫

Rn\⋃Qk

|f(x)|ω(x)dx+
C

λ

∑

k

∫

Qk

|f(y)|ω(y)dy

≤ C

λ

∫

Rn

|f(x)|ω(x)dx.

To estimate I2, we will use some ideas from the proof of Lemma 2.1.2. For
every Qk, let B∗

k be the ball of which the center is the same as Qk and the
diameter is 16 times of that of Qk. Then by (2.1.33), we obtain that

ω

(⋃

k

B∗
k

)
≤
∑

k

ω(B∗
k)

≤ C
∑

k

ω(Qk)

≤ C
∑

k

ω(Qk)

|Qk|
|Qk|

≤ C
∑

k

ω(Qk)

|Qk|
1

λ

∫

Qk

|f(y)|dy

≤ C

λ

∑

k

∫

Qk

|f(y)|ω(y)dy

≤ C

λ

∫

Rn

|f(y)|ω(y)dy.

Finally, we will give the estimate of

ω

({
x ∈ Rn\

⋃

k

B∗
k : |TΩb(x)| >

λ

2

})
.

Denote the center of Qk by ck. Since
∫
Qk
bk(x)dx = 0 for every k, we have
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that

ω

({
x ∈ Rn\

⋃

k

B∗
k : |TΩb(x)| >

λ

2

})

≤ C

λ

∑

k

∫

Rn\B∗
k

|TΩbk(x)|ω(x)dx

=
C

λ

∑

k

∫

Rn\B∗
k

∣∣∣∣
∫

Qk

[
Ω(x− y)

|x− y|n − Ω(x− ck)

|x− ck|n
]
bk(y)dy

∣∣∣∣ ω(x)dx

≤ C

λ

∑

k

∫

Qk

|bk(y)|
(∫

Rn\B∗
k

∣∣∣∣
Ω(x− y)

|x− y|n − Ω(x− ck)

|x− ck|n
∣∣∣∣ω(x)dx

)
dy.

Using the method in the proof of (2.1.22) and the property of A1. it is not
hard to get that

∫

Rn\B∗
k

∣∣∣∣
Ω(x− y)

|x− y|n − Ω(x− ck)

|x− ck|n
∣∣∣∣ω(x)dx ≤ CMω(y) ≤ Cω(y) (2.1.34)

for any y ∈ Qk. Thus by (2.1.34), we obtain that

ω

({
x ∈ Rn\

⋃

k

B∗
k : |TΩb(x)| >

λ

2

})
≤ C

λ

∑

k

∫

Qk

|bk(y)|ω(y)dy

≤ C

λ

∫

Rn

(|f(y)| + |g(y)|)ω(y)dy

≤ C

λ

∫

Rn

|f(y)|ω(y)dy.

Using the Cotlar inequality (Lemma 2.1.1), the weighed norm inequality of
the Hardy-Littlewood maximal operator M (Theorem 1.4.2 and Theorem
1.4.3) as well as the weighed norm inequality of the Calderón-Zygmund
singular integral operator TΩ, we can immediately obtain the weighed norm
inequality of the maximal singular integral operator.

Theorem 2.1.8 Suppose that Ω is a homogeneous bounded function of de-
gree 0 and satisfies (2.1.8) and (2.1.9). Then T ∗

Ω is bounded on Lp(ω) for
1 < p < ∞ and ω ∈ Ap, and T ∗

Ω is bounded from L1(ω) to L1,∞(ω) with
ω ∈ A1.

Corollary 2.1.3 Let 1 ≤ p <∞ and ω ∈ Ap(Rn). Then

(i) H and H∗ are both bounded from Lp(ω) to Lp(ω) for 1 < p <∞;
(ii) H and H∗ are both bounded from L1(ω) to L1,∞(ω).



68 Chapter 2. Singular Integral Operators

Corollary 2.1.4 Let 1 ≤ p < ∞ and ω ∈ Ap(Rn), Rj and R∗
j be the Riesz

transform and the maximal Riesz transform respectively (j = 1, 2, · · · ). Then
(i) Rj and R∗

j are both bounded operator from Lp(ω) to Lp(ω) for 1 < p <∞;

(ii) Rj and R∗
j are both bounded operators from L1(ω) to L1,∞(ω).

Next we are going to investigate the vector-valued singular integral op-
erator and its applications. Suppose that B is a separable Banach space and
B∗ is the dual space of B. The mapping f : Rn → B is called a B-value
function. A B-value function f is called measurable, if for any b′ ∈ B∗, the
mapping x→ 〈f(x), b′〉 is measurable. If a B-value function f is measurable,
then the function x→ ‖f(x)‖B is also measurable. For 1 ≤ p ≤ ∞, define

Lp(B) =

{
f : ‖f‖Lp(B) =

(∫

Rn

‖f(x)‖p
Bdx

) 1
p

<∞
}
, 1 ≤ p <∞,

L∞(B) =
{
f : ‖f‖L∞(B) = sup {‖f‖B : x ∈ Rn} <∞

}
.

Lp(B)(1 ≤ p ≤ ∞) are all Banach spaces.

Similarly, weak Lp(B) (1 ≤ p <∞) spaces are defined by

Lp,∞
B =

{
f : ‖f‖Lp,∞(B) = sup

t>0
t |{x ∈ Rn : ‖f(x)‖B > t}|

1
p <∞

}
.

We now formulate a dense subspace of Lp(B). If f ∈ Lp(Rn) is a real-
valued function and b ∈ B, then the function (f · b) ∈ Lp(B), where (f ·
b)(x) := f(x)b. The set of all the finite linear combination of all the vector-
valued functions of this form is a dense subspace of Lp(B), and we denote
it by Lp

⊗
B.

For
F =

∑

j

fjbj ∈ L1
⊗

B,

its integral is defined by
∫

Rn

F (x)dx =
∑

j

(∫

Rn

fj(x)dx

)
bj ∈ B.

Thus since L1
⊗
B is dense in L1(B), the above definition can be contin-

uously extended to L1(B). And for F ∈ L1(B), its integral on Rn is the
unique member in B satisfying the following equation

〈∫

Rn

F (x)dx, b′
〉

=

∫

Rn

〈F (x), b′〉dx
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for every b′ ∈ B∗. Suppose that F (x) ∈ Lp(B), G ∈ Lp′(B∗), then 〈F (x), G(x)〉
is an integrable function on Rn and

‖G‖Lp′ (B∗) = sup

{∣∣∣∣
∫

Rn

〈F (x), G(x)〉dx
∣∣∣∣ : ‖F‖Lp(B) ≤ 1

}
.

Especially, when 1 ≤ p <∞ and B is a reflexible space, Lp′(B∗) = (Lp(B))∗.

Suppose that both A and B are two Banach spaces. Denote L (A,B) to
be the set of all bounded linear operators from A to B. Suppose that K is
a L (A,B)-valued function defined on Rn\{0}. Let f ∈ L∞(A) be A-valued
function and be compactly supported. Then the operator T associated to
K is defined by

Tf(x) =

∫

Rn

K(x− y)f(y)dy, x /∈ suppf.

This operator T is called vector-valued singular integral operator.

To obtain the Lp boundedness of vector-valued singular integral opera-
tor, we first introduce a lemma.

Lemma 2.1.4 Suppose that T is a linear operator on L∞(A) defined above
with compact support.

(i) There exists 1 < p0 <∞ such that

|Eλ(Tf)| ≤ C

λp0
‖f‖p0

Lp0 (A),

where λ > 0 and Eλ(Tf) = {x ∈ Rn : ‖Tf(x)‖B > λ};
(ii) Let U = U(x0, r) be the ball with the center at x0 and radius r and

2U be the twice expansion of U at the same center. For all functions f in
L1(A) satisfying supp(f) ⊂ U and

∫
Rn f(x)dx = 0, we have

∫

Rn\2U
‖Tf(x)‖Bdx ≤ C‖f‖L1(A). (2.1.35)

If both (i) and (ii) hold, then ‖Tf‖Lp(B) ≤ C‖f‖Lp(A) holds for 1 < p < p0,
where C is independent of f .
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Proof. We will first prove that, for any λ > 0,

|Eλ(Tf)| ≤ C

λ
‖f‖L1(A). (2.1.36)

For λ > 0, using the Calderón-Zygmund decomposition to real-valued func-
tion ‖f(x)‖A, we get a seguence {Qj} with nonoverlapping cubes. Now we
define A-value functions g and h such that f = g + h with

g(x) =





f(x), x /∈
⋃

j

Qj;

1

|Qj |

∫

Qj

f(x)dx x ∈ Qj ,

∫

Qj

h(x)dx = 0, for every j.

Thus it follows that
‖g‖A ≤ 2nλ,

‖g‖L1(A) ≤ ‖f‖L1(A)

and
‖h‖L1(A) ≤ 2‖f‖L1(A).

Thus from the condition (i) it follows that

∣∣∣Eλ
2
(Tg)

∣∣∣ ≤ 2p0C

λp0
‖g‖p0

Lp0 (A)

≤ 2p0C

λp0

∫

Rn

(2nλ)p0−1 ‖g(x)‖Adx

≤ C

λ
2n(p0−1)+p0‖g‖L1(A)

≤ C2n(p0−1)+p0

λ
‖f‖L1(A).

Let Sj be a ball with the same center and radius as Qj , S
∗
j = 2Sj and

D1 =
⋃

j S
∗
j . Put hj = hχQj . Then

N∑

j=1

hj converges to h in Lp0(A). It

follows from condition (i) that

T




N∑

j=1

hj


→ Th, as N → ∞
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in the sense of measure. Thus

‖Th‖B ≤
∞∑

j=1

‖Thj‖B .

Consequently, it follows from the condition (ii) that

∫

Rn\D1

‖Th‖Bdx ≤
∞∑

j=1

∫

Rn\D1

‖Thj‖Bdx

≤
∞∑

j=1

∫

Rn\S∗
j

‖Thj‖Bdx

≤ C

∞∑

j=1

‖hj‖L1(A)

≤ C ′‖f‖L1(A).

On the other hand, we have

|D1| ≤
∑

j

|S∗
j | ≤ C2n

∑

j

|Qj | ≤ Cn

∑

j

1

λ

∫

Qj

‖f‖Adx ≤ Cn

λ
‖f‖L1(A).

Thus ∣∣∣Eλ
2
(Th)

∣∣∣ ≤ |D1| +
2

λ

∫

Rn\D1

‖Th‖Bdx ≤ C

λ
‖f‖L1(A).

From above it follows (2.1.36). By (2.1.36) and the condition (i) as well as
using the Marcinkiewicz interpolation theorem, it follows that

‖Tf‖Lp(B) ≤ C‖f‖Lp(A)

for 1 < p < p0.

Theorem 2.1.9 Let A and B be two reflexive Banach spaces. Suppose that
there exists a p0, 1 < p0 <∞, such that T is a bounded operator from Lp0(A)
to Lp0(B) and K(x) satisfies

∫

|x|≥2|y|
‖K(x− y) −K(x)‖L (A,B)dx ≤ C, (2.1.37)

Then T is bounded from Lp(A) to Lp(B) with 1 < p <∞ and T is of weak
type (1,1), i.e., there is C > 0 such that, for any λ > 0 and f ∈ L1(A),

|Eλ(Tf)| = |{x ∈ Rn : ‖Tf(x)‖B > λ}| ≤ C

λ
‖f‖L1(A).
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Proof. By the given condition we can easily deduce that T is of weak
(p0, p0) type, i.e., for any λ > 0,

|Eλ(Tf)| ≤ C

λp0
‖f‖p0

Lp0 (A).

Next we will show that T satisfies the condition (ii) in Lemma 2.1.4 by
(2.1.37). Actually, suppose that a function f satisfies that supp(f) ⊂
U(x0, r) and its mean value is zero. From (2.1.37) it follows that
∫

Rn\2U
‖Tf(x)‖Bdx =

∫

Rn\2U

∥∥∥∥
∫

Rn

K(x− y)f(y)dy

∥∥∥∥
B

dx

=

∫

|x|>2r

∥∥∥∥
∫

Rn

K(x− y)f(y − x0)dy

∥∥∥∥
B

dx

=

∫

|x|>2r

∥∥∥∥
∫

Rn

[K(x− y) −K(x)]f(y − x0)dy

∥∥∥∥
B

dx

≤
∫

|y|≤r
‖f(y − x0)‖A

∫

|x|>2r
‖K(x− y) −K(x)‖L (A,B)

× dxdy

≤ C‖f‖L1(A).

Thus applying Lemma 2.1.4 we have

‖Tf‖Lp(B) ≤ C‖f‖Lp(A) (2.1.38)

for 1 < p < p0.
Now let K∗ be the conjugate operator of K. K∗ is a function from

Rn → L (B∗, A∗). For any function g in L∞(B) with compact support,
define linear operator

Tg(x) =

∫

Rn

K∗(y − x)g(y)dy,

then T is the conjugate operator of T . It is easy to see that, for 1 < p <
∞, 1

p + 1
p′ = 1,

‖Tg‖Lp′ (A∗) ≤ C‖g‖Lp′ (B∗) (2.1.39)

if and only if
‖Tf‖Lp(B) ≤ C‖f‖Lp(A).

It follows that T is a bounded operator from Lp′0(B∗) to Lp′0(A∗). Clearly
(2.1.37) implies that K∗ satisfies

∫

|x|≥2|y|
‖K∗(y − x) −K∗(x)‖L (B∗,A∗)dx ≤ C.
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Thus, for 1 < q < p′0, we have

‖Tg‖Lq(A∗) ≤ C‖g‖Lq(B∗).

This, together with (2.1.39), yields that

‖Tf‖Lp(B) ≤ C‖f‖Lp(A), p0 < p <∞.

Thus we have proved that T is a bounded linear operator from Lp(A) to
Lp(B) (1 < p < ∞). Thus Lemma 2.1.4 implies that T is of weak type
(1,1).

Remark 2.1.6 For simplicity of the proof, we add a condition on reflexivite
in Theorem 2.1.9. However, it should be pointed out that the condition on
the reflexivite of A and B in Theorem 2.1.9 can be removed (see [RuRT]).

Next we will give some application of Theorem 2.1.9.

Theorem 2.1.10 Suppose that K satisfies the Hörmander condition (2.1.3)
and T is a convolution operator generated by K. If T is of type (2, 2), then
for any r, p, 1 < p, r <∞, we have

∥∥∥∥∥∥∥


∑

j

|Tfj|r



1
r

∥∥∥∥∥∥∥
p

≤ Cp,r

∥∥∥∥∥∥∥


∑

j

|fj|r



1
r

∥∥∥∥∥∥∥
p

.

When p = 1, we have
∣∣∣∣∣∣∣




x ∈ Rn :


∑

j

|Tfj(x)|r



1
r

> λ





∣∣∣∣∣∣∣
≤ Cr

λ

∥∥∥∥∥∥∥


∑

j

|fj|r



1
r

∥∥∥∥∥∥∥
1

.

Proof. It is clear that T is operator of type (p, p) (1 < p <∞) under the
given conditions. Take A = B = lr and let f̃ = (f1, f2, · · · ) ∈ Lp(lr). Then
T̃ is bounded from Lr(lr) to Lr(lr), where T̃ f̃ = (Tf1, T f2, · · · ). The kernel
corresponding to T̃ is K

⊗
I, where I is the identity operator on lr. Thus,

∫

|x|>2|y|
‖(K(x− y) −K(x))I‖

L (lr ,lr) dx =

∫

|x|≥2|y|
|K(x− y) −K(x)|dx ≤ C.

Thus Theorem 2.1.10 holds.

Another application of Theorem 2.1.9 is to show the boundedness of the
Littlewood-Paley operator.
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Theorem 2.1.11 Suppose that ϕ(x) ∈ L1(Rn) satisfies the following
conditions:

(i)

∫

Rn

ϕ(x)dx = 0;

(ii) |ϕ(x)| ≤ C(1 + |x|)−n−α, x ∈ Rn;

(iii)

∫

Rn

|ϕ(x+ h) − ϕ(x)|dx ≤ C|h|α, h ∈ Rn,

for some C > 0 and α > 0. Then the Littlewood-Paley operators

Gf(x) =




∞∑

j=−∞
|ϕ2j ∗ f(x)|2




1
2

and

4f(x) =

(∫ ∞

0
|ϕt ∗ f(x)|2 dt

t

) 1
2

are of type (p, p) (1 < p <∞) and of weak type ( 1, 1), where

ϕ2j (x) =
1

2jn
ϕ
( x

2j

)

and

ϕt(x) =
1

tn
ϕ
(x
t

)
.

Proof. For the operator G, let A = C, B = l2 and K(x) = {ϕ2j (x)}∞j=−∞,
then by the Plancherel Theorem and Theorem 2.1.9, if we can prove , there
exists C > 0 such that

∑

j

|ϕ̂2j (ξ)|2 ≤ C, ξ ∈ Rn (2.1.40)

and

∫

|x|≥2|y|


∑

j

|ϕ2j (x− y) − ϕ2j (x)|2



1
2

dx ≤ C, y ∈ Rn, (2.1.41)

then the operator G is of type (p, p) and of weak type (1,1) (1 < p < ∞).
Similarly, for the operator 4, take B = L2

(
R+,

dt
t

)
, then if we can prove

that there exists C > 0 such that
∫ ∞

0
|ϕ̂(tξ)|2 dt

t
≤ C, ξ ∈ Rn (2.1.42)
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and

∫

|x|≥2|y|

(∫ ∞

0
|ϕt(x− y) − ϕt(x)|2

dt

t

) 1
2

dx ≤ C, y ∈ Rn, (2.1.43)

then 4 is operator of type (p, p) (1 < p <∞) and of weak type (1,1).

Since validations of the former and the latter are essentially the same, it
suffices to prove (2.1.42) and (2.1.43). When 0 < |ξ| < 1, from the vanishing
condition (i) of ϕ, it follows that

|ϕ̂(ξ)| =

∣∣∣∣
∫

Rn

ϕ(x)
(
e−2πix·ξ − 1

)
dx

∣∣∣∣

≤
∫

|x|≤|ξ|−1
2

|ϕ(x)|
∣∣∣e−2πix·ξ − 1

∣∣∣ dx+ C

∫

|x|>|ξ|−1
2

|ϕ(x)|dx

≤ 2π‖ϕ‖1|ξ|
1
2 + C

∫ ∞

|ξ|− 1
2

dt

t1+α

≤ C|ξ|β,

where β = inf
{

1
2 ,

α
2

}
.

When |ξ| ≥ 1, note that

[ϕ(· + h) − ϕ(·)̂](ξ) = ϕ̂(ξ)
(
e2πih·ξ − 1

)
.

Taking h = ξ
2|ξ|2 , from the above equality and the condition (iii) it follows

that

2 |ϕ̂(ξ)| ≤
∫

Rn

|ϕ(x + h) − ϕ(x)|dx ≤ C|h|α ≤ C|ξ|−α.

For any ξ 6= 0, denote ξ′ = ξ
|ξ| . Then

∫ ∞

0
|ϕ̂(tξ)|2 dt

t
=

∫ ∞

0

∣∣ϕ̂(t|ξ|ξ′)
∣∣2 dt

t
=

∫ ∞

0

∣∣ϕ̂(tξ′)
∣∣2 dt

t
.

The above estimates implies that

∫ ∞

0

∣∣ϕ̂(tξ′)
∣∣2 dt

t
≤
∫ 1

0
Ct2β−1dt+

∫ ∞

1
Ct−1−αdt ≤ C1 <∞.

Next we will validate (2.1.43). It is easy to see that the left side of (2.1.43) is
dilation invariant with respect to y. Thus we merely need to prove (2.1.43)
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in the case |y| = 1. The Schwarz inequality implies that

∫

|x|>2

(∫ ∞

0
|ϕt(x− y) − ϕt(x)|2

dt

t

) 1
2

dx

≤
(∫

|x|>2
|x|−n−α

2 dx

) 1
2
(∫

|x|>2

∫ ∞

0
|ϕt(x− y) − ϕt(x)|2|x|n+ α

2
dt

t
dx

) 1
2

≤ Cα

[∫ ∞

0
t

α
2

(∫

|x|> 2
t

∣∣∣ϕ
(
x− y

t

)
− ϕ(x)

∣∣∣
2
|x|n+ α

2 dx

)
dt

t

] 1
2

.

Now let

I(t) =

∫

|x|> 2
t

∣∣∣ϕ
(
x− y

t

)
− ϕ(x)

∣∣∣
2
|x|n+ α

2 dx.

If |x| > 2
t and |y| = 1, then we have

∣∣∣x− y

t

∣∣∣ ≥ |x| − 1

t
≥ |x|

2
.

When 0 < t < 1, the condition (ii) yields

I(t) ≤ C

∫

|x|> 2
t

dx

|x|n+ 3α
2

≤ Ct
3α
2 .

On the other hand, take 0 < ε < α
2 , by (ii) we have

∣∣∣φ
(
x− y

t

)
− φ(x)

∣∣∣ ≤ C

(1 + |x|)n+α
≤ C

(1 + |x|)n+ε
≤ C

|x|n+ε
.

When t ≥ 1, the condition (ii) gives, noting that |x| > 2
t ,

∣∣∣ϕ
(
x− y

t

)
− ϕ(x)

∣∣∣ · |x|n+ α
2 ≤ C|x|α

2
−ε ≤ Ctε−

α
2 .

Therefore applying the condition (iii) we have

I(t) ≤ Ctε−
α
2

∫

|x|> 2
t

∣∣∣ϕ
(
x− y

t

)
− ϕ(x)

∣∣∣ dx ≤ Ctε−
3α
2 .

Consequently

∫ ∞

0
t

α
2 I(t)

dt

t
≤
∫ 1

0
Ct

α
2
+ 3α

2
−1dt+

∫ ∞

1
Ct

α
2
− 3α

2
+ε−1dt <∞,

which proves (2.1.43).
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Remark 2.1.7 (1) Clearly, if ϕ ∈ S (Rn), then ϕ satisfies (ii) and (iii).

(2) The conditions (ii) and (iii) can be weakened. Later we will see that
there exists a class of functions in L1(Rn), which only satisfies the
vanishing condition (i) and weaker conditions on size, such that the
Littlewood-Paley operators G and 4 are both of type (p, p)(1 < p <∞)
and weak type (1,1).

The next consequence is a corollary of Theorem 2.1.9 and Theorem
2.1.11, and it is very useful in our following discussion.

Corollary 2.1.5 Suppose that ϕ satisfies the conditions of Theorem 2.1.11.

If
−→
f = (· · · , f−1, f0, f1, · · · ) ∈ Lp(l2)(Rn) for 1 < p <∞, then we have that

∥∥∥∥∥∥∥


∑

j∈Z

∑

k∈Z

|ϕ2k ∗ fj(·)|2



1
2

∥∥∥∥∥∥∥
p

≤ Cp

∥∥∥∥∥∥∥


∑

j∈Z

|fj(·)|2



1
2

∥∥∥∥∥∥∥
p

(2.1.44)

and

∥∥∥∥∥∥∥



∫ ∞

0

∑

j∈Z

|ϕt ∗ fj(·)|2
dt

t




1
2

∥∥∥∥∥∥∥
p

≤ Cp

∥∥∥∥∥∥∥


∑

j∈Z

|fj(·)|2



1
2

∥∥∥∥∥∥∥
p

. (2.1.45)

Proof. Let us now give the proof of (2.1.44). Let A = l2, B = l2(l2). we
assert

{ajk}∞j,k=−∞ ∈ l2(l2),

provided that 



(∑

k∈Z

|ajk|2
) 1

2





j∈Z

∈ l2.

Now for
−→
f ∈ L2(l2)(Rn), define an operator T as follows:

T
−→
f (x) =





(∑

k∈Z

|ϕ2k ∗ fj(x)|2
) 1

2





j∈Z

.
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Then when p = 2, Theorem 2.1.11 shows that
∥∥∥T−→f

∥∥∥
2

L2(B)
=

∫

Rn

∑

j

∑

k

|ϕ2k ∗ fj(x)|2 dx

≤ C
∑

j

∫

Rn

|fj(x)|2dx

= C
∥∥∥−→f
∥∥∥

2

L2(A)
.

Let K̃(x) be the kernel of T . Then K̃(x) : Rn → L (l2, l2(l2)). On the
other hand, let K(x) = {ϕ2k(x)}k∈Z

. Then for any x ∈ Rn, we have∥∥∥K̃(x)
∥∥∥

L (A,B)
≤ ‖K(x)‖L (C,A). Thus, we have that

∫

|x|≥2|y|

∥∥∥K̃(x− y) − K̃(x)
∥∥∥

L (A,B)
dx

≤
∫

|x|≥2|y|
‖K(x− y) −K(x)‖L (C,A)dx

=

∫

|x|≥2|y|

(∑

k

|ϕ2k(x− y) − ϕ2k(x)|2
) 1

2

dx

≤ C,

for every y ∈ Rn. The last inequality is derived from Theorem 2.1.11.
Theorem 2.1.9 tells us that T is bounded operator from Lp(A) to Lp(B), i.e.
(2.1.44) holds.

Remark 2.1.8 (i) The conclusion of Theorem 2.1.9 shows that the corre-
sponding inequality of weak type still holds under the condition of Corollary
2.1.5.

(ii) The conclusion of Corollary 2.1.5 is still valid for ϕ ∈ S (Rn) and
∫

Rn

ϕ(x)dx = 0.

2.2 Singular integral operators with homogeneous

kernels

In the first section of this chapter, we have studied the Lp boundedness
(1 < p <∞) and weak (1, 1) boundedness of the Calderón-Zygmund singu-
lar integral operators. However, it is noticed that under the condition on
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the kernel K, we require that K satisfies the size-condition (2.1.1) and the
smooth condition (2.1.3) (i.e., Hörmander condition) besides the vanishing
condition (2.1.2). As to singular integral operators with homogeneous ker-
nel (for its definition, see (2.1.12)), besides vanishing condition (2.1.8), we
still require that Ω satisfies L∞-Dini condition (2.1.9). Then a natural ques-
tion is raised up: can we weaken the condition of Ω but still ensure the Lp

boundedness (1 < p <∞) and weak (1, 1) boundedness of the corresponding
singular integral operator TΩ? In this section, we will discuss this problem.

Note that the operator TΩ commutes with dilation δε (ε > 0), so Ω
should satisfy the homogeneous condition of degree 0, that is

Ω(λx) = Ω(x) (2.2.1)

holds for any λ > 0 and every x ∈ Rn. In addition, from the discussion before
Theorem 2.1.2, we know that Ω(x′) must satisfy the vanishing condition on
Sn−1, i.e., ∫

Sn−1

Ω(x′)dσ(x′) = 0. (2.2.2)

Thus we can only weaken the size-condition and smooth condition on Ω.

Let us now pay attention to investigating the Lp boundedness and weak
type (1,1). Since L∞(Sn−1) & Lq(Sn−1) (1 ≤ q < ∞), we first consider
Lq-Dini condition instead of L∞-Dini condition. Now we give the following
definition.

Definition 2.2.1 (Lq-Dini condition) We say a function Ω(x′) on Sn−1

satisfies Lq-Dini condition if

(i) Ω ∈ Lq(Sn−1)(1 ≤ q <∞),

(ii)

∫ 1

0

ωq(δ)

δ
dδ <∞,

where ωq(δ) is called integral continuous modulus of Ω of degree q. Its defi-
nition is, for δ > 0,

ωq(δ) = sup
‖ρ‖<δ

(∫

Sn−1

∣∣Ω(ρx′) − Ω(x′)
∣∣q dσ(x′)

)1/q

,

where ρ is a rotation in Rn. ||ρ|| = sup
{
|ρx′ − x′| : x′ ∈ Sn−1

}
.
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Remark 2.2.1
1. If Ω(x′) satisfies Lipschitz condition on Sn−1, that is, there exists a

constant M > 0, such that ∀x′, y′ ∈ Sn−1, |Ω(x′)−Ω(y′)| ≤M |x′ − y′|, then
Ω must satisfy Lq-Dini condition (1 ≤ q ≤ ∞).

2. If 1 ≤ r < q ≤ ∞, then Ω satisfies Lr-Dini condition whenever it
satisfies Lq-Dini condition.

Suppose Ω is a homogeneous function of degree 0 on Rn. Put K(x) =
Ω(x)|x|−n, x ∈ Rn. The following theorem gives some important relations.

Theorem 2.2.1 (a) If Ω satisfies L1-Dini condition, then Ω ∈ L(log+ L)
(Sn−1) and K satisfies Hörmander condition, that is

∫

|x|>2|y|
|K(x− y) −K(x)|dx ≤ C, ∀y ∈ Rn. (2.2.3)

(b) If K satisfies Hörmander condition (2.2.3), then Ω ∈ L(log+ L)(Sn−1)
and Ω satisfies L1-Dini condition.

The proof of Theorem 2.2.1 can be found in Calderón- Weiss- Zygmund
[CaWZ] and Calderón- Zygmund [CaZ4].

The following consequence improves Theorem 2.1.2.

Theorem 2.2.2 Suppose that Ω satisfies (2.2.1), (2.2.2) and L1-Dini con-
dition. Let

TΩf(x) = p.v.

∫
Ω(x− y)

|x− y|n f(y)dy

for f ∈ Lp(Rn) (1 ≤ p <∞). Then

(i) TΩ is of type (p, p) (1 < p <∞);

(ii) TΩ is of weak type (1,1).

First we formulate a lemma which will be used in the proof of Theorem
2.2.2.

Lemma 2.2.1 Suppose that Ω ∈ L∞(Sn−1). Then, for any ε, 0 < ε < 1/2,
there exists a constant C > 0 such that

∫ 2j+1

2j

∣∣∣∣
∫

Sn−1

Ω(y′)e−2πirx′·y′
dσ(y′)

∣∣∣∣
dr

r
≤ C‖Ω‖L∞(Sn−1)2

−jε (2.2.4)

holds for every j ∈ N and x′ ∈ Sn−1.
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Proof. By Hölder’s inequality, the left side of (2.2.4) is dominated by

(log 2)
1
2

(∫ 2j+1

2j

∣∣∣∣
∫

Sn−1

Ω(y′)e−2πirx′·y′
dσ(y′)

∣∣∣∣
2 dr

r

) 1
2

= (log 2)
1
2

(∫

Sn−1

∫

Sn−1

Ω(y′)Ω(u′)
∫ 2j+1

2j

e−2πirx′·(y′−u′) dr

r
dσ(y′)dσ(u′)

) 1
2

.

Set

I =

∫ 2j+1

2j

e−2πirx′·(y′−u′) dr

r
.

Clearly, we have |I| ≤ log 2. On the other hand, we obtain

|I| ≤ C
∣∣2jx′ · (y′ − u′)

∣∣−1
,

where C is independent of j, x′, y′ and u′. Hence, for any α, 0 < α < 1, it
follows that

|I| ≤ Cmin
{
1,
∣∣2jx′ · (y′ − u′)

∣∣−1
}
≤ C

∣∣2jx′ · (y′ − u′)
∣∣−α

. (2.2.5)

Since 0 < α < 1, there exists a constant C1 independent of x′, such that

∫

Sn−1

∫

Sn−1

1

|x′ · (y′ − u′)|α dσ(y′)dσ(u′) ≤ C1.

Now let ε = α
2 , then the above inequality together with (2.2.5) implies

(2.2.4).

Next we turn to the proof of Theorem 2.2.2. First consider the case
p = 2. Set K(x) = Ω(x)|x|−n. Then TΩf = p.v.K ∗ f . We now give the
estimate of K̂(ξ). Let ϕ ∈ S (Rn). Then it follows that

〈K̂, ϕ〉 = 〈K, ϕ̂〉

= lim
ε→0,N→∞

∫

ε≤|x|≤N
K(x)

∫

Rn

e−2πix·yϕ(y)dydx

= lim
ε→0,N→∞

∫

Rn

ϕ(y)

∫

ε≤|x|≤N
K(x)e−2πix·ydxdy

= lim
ε→0,N→∞

∫

Rn

ϕ(y)

∫ N/|y|

ε/|y|

∫

Sn−1

Ω(x′)e−2πirx′·y′
dσ(x′)

dr

r
dy.
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Clearly, if we can show that there exists a constant C independent of y ′,
such that ∫ ∞

0

∣∣∣∣
∫

Sn−1

Ω(x′)e−2πirx′·y′
dσ(x′)

∣∣∣∣
dr

r
≤ C, (2.2.6)

then the dominated convergence theorem implies |K̂(y)| ≤ C for every y ∈
Rn). Consequently TΩ is an operator of type (2, 2). Now set

E0 = {x′ ∈ Sn−1 : |Ω(x′)| < 2}
Ek = {x′ ∈ Sn−1 : 2k ≤ |Ω(x′)| < 2k+1}, k ∈ N

and

Ωk(x
′) = Ω(x′)χEk

(x′) (k ≥ 0).

Since Ω satisfies the vanishing condition, it implies that

∫ 2

0

∣∣∣∣
∫

Sn−1

Ω(x′)
(
e−2πirx′·y′ − 1

)
dσ(x′)

∣∣∣∣
dr

r
≤ C‖Ω‖L1(Sn−1).

While

∫ ∞

2

∣∣∣∣
∫

Sn−1

Ω(x′)e−2πirx′·y′
dσ(x′)

∣∣∣∣
dr

r

≤
∞∑

j=1

∫ 2j+1

2j

∞∑

k=0

∣∣∣∣
∫

Sn−1

Ωk(x
′)e−2πirx′·y′

dσ(x′)

∣∣∣∣
dr

r

=
∞∑

j=1

∫ 2j+1

2j

∣∣∣∣
∫

Sn−1

Ω0(x
′)e−2πirx′·y′

dσ(x′)

∣∣∣∣
dr

r

+

∞∑

j=1

∞∑

k=1

∫ 2j+1

2j

∣∣∣∣
∫

Sn−1

Ωk(x
′)e−2πirx′·y′

dσ(x′)

∣∣∣∣
dr

r

:= I1 + I2.

Thus applying (2.2.4) leads to

I1 ≤
∞∑

j=1

C · 2−jε ≤ C.



2.2 Singular integral operators with homogeneous kernels 83

Now take l ∈ N such that lε > 1. We have that

I2 =

∞∑

k=1

∑

1≤j≤lk

∫ 2j+1

2j

∣∣∣∣
∫

Sn−1

Ωk(x
′)e−2πirx′·y′

dσ(x′)

∣∣∣∣
dr

r

+

∞∑

k=1

∑

j>lk

∫ 2j+1

2j

∣∣∣∣
∫

Sn−1

Ωk(x
′)e−2πirx′·y′

dσ(x′)

∣∣∣∣
dr

r

:=I21 + I22.

Applying (2.2.4), we obtain

I22 ≤ C

∞∑

k=1

∑

j>lk

‖Ωk‖L∞(Sn−1)2
−jε <∞,

while

I21 ≤
∞∑

k=1

∑

1≤j≤lk

2k+1 · |Ek| · log 2 ≤ C‖Ω‖Llog+L(Sn−1) <∞.

Thus from the estimates of I1, I21 and I22, it follows (2.2.6). Therefore TΩ

is an operator of type (2, 2).
Now we illustrate that TΩ is of weak type (1, 1). In fact, by the condition

(a) in Theorem 2.2.1, we know that K(x) = Ω(x)|x|−n satisfies Hörmander
condition (2.2.3). This, together with that TΩ is of type (2, 2), concludes
that TΩ is of weak type (1, 1) (See the proof of Theorem 2.1.1). Finally,
applying the Marcinkiewicz interpolation theorem and dual method yields
that TΩ is of type (p, p) (1 < p <∞).

Remark 2.2.2 As stated above, when Ω ∈ Llog+L(Sn−1) and satisfies the
vanishing condition, we can get L2-boundedness of TΩ without requiring that
Ω satisfies L1-Dini condition. In fact, later we will obtain that TΩ is of type
(p, p)(1 < p <∞) and weak type(1, 1), provided that Ω ∈ Llog+L(Sn−1) and
satisfies the vanishing condition (2.2.2). (See Theorem 2.3.4 and Remark
2.3.1).

Now we start to discuss the weighted Lp-boundedness of TΩ. By Theorem
2.1.6, if Ω satisfies the homogeneity of degree 0 as well as the vanishing
condition, then L∞-Dini condition (2.1.9) can ensure TΩ is bounded from
Lp(ω) to Lp(ω) for 1 < p <∞ and ω ∈ Ap. As to the conclusion of Theorem
2.2.2, a natural question is: if we weaken the L∞-Dini condition to L1-Dini
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condition with 1 < p < ∞ and ω ∈ Ap, can we still ensure TΩ is bounded
from Lp(ω) to Lp(ω)? However, there are counterexamples to illustrate that
conclusion would not hold even ω ∈ A1. So in the following we consider the
Lq-Dini condition (1 < q < ∞) instead of the smooth condition of Ω. We
will also discuss the weighted Lp-boundedness of the corresponding singular
integral operator TΩ. Obviously we may predict that, in this situation, the
weight function ω will depend not only on p, but also on q.

We have the following statement.

Theorem 2.2.3 Suppose that Ω satisfies (2.2.1), (2.2.2) and Lq-Dini con-
dition (1 < q <∞). When either of the following two conditions (i) or (ii)
holds, TΩ is bounded from Lp(ω) to Lp(ω).

(i) q′ ≤ p <∞ and ω ∈ Ap/q′;

(ii) 1 < p ≤ q and ω−1/(p−1) ∈ Ap′/q′ .

In addition, if ωq′ ∈ A1, then TΩ is bounded from L1(ω) to L1,∞(ω), i.e.,
there exits a constant C > 0 such that

ω ({x ∈ Rn : |TΩf(x)| > λ}) ≤ C

λ
‖f‖L1(ω)

for every λ > 0 and f ∈ L1(ω).

The proof of Theorem 2.2.3 will be obtained by applying the idea in the
proof of Theorem 2.1.6. We first give some lemmas.

Lemma 2.2.2 Suppose that Ω satisfies (2.2.1) and Lq-Dini condition (1 ≤
q < ∞). Then for any R > 0 and x ∈ Rn, when |x| < R/2, there exists a
constant C > 0 such that

(∫

R<|y|≤2R

∣∣∣∣
Ω(y − x)

|x− y|n − Ω(y)

|y|n
∣∣∣∣
q

dy

) 1
q

≤ CR
−n
q′

{
|x|
R

+

∫ 2|x|
R

|x|
R

ωq(δ)

δ
dδ

}
.

(2.2.7)

Proof. Since |x− y| ∼ |y|, we have

∣∣∣∣
Ω(y − x)

|x− y|n − Ω(y)

|y|n
∣∣∣∣ ≤ C

{
|Ω(y)| |x|

|y|n+1
+

|Ω(y − x) − Ω(y)|
|y|n

}
.
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Hence
(∫

R<|y|≤2R

∣∣∣∣
Ω(y − x)

|x− y|n − Ω(y)

|y|n
∣∣∣∣
q

dy

)1/q

≤ C

(∫

R<|y|≤2R
|Ω(y)|q |x|q

|y|(n+1)q
dy

)1/q

+ C

(∫

R<|y|≤2R

|Ω(y − x) − Ω(y)|q
|y|nq

dy

)1/q

:= I1 + I2.

Since Ω ∈ Lq(Sn−1), it follows that

I1 ≤ C‖Ω‖Lq(Sn−1)|x| ·R−(n+1) · Rn/q = CR−n/q′ · |x|
R

.

On the other hand, we have that

I2 ≤ C

(∫ 2R

R
t−nq+n−1

∫

Sn−1

|Ω(ty′ − x) − Ω(y′)|qdσ(y′)dt
)1/q

≤ CR−n/q′
(∫ 2R

R

∫

Sn−1

∣∣∣∣Ω
(
y′ − α

|y′ − α|

)
− Ω(y′)

∣∣∣∣
q

dσ(y′)
dt

t

)1/q

,

where α = x
t . Applying a result of Calderòn- Weiss-Zygmund (see [CaWZ])

to |α| = |x|
t < 1

2 and 1 ≤ q <∞, we conclude that
∫

Sn−1

∣∣∣∣Ω
(
y′ − α

|y′ − α|

)
− Ω(y′)

∣∣∣∣
q

dσ(y′) ≤ C sup
‖ρ‖<α

∫

Sn−1

|Ω(ρx′) − Ω(x′)|qdσ(x′)

≤ Cωq
q

( |x|
t

)

≤ Cωq
q

( |x|
R

)
.

Here we use the property that ω(δ) is nondecreasing in δ. Thus,

I2 ≤ CR−n/q′ · ωq

( |x|
R

)
· (log 2)1/q

≤ C ′R−n/q′ · ωq

( |x|
R

)
·
∫ 2|x|/R

|x|/R

dδ

δ

≤ C ′R−n/q′
∫ 2|x|/R

|x|/R

ωq(δ)

δ
dδ.
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So (2.2.7) follows.

Lemma 2.2.3 Suppose that Ω satisfies (2.2.1) and Lq-Dini condition (1 <
q <∞). Then there exists a constant C > 0 such that

∣∣∣∣∣

∫

|y−x0|>4t

(
Ω(x− y)

|x− y|n − Ω(x0 − y)

|x0 − y|n
)
f(y)dy

∣∣∣∣∣ ≤ C
[
M
(
|f |q′

)
(x0)

]1/q′

(2.2.8)
for any x0 ∈ Rn, t > 0 and every x with |x − x0| < t, where M is the
Hardy-Littlewood maximal function.

Proof. From Hölder’s inequality and (2.2.7) it follows that

∣∣∣∣∣

∫

|y−x0|>4t

(
Ω(x− y)

|x− y|n − Ω(x0 − y)

|x0 − y|n
)
f(y)dy

∣∣∣∣∣

≤
∞∑

j=2

(∫

2j t<|y−x0|≤2j+1t

∣∣∣∣
Ω(x− y)

|x− y|n − Ω(x0 − y)

|x0 − y|n
∣∣∣∣
q

dy

)1/q

×
(∫

|y−x0|≤2j+1t
|f(y)|q′dy

)1/q′

≤C
∞∑

j=2

(
1

2j
+

∫ |x0−x|/2j−1t

|x0−x|/2j t

ωq(δ)

δ
dδ

)(
1

(2j+1t)n

∫

|y−x0|≤2j+1t
|f(y)|q′dy

)1/q′

≤C
(
M
(
|f |q′

)
(x0)

)1/q′
(

1 +

∫ 1

0

ωq(δ)

δ
dδ

)

≤C
(
M
(
|f |q′

)
(x0)

)1/q′

.

Lemma 2.2.4 Suppose that Ω satisfies (2.2.1) and Lq-Dini condition (1 <
q <∞). Then there exists a constant C = C(n, q) such that

M ] (TΩf) (x) ≤ C(n, q)
(
M
(
|f |q′

)
(x)
)1/q′

, x ∈ Rn, (2.2.9)

where M ] is the sharp maximal function defined in the section 2.1.

Proof. The idea of proof is similar to that of Lemma 2.1.2. Choose
x ∈ Rn and a cube Q containing x. Let B be a ball with the same center
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and diameter as that of Q. Set f = f1 + f2, where f1 = f · χ16B . Theorem
2.2.2 yields that

1

|Q|

∫

Q
|TΩf1(y)|dy ≤ C

(
1

|Q|

∫

16B
|f(y)|q′dy

)1/q′

≤ C
(
M
(
|f |q′

)
(x)
)1/q′

.

On the other hand, denote the diameter of B by d. Then applying (2.2.8)
implies that

1

|Q|

∫

Q
|TΩf2(y) − TΩf2(x)|dy

=
1

|Q|

∫

Q

∣∣∣∣∣

∫

Rn\16B

[
Ω(y − z)

|y − z|n − Ω(x− z)

|x− z|n
]
f(z)dz

∣∣∣∣∣ dy

≤C
[
M
(
|f |q′

)
(x)
]1/q′

.

From (2.1.19), Lemma 2.2.4 follows.

To prove Theorem 2.2.3, we still need a celebrated interpolation theorem.

Lemma 2.2.5 (Stein-Weiss interpolation theorem with change of
measure) Suppose that u0, v0, u1, v1 are positive weight functions and 1 <
p0, p1 <∞. Assume sublinear operator S satisfies :

‖Sf‖Lp0 (u0) ≤ C0‖f‖Lp0 (v0)

and

‖Sf‖Lp1 (u1) ≤ C1‖f‖Lp1 (v1).

Then

‖Sf‖Lp(u) ≤ C‖f‖Lp(v)

holds for any 0 < θ < 1 and

1

p
=

θ

p0
+

1 − θ

p1
,

where

u = u
pθ/p0

0 u
p(1−θ)/p1

1 , v = v
pθ/p0

0 v
p(1−θ)/p1

1

and C ≤ Cθ
0C

1−θ
1 .
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For the proof of Lemma 2.2.5, see Stein and Weiss [StW].

Proof of Theorem 2.2.3. First consider the case which the condition
(i) holds. Analogous to the proof of Theorem 2.1.6, we merely need to
discuss the bounded function with compact support. Assume f will be the
case. We need to show M(TΩf)(x) ∈ Lp(ω), provided that q′ < p <∞ and
ω ∈ Ap/q′ . By the Lp-boundedness of M , it suffices to verify TΩf ∈ Lp(ω).
We may suppose supp(f) ⊂ {x ∈ Rn : |x| < R} as well. Set

∫

Rn

|TΩf(x)|pω(x)dx =

∫

|x|≤2R
|TΩf(x)|pω(x)dx+

∫

|x|>2R
|TΩf(x)|pω(x)dx

:= I1 + I2.

By the Lr(1 < r <∞)-boundedness of TΩ (Theorem 2.2.2) and the Reverse
Hölder inequality, we see that I1 is finite. Thus we mainly consider I2. Note
that |y| < R and |x| > 2R. it implies that |x − y| ∼ |x|. Consequently, it
follows that

I2 ≤ C‖f‖p
L∞

∫

|x|>2R

(∫

|y|<R
|Ω(x− y)|dy

)p
ω(x)

|x|np
dx

≤ C ′
∫

|x|>2R

(∫

|x−y|< 3
2
|x|

|Ω(x− y)|qdy
)p/q

ω(x)

|x|np
dx

≤ C ′′
∫

|x|>2R

ω(x)

|x|np−np/q
dx

= C ′′
∞∑

j=1

∫

2jR<|x|≤2j+1R

ω(x)

|x|np/q′
dx

≤ C ′′
∞∑

j=1

(2jR)−np/q′ω(B(0, 2j+1R)).

Since ω ∈ Ap/q′ , there exists 1 < s < p/q′ such that ω ∈ As. Hence applying
(2.1.33) yields that

ω(B(0, 2j+1R)) ≤ C · (2j+1R)nsω(B(0, 1)),

where C is independent of j. So we obtain that

I2 ≤ C ′′
∞∑

j=1

(2jR)−n(p/q′−s)ω(B(0, 1)) <∞,
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which implies that M(TΩf) ∈ Lp(ω). Applying Lemma 2.1.3, Lemma 2.2.4
and the weighted boundedness of M (Theorem 1.4.3), we conclude that, for
a bounded function f with compact support,

∫

Rn

|TΩf(x)|pω(x)dx ≤
∫

Rn

[M(TΩf)(x)]p ω(x)dx

≤ C

∫

Rn

[M ](TΩf)(x)]pω(x)dx

≤ C

∫

Rn

[
M(|f |q′)(x)

]p/q′

ω(x)dx

≤ C ′
∫

Rn

|f(x)|pω(x)dx.

When q′ < p < ∞ and ω ∈ Ap/q′ , TΩ is bounded from Lp(ω) to Lp(ω).
Consider the case p = q′, clearly ω ∈ A1. Thus there exists p1 > p = q′ such
that ωp1/p ∈ A1 ⊂ Ap1/q′ . Thus there exists ε > 0 such that

ωp1(1+ε)/p ∈ Ap1/q′ .

Now set θ = ε
1+ε and choose p0 such that

1

p
=

θ

p0
+

1 − θ

p1
.

Clearly 1 < p0 < p. First we have

‖TΩf‖Lp0 ≤ C0‖f‖Lp0 .

On the other hand, the above conclusion implies that

‖TΩf‖Lp1(u1) ≤ C1‖f‖Lp1 (u1),

where

u1 = ωp1(1+ε)/p ∈ Ap1/q′ .

It follows that TΩ is bounded from Lp(ω) to Lp(ω) by applying Lemma 2.2.5
to u0 = v0 = 1 and u1 = v1 = ωp1(1+ε)/p. Up to now, we have shown that
TΩ is bounded from Lp(ω) to Lp(ω) under the condition (i).

Now we discuss the case which the condition (ii) holds. Let T̃Ω be the
conjugate operator of TΩ. Then we have

T̃Ωf(x) = TΩ̃f(x),
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with Ω̃(x) = Ω(−x). Clearly Ω̃ satisfies all the conditions on Ω. Conse-
quently, for any f ∈ Lp(ω)(1 < p ≤ q), we have

‖TΩf‖Lp(ω) = sup

∣∣∣∣
∫

Rn

TΩf(x) · g(x)dx
∣∣∣∣ ,

where the supremum is taken over all functions g ∈ Lp′(ω−1/(p−1)) with
‖g‖Lp′ (ω−1/(p−1)) ≤ 1. Clearly q′ ≤ p′ < ∞ follows from 1 < p ≤ q. By

ω−1/(p−1) ∈ Ap′/q′ together with the above conclusion we know that T̃Ω is

bounded from Lp′(ω−1/(p−1)) to Lp′(ω−1/(p−1)). Thus

‖TΩf‖Lp(ω) = sup

∣∣∣∣
∫

Rn

f(x)T̃Ωg(x)dx

∣∣∣∣

≤ ‖f‖Lp(ω) sup ‖T̃Ωg‖Lp′ (ω−1/(p−1))

≤ C‖f‖Lp(ω).

Therefore this completes the proof of Theorem 2.2.3 under the condition
(ii).

Finally we wish to show that TΩ is bounded from L1(ω) to L1,∞(ω) as
ωq′ ∈ A1. Since the idea is similar to that of Theorem 2.1.7, we only give the
differentia. For any λ > 0, we make the Calderón-Zygmund decomposition:
f = g+b, where g is the ”good” function and b is the ”bad” one. If ωq′ ∈ A1,
then ω ∈ A1. The estimate of I1 follows from applying the boundedness of
TΩ on Lq′(ω). The estimate of I2 can be obtained by applying Lemma 2.2.3
and ωq′ ∈ A1. Here we omit the details. We have finished the proof of
Theorem 2.2.3.

In the proof of Theorem 2.2.3 we see that ωq′ ∈ A1 implies that TΩ is of
weighted weak type (1,1). The following conclusion shows that ωq′ ∈ Ap(1 <
p <∞) is also a sufficient condition for TΩ to be of weighted type (p, p).

Theorem 2.2.4 Suppose that Ω satisfies (2.2.1), (2.2.2) and Lq-Dini con-
dition (1 < q < ∞). If ωq′ ∈ Ap, then TΩ is bounded from Lp(ω) to Lp(ω)
for 1 < p <∞.

Proof. We will use Theorem 2.2.3 and Lemma 2.2.5 to prove Theorem
2.2.4. For the purpose, we have to verify that there exist θ (0 < θ < 1),
p0, p1 and weight function ω0, ω1 satisfying the following conditions:

(i) 1
p = θ

p0
+ 1−θ

p1
and 1 < p0 < min{q, p}, max{q′, p} < p1 <∞;

(ii) ω = ω
pθ/p0

0 ω
p(1−θ)/p1

1 and ω
1−p′0
0 ∈ Ap′0/q′ , ω1 ∈ Ap1/q′ .
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Since ωq′ ∈ Ap (1 < p < ∞), applying the Jones decomposition theorem of
Ap weight (Theorem 1.4.5), there exist u, v ∈ A1 such that

ωq′ = u · v1−p, i.e., ω = u1/q′v(1−p)/q′ .

Set
ω = (uαvβ)s(uγvδ)1−s,

then we have

αs+ γ(1 − s) =
1

q′
(2.2.10)

and

βs+ δ(1 − s) =
1 − ρ

q′
. (2.2.11)

Put ω0 = uαvβ and ω1 = uγvδ. First we illustrate that

ω
1−p′0
0 ∈ Ap′0/q′

if 1 < p0 < min{q, p} and α = [(p′0/q
′)−1]/(p′0 −1), β = 1/(1−p′0). In fact,

since u, v ∈ A1, we have that

(
1

|Q|

∫

Q
ω0(x)

1−p′0dx

)(
1

|Q|

∫

Q
ω0(x)

−(1−p′0)/[(p′0/q′)−1]dx

)(p′0/q′)−1

=

(
1

|Q|

∫

Q
u(x)α(1−p′0)v(x)β(1−p′0)dx

)

×
(

1

|Q|

∫

Q
u(x)−α(1−p′0)/[(p′0/q′)−1]v(x)−β(1−p′0)/[(p′0/q′)−1]dx

)(p′0/q′)−1

≤ C

(
1

|Q|

∫

Q
u(x)dx

)α(1−p′0)( 1

|Q|

∫

Q
v(x)dx

)β(1−p′0)

×
(

1

|Q|

∫

Q
v(x)dx

)−β(1−p′0)
(

1

|Q|

∫

Q
u(x)−α(1−p′0)/[(p′0/q′)−1]dx

)(p′0/q′)−1

≤ C.

Here C is independent of Q. In the same way we can prove

ω1 ∈ Ap1/q′

if max{q′, p} < p1 < ∞ and γ = 1, δ = 1 − p1/q
′. Thus the value of α and

γ, together with the equality (2.2.10), imply s = 1/p0. Similarly, the value
of β and δ, together with s = 1

p0
, lead to p1 = p′0(p − 1) by invoking the
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equality (2.2.11). Set θ = p0(p1 − p)/p(p1 − p0). Then we have 0 < θ < 1
and s = pθ/p0, 1− s = p(1− θ)/p1. Thus by our choice of p0, p1, θ, ω0, ω1

we know both (i) and (ii) hold. Finally, we obtain Theorem 2.2.4.

Remark 2.2.3

1. When q = ∞, Theorem 2.2.3 and Theorem 2.2.4 are in accordance
with Theorem 2.1.6 and Theorem 2.1.7 respectively.

2. In Section 2.1 we call K is the Calderón-Zygmund kernel (see 2.1.1),
if K satisfies Hörmander condition (2.1.3). Actually, we can also define Lq-
Hörmander condition Hq (1 ≤ q ≤ ∞). If K ∈ L1

loc(R\{0}) and there exist
C,Cr > 0, such that for any y ∈ Rn and R > C|y|, the following condition

(Hq)

∞∑

k=1

(
2kR

)n/q′
(∫

2kR<|x|≤2k+1R
|K(x− y) −K(x)|qdx

)1/q

≤ Cr

and

(H∞)

∞∑

k=1

(
2kR

)n
sup

2kR<|x|≤2k+1R

|K(x− y) −K(x)| ≤ C∞

hold. Sometimes (Hq) and (H∞) are called Lq-Hörmander conditions (1 ≤
q ≤ ∞). Clearly, (2.1.3) is just condition (H1).

By the proof of Lemma 2.2.2 and (2.1.4) we know that if K(x) = Ω(x)
|x|n

and Ω satisfies (2.2.1) as well as Lq-Dini condition (1 ≤ q ≤ ∞), then K
must satisfy the condition (Hq) (1 ≤ q ≤ ∞). In this sense, the condition
(Hq) (1 ≤ q ≤ ∞) is weaker than Lq-Dini condition.

2.3 Singular integral operators with rough

kernels

In the last section we have seen, for the singular integral operator TΩ with
homogeneous kernel, that Ω satisfies L1-Dini condition can ensure (p, p)
boundedness and weak (1,1) boundedness of TΩ, whenever Ω has the ho-
mogeneity of degree 0 and satisfies the vanishing condition. The L1-Dini
condition is much weaker than L∞-Dini condition. However, the L1-Dini
condition still involves certain smoothness of Ω on the unit sphere. On the
other hand, from the proof of Theorem 2.2.2 we note that L1-Dini condition
was not used in the proof of the (2, 2) boundedness of TΩ (see Remark 2.2.2).
This fact suggests us whether or not we can still keep the (p, p) boundedness
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and weak (1,1) boundedness of TΩ without any smoothness of Ω on the unit
sphere. It is just the question that we will discuss in this section.

We begin with discussing the rotation method and singular integral op-
erators with rough odd kernel. In 1956, Calderon and Zygmund [CaZ3] first
considered the above problem, and introduced ”rotation method” to deal
with the Lp-boundedness (1 < p < ∞) of a class of singular integral op-
erators with rough odd kernels. In short, the rotation method, by sphere
coordinate transform, is to reduce the study of convolution operator on Rn

to the study of an operator in one dimension in some direction.

For any y ∈ Rn, y 6= 0, we write y = ry′, where 0 < r <∞ and y′ ∈ Sn−1.
Set Tf(x) = K ∗ f(x), we have

Tf(x) =

∫

Rn

K(y)f(x− y)dy =

∫

Sn−1

∫ ∞

0
K(ry′)f(x− ry′)rn−1drdσ(y′).

Set K(ry′) = ω(y′)h(r). We have

Tf(x) =

∫

Sn−1

ω(y′)
∫ ∞

0
h(r)f(x− ry′)rn−1drdσ(y′)

:=

∫

Sn−1

ω(y′)Ty′f(x)dσ(y′).

Now for fixed y′ ∈ Sn−1, let Y be the hyperplane through the origin orthog-
onal to y′. Then for all x ∈ Rn, there exist s ∈ R and z ∈ Y , such that
x = z + sy′. Hence

Ty′f(x) =

∫ ∞

0
h(r)f [z + (s− r)y′]rn−1dr := L(fz,y′)(s).

If L is of type (p, p) (1 < p <∞) on R1, then it follows that

∫

Rn

∣∣Ty′f(x)
∣∣p dx =

∫

Y

∫ ∞

−∞

∣∣L(fz,y′)(s)
∣∣p dsdz

≤ C

∫

Y

∫ ∞

−∞

∣∣f(z + sy′)
∣∣p dsdz

= C

∫

Rn

|f(x)|pdx,

where C is independent of z, y′ and f . Thus Minkowski’s inequality yields
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that

‖Tf‖p =

∥∥∥∥
∫

Sn−1

ω(y′)Ty′f(·)dσ(y′)

∥∥∥∥
p

≤
∫

Sn−1

|ω(y′)| · ‖Ty′f‖pdσ(y′)

≤ C‖f‖p ·
∫

Sn−1

|ω(y′)|dσ(y′).

Therefore when ∫

Sn−1

|ω(y′)|dσ(y′) <∞,

Lp-boundedness of T follows immediately.
Now using the above idea, we will obtain the boundedness of a class of

singular integral operators with homogeneous kernels.

Theorem 2.3.1 Suppose that Ω satisfies (2.2.1) and Ω(−x′) = −Ω(x′), for
every x′ ∈ Sn−1. If Ω ∈ L1(Sn−1), then TΩ is of type (p, p) for 1 < p <∞.

Proof. Using the rotation method, we have that

TΩf(x) = p.v.

∫

Rn

Ω(y)

|y|n f(x− y)dy

=
π

2

∫

Sn−1

Ω(y′)
(

1

π
p.v.

∫ ∞

−∞

f(x− ry′)
r

)
dσ(y′)

:=
π

2

∫

Sn−1

Ω(y′)Hy′f(x)dσ(y′),

where Hy′ is the Hilbert transform along y′ direction. With the above idea
and (p, p) boundedness of the Hilbert transform (Theorem 2.1.5), and also
noticing Ω ∈ L1(Sn−1), we immediately deduce that TΩ is of type (p, p).

Similarly, we can define the maximal Hilbert transform H ∗
y′ and the

Hardy-Littlewood maximal operator My′ along y′ direction:

H∗
y′f(x) =

1

π
sup
ε>0

∣∣∣∣∣

∫

|t|>ε

f(x− ty′)
t

dt

∣∣∣∣∣ ,

My′f(x) = sup
r>0

1

2r

∫ r

−r
|f(x− ty′)|dt.

Using the rotation method we get the following result.
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Theorem 2.3.2 Suppose that Ω satisfies (2.2.1) and Ω(−x′) = −Ω(x′), for
every x′ ∈ Sn−1. If Ω ∈ L1(Sn−1), then T ∗

Ω is of type (p, p) for 1 < p <∞.

It follows that

T ∗
Ωf(x) = sup

ε>0

∣∣∣∣∣

∫

|y|>ε

Ω(y)

|y|n f(x− y)dy

∣∣∣∣∣

≤ π

2

∫

Sn−1

|Ω(y′)|H∗
y′f(x)dσ(y′).

By the rotation method and Remark 2.1.5, Theorem 2.3.2 is easily proved.

Now define the maximal operator MΩ with rough kernel by

MΩf(x) = sup
r>0

1

rn

∫

|y|≤r
|Ω(y)||f(x− y)|dy. (2.3.1)

It is a very important tool in the study of singular integral operators. Since

MΩf(x) ≤
∫

Sn−1

|Ω(y′)|My′f(x)dσ(y′),

using the rotation method and (p, p)-boundedness of the Hardy-Littlewood
maximal operator (Theorem 1.1.1 (c)) we easily obtain the following theo-
rem.

Theorem 2.3.3 Suppose that Ω satisfies (2.2.1) and Ω ∈ L1(Sn−1). Then
MΩ is of type (p, p) for 1 < p ≤ ∞.

We have got Lp-boundedness (1 < p <∞) of a class of singular integral
operators with odd rough kernel by the rotation method, where the kernel Ω
is integrable on Sn−1 and is an odd function, but without any smoothness.
We know that any function Ω on Sn−1 can always be decomposed into a
sum of an odd function and an even one on Sn−1. Thus, to deal with the
boundedness of the corresponding singular integral operator with general
kernel, we just need to consider the case that Ω is an even function on
Sn−1. Early in 1956, Calderón and Zygmund [CaZ3] considered the Lp-
boundedness (1 < p < ∞) of the corresponding singular integral operator
TΩ as Ω ∈ L log+ L(Sn−1) is an even function. They obtained the following
result.

Theorem 2.3.4 Suppose that Ω satisfies (2.2.1), (2.2.2) and Ω(−x′) =
Ω(x′) for every x′ ∈ Sn−1. If Ω ∈ Llog+L(Sn−1), then TΩ is of type (p, p)
for 1 < p <∞.
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The basic idea of the proof is to turn the even kernel into the odd kernel
by the Riesz transform, then using Theorem 2.3.1 we can deduce the con-
clusion. However, here we do not give the detailed proof of Theorem 2.3.4.
Instead, we will discuss this problem in more general situation, and obtain
the same conclusion, where Theorem 2.3.4 is just a natural consequence.
In detail, since Llog+L(Sn−1) is a proper subspace of H1(Sn−1) (under the
condition (2.2.2)), where H1(Sn−1) is Hardy space on Sn−1, we will show
Theorem 2.3.4 holds whenever Ω ∈ H1(Sn−1) is an even function. First we
give the definition of H1(Sn−1). Suppose that α(x′) ∈ L1(Sn−1), x′ ∈ Sn−1.
Set

P+α(x′) = sup
0<t<1

∣∣∣∣
∫

Sn−1

Ptx′(y′)α(y′)dσ(y′)

∣∣∣∣ ,

where

Ptx′(y′) =
1 − t2

|y′ − tx′|n , y′ ∈ Sn−1.

Now define

H1(Sn−1) = {α ∈ L1(Sn−1) : ‖P+α‖L1(Sn−1) <∞},

and write
‖α‖H1(Sn−1) = ‖P+α‖L1(Sn−1).

An important property of H1(Sn−1) is its atom decomposition. We first
give the definition of atom. We call a function a on Sn−1 regular atom if
a ∈ L∞(Sn−1) and there exist ξ ∈ Sn−1 and 0 < r ≤ 2 such that

(i) supp(a) ⊂ Sn−1
⋂
B(ξ, r), where B(ξ, r) = {y ∈ Rn : |y − ξ| < r};

(ii) ‖a‖L∞(Sn−1) ≤ r−n+1;

(iii)

∫

Sn−1

a(x′)dσ(x′) = 0.

A function a on Sn−1 is called exceptional atom, if a ∈ L∞(Sn−1) and
‖a‖L∞(Sn−1) ≤ 1.

Lemma 2.3.1 For any α ∈ H1(Sn−1), there exist complex number λj and
atom aj (regular or exceptional) such that α =

∑
j λjaj, and

‖α‖H1(Sn−1) ∼
∑

j

|λj |.

Now we formulate main result.

Theorem 2.3.5 Suppose that Ω satisfies (2.2.1), (2.2.2), and Ω(−x′) =
Ω(x′), for every x′ ∈ Sn−1. If Ω ∈ H1(Sn−1), then TΩ is of type (p, p) for
1 < p <∞.
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We prove the following lemma first.

Lemma 2.3.2 Suppose that Ω satisfies (2.2.1), (2.2.2) and Ω ∈ H 1(Sn−1).
Then

Ω(x)

|x|s χ{ 1
2
<|x|≤2}(x) ∈ H1(Rn)

for every s ∈ R. Here we denote by H1(Rn) the real Hardy space on Rn.

Proof. By Lemma 2.3.1 and
∫

Sn−1

Ω(x′)dσ(x′) = 0,

we have
Ω(x′) =

∑

j

λjaj(x
′), (2.3.2)

where {aj} is a regular atom sequence in H1(Sn−1). Assume, without loss
of generality, that

supp(aj) ⊂ B(ξ′j, ρj)
⋂

Sn−1,

where ξ′j ∈ Sn−1.

First recall the definition of atom on real Hardy space H 1(Rn). The
function b on Rn is called H1(Rn) atom, if

(i) there exist x0 ∈ Rn and r > 0 such that supp(b) ⊂ B(x0, r);

(ii)

∫

Rn

b(x)dx = 0;

(iii) ‖b‖L∞ ≤ r−n.
Moreover,

f ∈ H1(Rn) ⇐⇒ f =
∞∑

j=1

µjbj (2.3.3)

where bj is an atom in H1(Rn), and

‖f‖H1 ∼
∞∑

j=1

|µj| <∞.

For the above conclusion and other properties on real Hardy spaces, readers
can refer to Lu [Lu1].

Now turn to the proof of Lemma 2.3.2. First extend aj to Rn\{0} along
the radial direction, i.e., for x ∈ Rn \ {0}, put

ãj(x) = aj

(
x

|x|

)
.
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We split it into two cases.
Case I ρj >

1
4 . Applying the assumption that a is a regular atom, we

have
ãj(x)

|x|s χ{ 1
2
<|x|≤2}(x) = Cbj(x), (2.3.4)

where bj is an atom in H1(Rn), and C is a constant depending only on n, s.
Case II 0 < ρj <

1
4 . Set

Ek =

{
x ∈ Rn :

1

2
+ 2(k − 1)ρj < |x| ≤ 1

2
+ 2kρj

}
, k = 1, 2, · · · ,

[
3

4ρj

]

and

E0 =

{
x ∈ Rn :

1

2
+

[
3

4ρj

]
2ρj < |x| ≤ 2

}
,

where [t] denotes the largest integer not exceeding t (E0 may be an empty
set.) In this way, we have

ãj(x)

|x|s χ{ 1
2
<|x|≤2}(x) =

[ 3
4ρj

]
∑

k=0

ãj(x)

|x|s χEk
(x). (2.3.5)

Applying the condition of aj being a regular atom together with the con-
struction of Ek, it is easy to see that, there exists a constant C depending
only on n and s, but independent of K and ρj, such that

ãj(x)

|x|s χEk
(x) = Cρjbjk(x), k = 0, 1, · · · ,

[
3

4ρj

]
,

where bjk is an atom in H1(Rn). Thus, by (2.3.2), (2.3.4) and (2.3.5) we
conclude that

Ω(x)

|x|s χ{ 1
2
<|x|≤2}(x)

can be expressed as the sum of a sequence of atoms on H 1(Rn), the sum of

whose coefficients is dominated by C

∞∑

j=1

|λj | <∞. By (2.3.3) we have

Ω(x)

|x|s χ{ 1
2
<|x|≤2}(x) ∈ H1(Rn)

and ∥∥∥∥
Ω(x)

|x|s χ{ 1
2
<|x|≤2}(x)

∥∥∥∥
H1(Rn)

≤ C‖Ω‖H1(Sn−1). (2.3.6)
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Lemma 2.3.3 Suppose that Ω satisfies the condition of Theorem 2.3.5 and
Rj are the Riesz transform (j = 1, 2, · · · , n). Then

Kj(x) = Rj

(
Ω(·)
| · |n

)
(x) = p.v.Cn

∫

Rn

xj − yj

|x− y|n+1

Ω(y)

|y|n dy,

with Cn = Γ(n+1
2 )/π

n+1
2 , which satisfies the following properties:

(i) Kj(x) is a homogeneous function of order −n on Rn;

(ii) Kj(−x) = −Kj(x), x ∈ Rn;

(iii)

∫

Sn−1

∣∣Kj(x
′)
∣∣ dσ(x′) ≤ C‖Ω‖H1(Sn−1).

Proof. Properties (i) and (ii) are obvious, so it suffices to check (iii). For
3
4 < |x| < 3

2 , set

Kj(x) = p.v.Cn

∫

|y|≤ 1
2

xj − yj

|x− y|n+1

Ω(y)

|y|n dy + Cn

∫

1
2
<|y|≤2

xj − yj

|x− y|n+1

Ω(y)

|y|n dy

+ Cn

∫

|y|>2

xj − yj

|x− y|n+1

Ω(y)

|y|n dy

:= Cn(I1 + I2 + I3).

Since Ω satisfies (2.2.2), it implies that

|I1| =

∣∣∣∣∣

∫

|y|≤ 1
2

(
xj − yj

|x− y|n+1
− xj

|x|n+1

)
Ω(y)

|y|n dy
∣∣∣∣∣

=

∣∣∣∣∣

∫ 1
2

0

∫

Sn−1

y′ · ∇
(

xj

|x|n+1

)
(x− ry′tx,ry′)Ω(y′)dσ(y′)dr

∣∣∣∣∣

≤ 1

2
‖Ω‖L1(Sn−1) · max

1
4
≤|x|≤ 7

4

∣∣∣∣∇
(

xj

|x|n+1

)∣∣∣∣

= C‖Ω‖L1(Sn−1),

where tx,ry′ ∈ [0, 1].
Note that the Riesz transform is (H1, L1) bounded, therefore by Lemma

2.3.2 and (2.3.6) we have
∫

3/4<|x|<3/2
|I2|dx ≤ C

∥∥∥∥
Ω(·)
| · |nχ{ 1

2
<|·|≤2}(·)

∥∥∥∥
H1(Rn)

≤ C‖Ω‖H1(Sn−1).
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As to I3, it follows that

|I3| ≤
∫

|y|>2

1

|x− y|n
|Ω(y)|
|y|n dy

≤
∫

|y|>2

4n

|y|2n
|Ω(y)|dy

= C‖Ω‖L1(Sn−1).

Thus, we have
Kj(x)χ{ 3

4
<|x|< 3

2
}(x) ∈ L1(Rn).

This fact is equivalent to Kj(x
′) ∈ L1(Sn−1) and

∫

Sn−1

|Kj(x
′)|dσ(x′) = C

∫

3
4
<|x|< 3

2

|Kj(x)|dx

≤ C‖Ω‖L1(Sn−1) + C‖Ω‖H1(Sn−1)

≤ C‖Ω‖H1(Sn−1).

The Proof of Theorem 2.3.5. Let us first illustrate the following fact
that

n∑

j=1

R2
j = −I, (2.3.7)

where I is an identity operator. In fact, for any Schwartz function f , from
(2.0.3) it follows that

̂


n∑

j=1

R2
jf


(ξ) =

n∑

j=1

(
−i ξj|ξ|

)2

f̂(ξ) = −f̂(ξ).

Then (2.3.7) follows.
By (2.3.7), we have

TΩ =

n∑

j=1

−R2
jTΩ := −

n∑

j=1

RjTj , (2.3.8)

where Tj = RjTΩ. If we denote the kernel of Tj by Kj , then

Kj(x) = Rj

(
Ω(·)
| · |n

)
(x), j = 1, 2, · · · , n.
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By Lemma 2.3.3, let Kj(x) =
Vj(x)

|x|n , where Vj satisfies (2.2.1) and is an odd

integrable function on Sn−1. Thus, by Theorem 2.3.1, Tj can be extended
to be a linear bounded operator on Lp(Rn) (1 < p <∞). Combining it with
Lp boundedness of Rj (Theorem 2.1.4) and (2.3.8), we deduce that TΩ is
bounded on Lp(Rn)(1 < p <∞).

Next we give the Lp boundedness (1 < p < ∞) of the corresponding
maximal singular integral operator T ∗

Ω for Ω ∈ H1(Sn−1).

Theorem 2.3.6 Suppose that Ω satisfies the conditions in Theorem 2.3.5.
Then the maximal operator T ∗

Ω,

T ∗
Ωf(x) = sup

ε>0

∣∣∣∣∣

∫

|y|≥ε

Ω(y)

|y|n f(x− y)dy

∣∣∣∣∣ ,

is of type (p, p) (1 < p <∞).

Proof. Choose a radial function ϕ ∈ C∞ such that 0 ≤ ϕ ≤ 1 and
ϕ(x) = 0 when |x| ≤ 1

4 as well as ϕ(x) = 1 when |x| ≥ 1
2 . Then

T ε
Ωf(x) :=

∫

|x−y|≥ε

Ω(x− y)

|x− y|n f(y)dy

=

∫

Rn

Ω(x− y)

|x− y|n ϕ
(
x− y

ε

)
f(y)dy

−
∫

|x−y|<ε

Ω(x− y)

|x− y|n ϕ
(
x− y

ε

)
f(y)dy.

It follows from (2.3.1) that

sup
ε>0

∣∣∣∣∣

∫

|x−y|<ε

Ω(x− y)

|x− y|n ϕ
(
x− y

ε

)
f(y)dy

∣∣∣∣∣

≤ sup
ε>0

∫

ε/4<|x−y|<ε

|Ω(x− y)|
|x− y|n |f(y)|dy ≤MΩf(x).

Theorem 2.3.3 immediately implies that operator:

f →
∫

|x−y|<ε

Ω(x− y)

|x− y|n ϕ
(
x− y

ε

)
f(y)dy
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is bounded on Lp (1 < p ≤ ∞). Thus it suffices to show the smooth
truncated maximal singular integral operator

T̃ ∗
Ωf(x) = sup

ε>0

∣∣∣∣
∫

Rn

Ω(x− y)

|x− y|n ϕ
(
x− y

ε

)
f(y)dy

∣∣∣∣

is bounded on Lp (1 < p <∞). For 1 ≤ j ≤ n, set

Kj(x) = Rj

(
Ω(·)
| · |n

)
(x)

and

Ṽj(x) = Rj

(
Ω(·)ϕ(·)
| · |n

)
(x).

Put

T̃ ε
Ωf(x) =

∫

Rn

Ω(x− y)

|x− y|n ϕ
(
x− y

ε

)
f(y)dy.

Then

T̃ ε
Ωf = −

n∑

j=1

Rj

(
Ω(·)
| · |nϕ

( ·
ε

))
∗ Rj(f) = −

n∑

j=1

1

εn
Ṽj

( ·
ε

)
∗ Rj(f). (2.3.9)

We need the following Lemma 2.3.4 whose proof will be given after that of
Theorem 2.3.6.

Lemma 2.3.4 There exists a function ωj on Rn satisfying (2.2.1), and
ωj(x

′) ∈ L1(Sn−1) such that

(i) |Ṽj(x)| ≤ ωj(x), |x| ≤ 1;

(ii) |Ṽj(x) −Kj(x)| ≤ C‖ω‖L1(Sn−1)|x|−n−1, |x| > 1.

The above lemma and (2.3.9) implies that

∣∣∣T̃ ε
Ωf(x)

∣∣∣ =

∣∣∣∣∣∣

n∑

j=1

1

εn

∫

Rn

Ṽj

(
x− y

ε

)
(Rjf)(y)dy

∣∣∣∣∣∣
≤ I1(f, ε) + I2(f, ε) + I3(f, ε),
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where

I1(f, ε) =
n∑

j=1

1

εn

∣∣∣∣∣

∫

|x−y|>ε
Kj

(
x− y

ε

)
(Rjf)(y)dy

∣∣∣∣∣ ,

I2(f, ε) =

n∑

j=1

1

εn

∣∣∣∣∣

∫

|x−y|>ε

[
Ṽj

(
x− y

ε

)
−Kj

(
x− y

ε

)]
(Rjf)(y)dy

∣∣∣∣∣ ,

I3(f, ε) =

n∑

j=1

1

εn

∣∣∣∣∣

∫

|x−y|<ε
Ṽj

(
x− y

ε

)
(Rjf)(y)dy

∣∣∣∣∣ .

Since

sup
ε>0

|I1(f, ε)| ≤
n∑

j=1

S∗
j (Rjf)(x),

where S∗
j is the maximal singular integral operator with the kernel Kj for

1 ≤ j ≤ n. By Lemma 2.3.3, Theorem 2.3.2 and Lp-boundedness of the
Riesz transform, we can easily deduce that

sup
ε>0

I1(f, ε)

is bounded on Lp (1 < p < ∞). On the other hand, applying Lemma 2.3.4
(ii), we have

sup
ε>0

I2(f, ε) ≤ sup
ε>0

C ·
n∑

j=1

ε

∫

|x−y|>ε

|Rjf(y)|
|x− y|n+1

dy

≤ C ·
n∑

j=1

M(Rjf)(x),

where M is the Hardy-Littlewood maximal operator. The Lp-boundedness
of M (Theorem 1.1.1) and Theorem 2.1.4 imply that

sup
ε>0

I2(f, ε)

is also bounded on Lp (1 < p < ∞). Finally, it follows from Lemma 2.3.4
(i) that

sup
ε>0

I3(f, ε) ≤ sup
ε>0

n∑

j=1

1

εn

∫

|x−y|<ε
|ωj(x− y)||Rjf(y)|dy

≤
n∑

j=1

Mωj (Rjf)(x).
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Thus we obtain that

sup
ε>0

I3(f, ε)

is also bounded on Lp (1 < p <∞) by applying Theorem 2.3.3 and Theorem
2.1.4. Therefore T̃ ∗

Ω is bounded on Lp (1 < p < ∞). This completes the
proof of Theorem 2.3.6.

The proof of Lemma 2.3.4. Suppose |x| > 1. Since ϕ(y) = 1 when
|y| ≥ 1

2 , it follows from the vanishing condition (2.2.2) of Ω that

∣∣∣Ṽj(x) −Kj(x)
∣∣∣ ≤

∣∣∣∣
∫

Rn

xj − yj

|x− y|n+1
(ϕ(y) − 1)

Ω(y)

|y|n dy
∣∣∣∣

≤ C

∫

|y|< 1
2

|Ω(y)|
|y|n

∣∣∣∣
xj − yj

|x− y|n+1
− xj

|x|n+1

∣∣∣∣ dy

≤ C

|x|n+1

∫

|y|< 1
2

|Ω(y)|
|y|n−1

dy

≤ C‖Ω‖L1(Sn−1)|x|−n−1.

Now let |x| ≤ 1. Note that |Ṽj(x)| ≤ C‖Ω‖L1 when |x| ≤ 1
8 , since ϕ(y) ≡ 0

when |y| ≤ 1
4 . When 1

8 ≤ |x| ≤ 1, we have that

∣∣∣Ṽj(x) − ϕ(x)Kj(x)
∣∣∣

≤
∫

|y|>2

|Ω(y)|
|y|n |ϕ(y) − ϕ(x)| |xj − yj|

|x− y|n+1
dy

+

∫

1
16

<|y|≤2

|Ω(y)|
|y|n |ϕ(y) − ϕ(x)| |xj − yj|

|x − y|n+1
dy

+

∫

0<|y|≤ 1
16

|Ω(y)|
|y|n |ϕ(y) − ϕ(x)|

∣∣∣∣
xj − yj

|x− y|n+1
− xj

|x|n+1

∣∣∣∣ dy

:= P1(x) + P2(x) + P3(x).

We next calculate the estimate of P1, P2 and P3, respectively.

Note that if 1
8 ≤ |x| ≤ 1 and |y| > 2, then |x− y| ≥ C|y|. Thus

P1(x) ≤ C

∫

|y|>2

|Ω(y)|
|y|2n

dy ≤ C‖Ω‖L1(Sn−1).

The smoothness of ϕ implies |ϕ(x) − ϕ(y)| ≤ C|x− y|. So for 1
8 ≤ |x| ≤ 1,
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we have that

P2(x) ≤ C

∫

1
16

<|y|≤2

|Ω(y)|
|y|n

dy

|x− y|n−1

≤ C|x|n− 3
2

∫

Rn

|Ω(y)|
|y|n− 1

2 |x− y|n−1
dy.

As to P3, we have that

P3(x) ≤ C

∫

0<|y|≤ 1
16

|Ω(y)|
|y|n−1

dy ≤ C‖Ω‖L1(Sn−1).

Let

η(x) = |x|n− 3
2

∫

Rn

|Ω(y)|
|y|n− 1

2 |x− y|n−1
dy

and
Vj(x) = |x|nKj(x).

Take ωj(x) = C
(
|Vj(x)| + ‖Ω‖L1(Sn−1) + η(x)

)
, then clearly ωj is a homoge-

neous function of degree 0, i.e., satisfying (2.2.1). Moreover,
∣∣∣Ṽj(x)

∣∣∣ ≤ ωj(x)

when |x| ≤ 1. We will next prove that ωj(x
′) ∈ L1(Sn−1). In fact, we only

need to show η is integrable on
{
x ∈ Rn : 1

2 < |x| < 2
}
.

Obviously, if |y| ≤ 1
4 , then we have that

∫

1
2
<|x|<2

|x|n− 3
2

|x− y|n−1
dx ≤ C0;

if |y| ≥ 4, then ∫

1
2
<|x|<2

|x|n− 3
2

|x− y|n−1
dx ≤ C1|y|−n+1;

and if 1
4 < |y| < 4, then

∫

1
2
<|x|<2

|x|n− 3
2

|x− y|n−1
dx ≤ C2

∫

|x−y|<6

dx

|x− y|n−1
≤ C ′

2.

It follows from the above estimates that
∫

1
2
<|x|<2

η(x)dx ≤ C‖Ω‖L1(Sn−1).

This finishes the proof of Lemma 2.3.4.

As a natural consequence of Theorem 2.3.6, we have
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Theorem 2.3.7 Suppose that Ω satisfies (2.2.1) and (2.2.2). If Ω ∈ L log+ L
(Sn−1), then the maximal operator T ∗

Ω is of type (p, p) (1 < p <∞).

Next we will give the weighted boundedness of singular integral opera-
tor TΩ with rough kernel and the corresponding maximal operator T ∗

Ω. In
the proof of the weighted boundedness of the Calderón-Zygmund singular
integral operator (Theorem 2.1.6), we used the technique of good-λ inequal-
ity. For singular integral operators with homogeneous kernel, in the proof
of their weighted boundedness (Theorem 2.2.3) we essentially still use this
inequality. Since the kernel Ω of singular integral operator with rough kernel
does not have any smoothness on the unit sphere, the good-λ inequality is
not applicable. In order to deal with this problem, Duoandikoetxea and Ru-
bio de Francia synthetically used the Fourier transform estimate, weighted
Littlewood-Paley theory and Stein-Weiss interpolation method with change
of measure, then obtained the weighted boundedness of TΩ and T ∗

Ω. In their
proof, the weighted boundedness of the maximal operator MΩ with rough
kernel (for its definition, see (2.3.1)) is needed, while the latter itself is of
great significance.

Theorem 2.3.8 Suppose that Ω is a homogeneous function of degree 0 on
Rn and Ω ∈ Lq(Sn−1), q > 1. If p, q and the weight function ω satisfy one
of the following statements:

(i) q′ ≤ p <∞, p 6= 1 and ω ∈ Ap/q′ ;

(ii) 1 < p ≤ q, p 6= ∞ and ω1−p′ ∈ Ap′/q′ ;

(iii) 1 < p <∞, and ωq′ ∈ Ap,

then MΩ is bounded on Lp(ω).

Proof. It suffices to prove this result under the statements (i) and (ii).
The statement (iii) will be easily deduced by applying a method similar to
that in the proof of Theorem 2.2.4.

The conclusion under the statement (i) is easy to prove. In fact,

MΩf(x) ≤ ‖Ω‖Lq(Sn−1)

[
M
(
|f |q′

)
(x)
]1/q′

,

where M is the Hardy-Littlewood maximal operator. If p/q ′ > 1, then the
conclusion follows directly from Theorem 1.4.3. If p/q ′ = 1, the conclusion
can be obtained by applying the method in the proof of Theorem 2.2.3.
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Now consider the case of the statement (ii). Let us first introduce some
notations. For j ∈ Z, set

KΩ,j(x) = Ω(x)χ[2j ,2j+1)(x)|x|−n,

TΩ,jf(x) = KΩ,j ∗ f(x) =

∫

2j≤|x−y|<2j+1

Ω(x− y)

|x− y|n f(y)dy

and

gΩ(f)(x) =


∑

j∈Z

|TΩ,jf(x)|2



1
2

. (2.3.10)

It is clear that there exists C > 0, such that

MΩf(x) ≤ C · sup
j
T|Ω|,j(|f |)(x). (2.3.11)

Let

Ω0(x) = |Ω(x)| −
‖Ω‖L1(Sn−1)

|Sn−1| ,

then Ω0 ∈ Lq(Sn−1) satisfies (2.2.1) and (2.2.2). By (2.3.11) we have

MΩf(x) ≤ C sup
j

(∫

2j≤|x−y|<2j+1

Ω0(x− y)

|x− y|n f(y)dy

+
‖Ω‖L1

|Sn−1|

∫

2j≤|x−y|<2j+1

|f(y)|
|x− y|ndy

)

≤ CgΩ0(|f |)(x) + CMf(x).

(2.3.12)

We split the proof of this theorem into that of several propositions by
the value of q. Analogous to the statement (i), we merely need to consider
the case 1 < p < q.

Proposition 2.3.1 Suppose that Ω satisfies (2.2.1) and Ω ∈ Lq(Sn−1), q >
max{p, 2}. If ω1−p′ ∈ Ap′/q′ , then there exists a constant C > 0 such that

‖MΩf‖Lp(ω) ≤ C‖f‖Lp(ω)

for every f ∈ Lp(ω).
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It follows from ω1−p′ ∈ Ap′/q′ ⊂ Ap′ and the property (I) (Proposition
1.4.1) of Ap that ω ∈ Ap. Hence there exists a constant C > 0 such that

‖Mf‖Lp(ω) ≤ C‖f‖Lp(ω)

by applying Theorem 1.4.3. Noting (2.3.12), it remains to check

‖gΩ0(|f |)‖Lp(ω) ≤ C‖f‖Lp(ω) (2.3.13)

under the hypothesis of Proposition 2.3.1, where

gΩ0(|f |)(x) =


∑

j

|TΩ0,j(|f |)(x)|2



1
2

.

For any sequence ε = {εj}, εj = ±1, define a linear operator

Tε,Ω0f(x) =
∑

j∈Z

εj(KΩ0,j ∗ f)(x).

Then by a result of Rademacher function (see Kurtz [Ku]), to prove (2.3.13),
it suffices to show that there exist C, independent of f and {εj}, such that

‖Tε,Ω0f‖Lp(ω) ≤ C‖f‖Lp(ω). (2.3.14)

Thus we reduce the proof of Proposition 2.3.1 to the validation of (2.3.14).
Next we will show that (2.3.14) holds by two lemmas.

Lemma 2.3.5 Suppose that Ω ∈ Lq(Sn−1) satisfies (2.2.1) and (2.2.2). If
p > q′, q > 2 and ω ∈ Ap/q′, then there exists a constant C > 0, independent
of f and {εj}, such that

‖Tε,Ωf‖Lp(ω) ≤ C‖f‖Lp(ω).

Proof. Take a radial function ψ ∈ C∞
0 (Rn) such that

0 ≤ ψ ≤ 1, suppψ ⊂
{
x ∈ Rn :

1

2
≤ |x| ≤ 2

}

and ∑

k∈Z

ψ2(2kx) = 1, x 6= 0.

For any f ∈ S (Rn), define a multiplier

Sk : (̂Skf)(ξ) = ψ(2kξ)f̂(ξ).
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Then ∑

k∈Z

S2
kf(x) = f(x).

Consequently, it follows that

Tε,Ωf(x) =
∑

j∈Z

εj (KΩ,j ∗ f) (x)

=
∑

j∈Z

εjKΩ,j ∗
(∑

k∈Z

(S2
j+kf

)
(x)

=
∑

k∈Z

∑

j∈Z

εjSj+k (KΩ,j ∗ Sj+kf) (x)

:=
∑

k∈Z

T k
ε,Ωf(x).

(2.3.15)

By the Plancherel theorem, we have

∥∥∥T k
ε,Ωf

∥∥∥
2

L2
≤ C‖{εj}‖l∞

∑

j∈Z

∫

Rn

|Sj+k(KΩ,j ∗ Sj+kf)(x)|2 dx

≤ C
∑

j∈Z

∫

2−j−k−1≤|ξ|≤2−j−k+1

∣∣∣K̂Ω,j(ξ)
∣∣∣
2 ∣∣∣f̂(ξ)

∣∣∣
2
dξ.

Next we will show that there exist C > 0 and 0 < θ < 1, such that

|K̂Ω,j(ξ)| ≤ Cmin
{
|2jξ|θ, |2jξ|−θ

}
(2.3.16)

for every j ∈ Z and ξ ∈ Rn. Obviously, there exists C, depending only on
Ω and n, such that

|K̂Ω,j(ξ)| ≤ C. (2.3.17)

Since Ω satisfies the vanishing condition (2.2.2), it follows that

∣∣∣K̂Ω,j(ξ)
∣∣∣ =

∣∣∣∣∣

∫

2j≤|x|≤2j+1

Ω(x)

|x|n
(
e−2πix·ξ − 1

)
dx

∣∣∣∣∣ ≤ C|2jξ|.

This formula and (2.3.17) imply

∣∣∣K̂Ω,j(ξ)
∣∣∣ ≤ C|2jξ|θ

for any 0 < θ < 1, where C is independent of j and ξ.
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On the other hand, Hölder’s inequality implies

∣∣∣K̂Ω,j(ξ)
∣∣∣
2
≤ log 2 ·

∫ 2j+1

2j

|Ir(ξ)|2
dr

r
,

where

Ir(ξ) =

∫

Sn−1

Ω(x′)e−2πirx′·ξdσ(x′).

Since

∣∣∣∣∣

∫ 2j+1

2j

e−2πirξ·(x′−y′)dr

r

∣∣∣∣∣ ≤ Cmin
{
1, |2jξ · (x′ − y′)|−1

}

≤ C|2jξ|−α
∣∣ξ′ · (x′ − y′)

∣∣−α

with 0 < α < 1 and aq′ < 1, Hölder’s inequality again yields that

∣∣∣K̂Ω,j(ξ)
∣∣∣ ≤ C

(∫ 2j+1

2j

∣∣∣∣
∫∫

Sn−1×Sn−1

Ω(x′)Ω(y′)e−2πirξ·(x′−y′)dσ(x′)dσ(y′)

∣∣∣∣
dr

r

)1/2

≤ C
∣∣2jξ

∣∣−α/2 ‖Ω‖Lq(Sn−1)

(∫∫

Sn−1×Sn−1

dσ(x′)dσ(y′)
|x′ − y′|αq′

)1/2q′

≤ C
∣∣2jξ

∣∣−α/2
.

Choose θ = α/2. We then get (2.3.16) which concludes that

∥∥∥T k
ε,Ωf

∥∥∥
L2

≤ C2−θ|k|‖f‖L2 (2.3.18)

for every k ∈ Z, where C is independent of k, f, {εj} and 0 < θ < 1. Let us
now show that there exists a constant C > 0, independent of f, {εj} and
k ∈ Z, such that

‖T k
ε,Ωf‖Lp(ω) ≤ C‖f‖Lp(ω). (2.3.19)

Indeed, the conditions of Lemma 2.3.5 implies ω ∈ Ap. By applying
the weighted Littlewood-Paley theory (see Chapter 5, Theorem 5.2.3), there
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exists a constant C, independent of f and {εj}, such that

∥∥∥T k
ε,Ωf

∥∥∥
Lp(ω)

=



∫

Rn

∣∣∣∣∣∣
∑

j∈Z

εjSj+k(KΩ,j ∗ Sj+kf)(x)

∣∣∣∣∣∣

p

ω(x)dx




1/p

≤ C‖{εj}‖l∞

∥∥∥∥∥∥∥


∑

j∈Z

|Sj+k(KΩ,j ∗ Sj+kf)(·)|2



1/2
∥∥∥∥∥∥∥

Lp(ω)

≤ C

∥∥∥∥∥∥∥


∑

j∈Z

|(KΩ,j ∗ Sj+kf)(·)|2



1/2
∥∥∥∥∥∥∥

Lp(ω)

.

For any fixed k, denote hj(x) = Sj+kf(x). Then

|KΩ,j ∗ Sj+kf(x)|

≤
(∫

2j≤|x−y|≤2j+1

|Ω(x− y)|q
|x− y|n dy

)1/q (∫

2j≤|x−y|≤2j+1

|hj(y)|q
′

|x− y|n dy
)1/q′

≤ C
[
M
(
|hj |q

′
)

(x)
]1/q′

.

Thus ∥∥∥T k
ε,Ωf

∥∥∥
Lp(ω)

≤ C ·
∥∥∥
∥∥∥M

(
|hj |q

′
)

(·)
∥∥∥

l2/q′

∥∥∥
1/q′

Lp/q′(ω)
.

Since ω ∈ Ap/q′ , by the weighted norm inequality of vector-valued maximal
operator (see Andersen and John [AnJ]) we obtain that

∥∥∥T k
ε,Ωf

∥∥∥
Lp(ω)

≤ C
∥∥∥
∥∥∥hq′

j (·)
∥∥∥

l2/q′

∥∥∥
1/q′

Lp/q′(ω)

= C

∥∥∥∥∥∥∥


∑

j∈Z

|Sj+kf(·)|2



1/2
∥∥∥∥∥∥∥

Lp(ω)

≤ C‖f‖Lp(ω).

Here we use again the weighted Littlewood-Paley theory(Theorem 5.2.3).
Thus we obtain (2.3.19).

Next we shall use the Stein-Weiss interpolation theorem with change of
measure (Lemma 2.2.5) to complete the proof of Lemma 2.3.5. We deal with
it in three cases.
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Case 1: p > 2. Since ω ∈ Ap/q′ , Property (II) of Ap(Proposition 1.4.2)
tells us that there exists σ > 0 such that ω1+σ ∈ Ap/q′ . Take p1 such that

(p1 − p)

(p− 2)
= σ,

then p1 > p and ω1+σ ∈ Ap1/q′ . The proof of (2.3.19) implies that there
exists a constant C1, independent of f and k, such that

∥∥∥T k
ε,Ωf

∥∥∥
Lp1(ω1+σ)

≤ C1‖f‖Lp1 (ω1+σ). (2.3.20)

Set
t =

p1

(1 + σ)p
,

then 0 < t < 1 and
1

p
=

1 − t

2
+

t

p1
.

Applying Lemma 2.2.5 to (2.3.18) and (2.3.20) yields
∥∥∥T k

ε,Ωf
∥∥∥

Lp(ω)
≤ C12

−θγ|k|‖f‖Lp(ω), (2.3.21)

where C1, θ, γ > 0 are independent of f and k ∈ Z.
Case 2: p < 2. Since ω ∈ Ap/q′ , there exists δ > 0 such that ω1+δ ∈

Ap/q′ . Again Property (II) of Ap implies that there exists q′ < l < p such

that ω1+δ ∈ Al/q′ . Thus we can choose σ, p0 such that 0 < σ ≤ δ and
q′ < l ≤ p0 < p satisfying

σ =
(p− p0)

(2 − p)
, ω1+σ ∈ Ap0/q′ .

Actually, if δ = (p − l)/(2 − p), then we can take σ = δ and p0 = l. If
δ < (p − l)/(2 − p), then we can take σ = δ and l < p0 < p such that
σ = (p − p0)/(2 − p). If δ > (p − l)/(2 − p), then we can take 0 < σ < δ
and p0 = l such that σ = (p − p0)/(2 − p). We still have ω1+σ ∈ Ap0/q′ .
Therefore it follows from (2.3.19) that

∥∥∥T k
ε,Ωf

∥∥∥
Lp0(ω1+σ)

≤ C2‖f‖Lp0 (ω1+σ). (2.3.22)

Analogously, set t = p0/(1+σ)p, then applying Lemma 2.2.5 to (2.3.18) and
(2.3.22) yields ∥∥∥T k

ε,Ωf
∥∥∥

Lp(ω)
≤ C22

−θγ′|k|‖f‖Lp(ω), (2.3.23)



2.3 Singular integral operators with rough kernels 113

where C2, θ, γ
′ > 0 are independent of f and k ∈ Z.

Case 3: p = 2. Since ω ∈ A2/q′ , there exists σ > 0 such that ω1+δ ∈ A2/q′ .
Consequently, we have

∥∥∥T k
ε,Ωf

∥∥∥
L2(ω1+σ)

≤ C3‖f‖L2(ω1+σ). (2.3.24)

Set t = 1/(1 + σ), then applying Lemma 2.2.5 to (2.3.18) and (2.3.24) leads
to ∥∥∥T k

ε,Ωf
∥∥∥

L2(ω)
≤ C32

−θγ′′|k|‖f‖L2(ω), (2.3.25)

where C3, θ, γ
′′ > 0 are independent of f and k ∈ Z.

Now put C = max{C1, C2, C3}, η = min{γ, γ ′, γ′′}, then for p > q′ and
q > 2, by (2.3.21), (2.3.23) and (2.3.25) we obtain

∥∥∥T k
ε,Ωf

∥∥∥
Lp(ω)

≤ C2−θη|k|‖f‖Lp(ω).

This formula together with (2.3.15) leads to Lemma 2.3.5.

Lemma 2.3.6 Suppose that Ω(x′) ∈ Lq(Sn−1) satisfies (2.2.1) and (2.2.2).
If q > max{p, 2} and ω1−p′ ∈ Ap′/q′ , then there exists a constant C > 0,
independent of f and {εj}, such that

‖Tε,Ωf‖Lp(ω) ≤ C‖f‖Lp(ω).

Using Lemma 2.3.5 and the dual method (see the proof of Theorem 2.2.3)
we immediate obtain Lemma 2.3.6.

Thus the inequality (2.3.14) can be deduced from Lemma 2.3.6 under the
condition of Proposition 2.3.1. Hence we complete the proof of Proposition
2.3.1.

Proposition 2.3.2 Suppose that Ω ∈ Lq(Sn−1) satisfies (2.2.1). If q >
max{p, 4

3} and ω1−p′ ∈ Ap′/q′ , then there exists a constant C > 0, indepen-
dent of f , such that

‖MΩf‖Lp(ω) ≤ C‖f‖Lp(ω).

Clearly, it is enough to consider the case

max

{
p,

4

3

}
< q ≤ 2.

Also from the proof of Proposition 2.3.1 we observe that the proof of Propo-
sition 2.3.2 lies in the following lemma.
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Lemma 2.3.7 Suppose that Ω(x′) ∈ Lq(Sn−1) satisfies (2.2.1) and (2.2.2).
If q′ < p, 4/3 < q ≤ 2 and ω ∈ Ap/q′, then there exists a constant C > 0,
independent of f and {εj}, such that

‖Tε,Ωf‖Lp(ω) ≤ C‖f‖Lp(ω).

Proof. From the proof of Lemma 2.3.5, it is easy to see that if we can
show, under the assumption of Lemma 2.3.7, there exists a constant C > 0
independent of f and {εj} such that

∥∥∥T k
ε,Ωf

∥∥∥
Lp(ω)

≤ C‖f‖Lp(ω), (2.3.26)

then we can obtain the conclusion of Lemma 2.3.7 by applying the Stein-
Weiss interpolation theorem with change of measure (Lemma 2.2.5) to (2.3.18)
and (2.3.26).

First suppose that 4
3 < q < 2. Then 2 < q′ < p. Set

K̃Ω,j(x) = |KΩ,j(x)|2−q.

Then it follows that

|KΩ,j ∗ g(x)|2 ≤
(∫

Rn

|KΩ,j(x− y)|qdy
)(∫

Rn

|KΩ,j(x− y)|2−q|g(y)|2dy
)

≤ C2j(n−nq)K̃Ω,j ∗
(
|g|2
)
(x)

and

K̃Ω,j ∗ (|h|)(x) ≤
∫

2j≤|x−y|<2j+1

( |Ω(x− y)|
|x− y|n

)2−q

|h(y)|dy

≤ C2−jn(2−q)

∫

|x−y|<2j+1

|Ω(x− y)|2−q|h(y)|dy

≤ C2−j(n−nq)MΩ2−q (h)(x).

(2.3.27)

Since ω ∈ Ap, by the weighted Littlewood Paley theory (see Theorem 5.2.3)
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we conclude that

∥∥∥T k
ε,Ωf

∥∥∥
2

Lp(ω)
=



∫

Rn

∣∣∣∣∣∣
∑

j∈Z

εjSj+k(KΩ,j ∗ Sj+kf)(x)

∣∣∣∣∣∣

p

ω(x)dx




2/p

≤C ‖{εj}‖l∞

∥∥∥∥∥∥∥


∑

j∈Z

|Sj+k(KΩ,j ∗ Sj+kf)(·)|2



1/2
∥∥∥∥∥∥∥

2

Lp(ω)

≤C

∥∥∥∥∥∥∥


∑

j∈Z

|(KΩ,j ∗ Sj+kf)(·)|2



1/2
∥∥∥∥∥∥∥

2

Lp(ω)

≤C

∥∥∥∥∥∥∥


∑

j∈Z

2j(n−nq)K̃Ω,j ∗ |Sj+kf |2(·)




1/2
∥∥∥∥∥∥∥

2

Lp(ω)

=C sup
n

∣∣∣∣∣∣

∫

Rn


∑

j∈Z

2j(n−nq)K̃Ω,j ∗ |Sj+kf |2(x)


h(x)dx

∣∣∣∣∣∣
,

where the supremum is taken over all functions h satisfying

‖h‖L(p/2)′ (ω1−(p/2)′ ) ≤ 1.

By (2.3.27) we have that

∫

Rn


∑

j∈Z

2j(n−nq)K̃Ω,j ∗ |Sj+kf |2(x)


h(x)dx

=

∫

Rn

∑

j∈Z

2j(n−nq)|Sj+kf(x)|2
(
K̃Ω,j ∗ h

)
(x)dx

≤ C

∫

Rn

∑

j∈Z

|Sj+kf(x)|2MΩ2−q (h)(x)dx

≤ C



∫

Rn


∑

j

|Sj+kf(x)|2



p/2

ω(x)dx




2/p

×
(∫

Rn

[MΩ2−q (h)(x)](p/2)′ ω(x)1−(p/2)′dx

)1/(p/2)′

.
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Since 4/3 < q < 2, if we set r = q/(2 − q) (correspondingly, r ′ = q′/2), then

Ω2−q ∈ Lr(Sn−1) and r > max
{(p

2

)′
, 2
}

as well as (p/2)/r′ = p/q′. Thus

by Proposition 2.3.1 we obtain

‖MΩ2−q (h)‖L(p/2)′ (ω1−(p/2)′ ) ≤ C‖h‖L(p/2)′ (ω1−(p/2)′ ). (2.3.28)

Using again the weighted Littlewood-Paley theory together with (2.3.28)
yields that

∥∥∥T k
ε,Ωf

∥∥∥
2

Lp(ω)
≤ C sup

h
‖h‖

L( p
2 )′
(

ω1−( p
2 )′
)



∫

Rn


∑

j

|Sj+kf(x)|2



p
2

ω(x)dx




2
p

≤ C

∥∥∥∥∥∥∥


∑

j

|Sj+kf(·)|2



1/2
∥∥∥∥∥∥∥

2

Lp(ω)

≤ C‖f‖2
Lp(ω).

Thus we obtain (2.3.26) for 4
3 < q < 2.

Now consider q = 2, then we have 2 = q′ < p and ω ∈ Ap/2. By the
property (i) and (ii) of Ap (Proposition 1.4.1 and Proposition 1.4.2), we can
choose σ > 0 such that

(i) (2 − σ)′ < p,

(ii) ω ∈ Ap/(2−σ)′ ,

(iii) 4
3 < (2 − σ) < 2,

(iv) Ω ∈ L2(Sn−1) ⊂ L2−σ(Sn−1).

Consequently by the conclusion for 4
3 < q < 2, (2.3.26) still holds for q = 2.

Therefore we have proved Lemma 2.3.7.

Applying Lemma 2.3.7 and the dual method, we can obtain the conclu-
sion of Proposition 2.3.2.

By induction, if Proposition 2.3.2 holds for

q > max

{
p,

2m−1

2m−1 − 1

}
, m ≥ 2,

then it still holds for q > max{p, 2m/(2m−1)}. That is, we have the following
result.
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Proposition 2.3.3 Suppose that Ω ∈ Lq(Sn−1) satisfies (2.2.1). If m ∈
N, m ≥ 2, q > max{p, 2m/(2m − 1)} and ω1−p′ ∈ Ap′/q′ , then there exists a
constant C > 0, independent of f , such that

‖MΩf‖Lp(ω) ≤ C‖f‖Lp(ω).

Now we turn to the proof of Theorem 2.3.8. If p ≥ 2, then Theorem 2.3.8
follows from Proposition 2.3.1. If p < 2, then there exists m ∈ N, m ≥ 2
such that

2m

2m − 1
≤ p <

2m−1

2m−1 − 1
.

So q > p is equivalent to q > max{p, 2m/(2m − 1)}. Thus by Proposition
2.3.3 we prove that Theorem 2.3.8 holds under the condition (ii).

Theorem 2.3.9 Suppose that Ω ∈ Lq(Sn−1) (q > 1) satisfies (2.2.1) and
(2.2.2). If p, q and weight function ω satisfy one of the following conditions:

(i) q′ ≤ p <∞, p 6= 1 and ω ∈ Ap/q′;

(ii) 1 < p ≤ q, p 6= ∞ and ω1−p′ ∈ Ap′/q′;

(iii) 1 < p <∞ and ωq′ ∈ Ap,

then TΩ is bounded on Lp(ω).

Proof. In fact, the proof of Theorem 2.3.8 under the condition (ii) has
implied that of Theorem 2.3.9. First we give the proof of Theorem 2.3.9
under the condition (i). It suffices to consider the case p > q ′. We use the
notations as in Theorem 2.3.8. It follows that

TΩf(x) =
∑

j

KΩ,j ∗
(∑

k

(
S2

j+kf
)
(x)

)

=
∑

k

∑

j

Sj+k(KΩ,j ∗ Sj+kf)(x)

:=
∑

k

T k
Ωf(x).

By the Plancherel theorem, if we replace T k
ε,Ω by T k

Ω, then (2.3.18) still holds.
That is, there exist constants C, θ > 0 independent of f and k ∈ Z, such
that ∥∥∥T k

Ωf
∥∥∥

L2
≤ C2−θ|k|‖f‖L2 . (2.3.29)



118 Chapter 2. Singular Integral Operators

If we can show, under the condition (i), there exists a constant C > 0 ,
independent of f and k ∈ Z, such that

∥∥∥T k
Ωf
∥∥∥

Lp(ω)
≤ C‖f‖Lp(ω), (2.3.30)

then we can get the conclusion under the condition (i) by applying the
Stein-Weiss interpolation theorem with change of measure (Lemma (2.2.5))
to (2.3.29) and (2.3.30).

If q > 2, then (2.3.30) follows from (2.3.19). If q < 2 (then p > q ′ > 2),
analogous to the proof of Lemma 2.3.7, we have that

∥∥∥T k
Ωf
∥∥∥

2

Lp(ω)
≤C sup

h

∣∣∣∣∣∣

∫

Rn


∑

j∈Z

2j(n−nq)K̃Ω,j ∗ |Sj+kf |2(x)


 h(x)dx

∣∣∣∣∣∣

≤C

∥∥∥∥∥∥∥


∑

j

|Sj+kf(·)|2



1/2
∥∥∥∥∥∥∥

2

Lp(ω)

× sup
h

(∫

Rn

[MΩ2−qh(x)]
( p
2
)′ω(x)1−(p/2)′dx

)1/(p/2)′

,

where the supremum is taken over all functions h satisfying

‖h‖L(p/2)′ (ω1−(p/2)′ ) ≤ 1.

Since q < 2, it follows that r = q/(2 − q) > (p/2)′, (p/2)/r′ = p/q′ and
Ω2−q ∈ Lr(Sn−1). It is clear that r, (p/2)′ and ω1−(p/2)′ satisfy the condition
(ii) of Theorem 2.3.8 under the condition (i). Thus (2.3.28) holds. In this
way, for q < 2, the formula (2.3.30) can be deduced from (2.3.28) and the
weighted Littlewood-Paley theory.

The way of dealing with the case q = 2 is completely the same as Lemma
2.3.7. Here we will not give details. Thus we have proved Theorem 2.3.9
under the condition (i).

Applying the conclusion under the condition (i) and dual method (see the
proof of Theorem 2.2.3), we can obtain Theorem 2.3.9 under the condition
(ii).

Finally, by the conclusion under the condition (i) and (ii), together with
the method in the proof of Theorem 2.2.4 we can show that Theorem 2.3.9
still holds under the condition (iii). Thus we complete the proof of Theorem
2.3.9.
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Remark 2.3.1 As space is limited, all results on boundedness of TΩ and
MΩ are only involved in Lp-boundedness. In 1967, Calderón, Weiss and
Zygmund [CaWZ] showed that if Ω ∈ L(log+L)1−ε(Sn−1), 0 < ε < 1 and Ω
satisfies (2.2.2), then there is an L2(Rn) function f such that TΩf /∈ L2(Rn).
For the weak type (1,1) boundedness of TΩ and MΩ, we will mentioned sev-
eral results here. In 1988, Christ [Chr] proved that MΩ is of weak type (1,1)
when Ω ∈ Lq(S1)(q > 1). Hofmann [Ho] showed that TΩ is of weak type
(1,1) if Ω ∈ Lq(S1)(q > 1) and satisfies (2.2.2). And Christ and Rubio de
Francia [ChrR] improved the result of Christ above and proved that MΩ is
of weak type (1,1) if Ω ∈ Llog+L(Sn−1) for all n ≥ 2. In the same paper,
Christ and Rubio de Francia [ChrR] proved that TΩ is of weak type (1,1)
if Ω ∈ Llog+L(Sn−1) for n ≤ 5 and satisfies (2.2.2). In 1996, Seeger [Se]
proved that TΩ is of weak type (1,1) when Ω ∈ Llog+L(Sn−1) for all n ≥ 2
and satisfies (2.2.2).

Remark 2.3.2 It is still an open problem whether TΩ is of weak type (1,1)
when Ω ∈ H1(Sn−1) with the condition (2.2.2). It is also an open problem
whether MΩ is of weak type (1,1) if Ω ∈ L1(Sn−1).

2.4 Commutators of singular integral operators

In 1965, Calderón defined the Calderón commutator in studying the
boundedness of the Cauchy integral on Lipschitz curves, and its definition
is

Ch,ϕ(f)(x) = p.v.

∫ ∞

−∞
h

(
ϕ(x) − ϕ(y)

x− y

)
f(y)

x− y
dy,

where h ∈ C∞(R), ϕ is a Lipschitz function on R. It is clear that, if h(t) =
(1 + it)−1, then Ch,ϕ(f) is the Cauchy integral along the curve y = ϕ(x);
if h = 1, then Ch,ϕ(f) is Hilbert transform; if h(t) = tk (k is a natural
number), then Ch,ϕ(f) is commutator of degree k of the Hilbert transform
about ϕ.

In 1976, Coifman, Rochberg and Weiss studied the Lp boundedness (1 <
p <∞) of commutator [b, TΩ] generated by the Calderón-Zygmund singular
integral operator TΩ and a function b, where [b, TΩ] is defined by

[b, TΩ](f)(x) = p.v.

∫

Rn

Ω(x− y)

|x− y|n [b(x) − b(y)]f(y)dy, (2.4.1)
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where Ω satisfies the condition of homogeneity of degree zero (2.2.1) and the
vanishing condition (2.2.2), moreover, Ω ∈ Lip1(Sn−1) and b is a BMO(Rn)
function. Using the Lp boundedness of commutator [b, TΩ], Coifman,
Rochberg and Weiss successfully gave a decomposition of Hardy space
H1(Rn).

The commutator defined by (2.4.1) is called CRW-type commutator, and
CRW-type commutator plays an important role in studying the regularity
of solutions of elliptic partial differential equations of second order.

In this section we will introduce some results on Lp boundedness and
weighted Lp boundedness (1 < p <∞) of CRW-type commutator.

First we introduce the definition of the space of BMO (Bounded Mean
Oscillation) functions on Rn. Suppose that f is a locally integrable function
on Rn, let

‖f‖BMO = sup
Q

1

|Q|

∫

Q
|f(x) − fQ|dx,

where the supreme is taken over all cubes Q ⊂ Rn, and

fQ =
1

|Q|

∫

Q
f(y)dy.

Define
BMO(Rn) = {f : ‖f‖BMO <∞}.

If one regards two functions whose difference is a constant as one, then space
BMO is a Banach space with respect to norm ‖ · ‖BMO.

We next formulate some remarks about BMO(Rn) (we refer to Lu[Lu1]).

Remark 2.4.1
(1) The John-Nirenberg inequality: there are constants C1, C2 > 0, such

that for all f ∈ BMO(Rn) and α > 0

|{x ∈ Q : |f(x) − fQ| > α}| ≤ C1|Q|e−C2α/‖f‖BMO ,∀Q ⊂ Rn.

(2) The John-Nirenberg inequality implies that

‖f‖BMO ∼ sup
Q

(
1

|Q|

∫

Q
|f(x) − fQ|pdx

) 1
p

(2.4.2)

for 1 < p <∞.
(3) By the definition of BMO and the Sharp maximal function (see Sec-

tion 2.1), if f ∈ Lloc(Rn), then

f ∈ BMO(Rn) ⇐⇒M ]f ∈ L∞(Rn). (2.4.3)
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(4) If f ∈ BMO(Rn) and h ∈ Rn, then f(· − h), the translation of f ,
satisfies that f(· − h) ∈ BMO(Rn), and

‖f(· − h)‖BMO = ‖f‖BMO. (2.4.4)

(5) If f ∈ BMO(Rn) and h ∈ Rn, and λ > 0, then f(λx) ∈ BMO(Rn),
and

‖f(λ·)‖BMO = ‖f‖BMO. (2.4.5)

(6) If f ∈ BMO(Rn), then

‖f‖BMO ∼ sup
Q

inf
c∈R

1

|Q|

∫

Q
|f(x) − c|dx. (2.4.6)

Theorem 2.4.1 Suppose that Ω ∈ Lip1(Sn−1) satisfies (2.2.1) and (2.2.2).
TΩ is a singular integral operator with the kernel Ω. Then the following two
statements hold.

(i) If b ∈ BMO(Rn), then [b, TΩ] is bounded on Lp(Rn) (1 < p <∞);
(ii) Suppose 1 < p0 < ∞ and b ∈ ∪q>1L

q
loc

(Rn). If [b, TΩ] is bounded on
Lp0(Rn), then b ∈ BMO(Rn).

Let us first establish the following lemma.

Lemma 2.4.1 Suppose b ∈ BMO(Rn) and 1 < p < ∞. Then for any
1 < s < p, there exists a constant C, independent of b and f , such that

M ] ([b, TΩ]f) (x) ≤ C‖b‖BMO

[
(M(|TΩf |s)(x))

1
s + (M(|f |s)(x)) 1

s

]
, x ∈ Rn,

(2.4.7)
where M is the Hardy-Littlewood maximal operator.

Proof. For x ∈ Rn, let Q be any cube containing x. For y ∈ Q, set

[b, TΩ](f)(y) = (b(y) − bQ)TΩf(y) − TΩ

(
(b− bQ)fχ4

√
nQ

)
(y)

− TΩ

(
(b− bQ)fχ(4

√
nQ)c

)
(y)

:= a1(y) − a2(y) − a3(y).

It follows from Hölder’s inequality and (2.4.2) that

1

|Q|

∫

Q
|a1(y)|dy ≤

(
1

|Q|

∫

Q
|b(y) − bQ|s

′
dy

) 1
s′
(

1

|Q|

∫

Q
|TΩf(y)|s dy

) 1
s

≤ C‖b‖BMO

[
M (|TΩf |s) (x)

] 1
s
.

(2.4.8)
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Take 1 < u, q < ∞ such that uq = s. Thus by the Lq boundedness of TΩ

(see Theorem 2.1.2), we conclude that

1

|Q|

∫

Q
|a2(y)|dy ≤

(
1

|Q|

∫

Q

∣∣∣TΩ

(
(b− bQ)fχ4

√
nQ

)
(y)
∣∣∣
q
dy

) 1
q

≤ C

(
1

|Q|

∫

4
√

nQ
|b(y) − bQ|q|f(y)|qdy

) 1
q

≤ C

(
1

|Q|

∫

4
√

nQ
|b(y) − bQ|qu′

dy

) 1
qu′

×
(

1

|Q|

∫

4
√

nQ
|f(y)|qudy

) 1
qu

≤ C‖b‖BMO

[
M(|f |s)(x)

] 1
s
.

(2.4.9)

Now denote the center and side length of Q by x0 and d, respectively. If y ∈
Q, z ∈ (4

√
nQ)c, then |z− y| ∼ |z−x0| ∼ |z−x|. Since Ω(x′) ∈ Lip1(Sn−1),

it follows from (2.1.2) that

∣∣∣∣
Ω(y − z)

|y − z|n − Ω(x0 − z)

|x0 − z|n
∣∣∣∣ ≤ |Ω(y − z)|

∣∣∣∣
1

|y − z|n − 1

|x0 − z|n
∣∣∣∣

+
1

|x0 − z|n
∣∣∣∣Ω
(
y − z

|y − z|

)
− Ω

(
x0 − z

|x0 − z|

)∣∣∣∣

≤ ‖Ω‖L∞(Sn−1)
cd

|x0 − z|n+1
+

c

|x0 − z|n
2d

|x0 − z|

≤ cd

|z − x0|n+1
.

(2.4.10)
Here note |z − y| ≥ 2|y − x0|. Thus, it follows from (2.4.10) that
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|a3(y) − a3(x0)| ≤
∫

Rn\4√nQ

∣∣∣∣
Ω(y − z)

|y − z|n − Ω(x0 − z)

|x0 − z|n
∣∣∣∣ |b(z) − bQ||f(z)|dz

≤ Cd

(∫

Rn\4√nQ

|b(z) − bQ|s′

|z − x0|n+1
dz

) 1
s′

×
(∫

Rn\4√nQ

|f(z)|s
|z − x0|n+1

dz

) 1
s

≤ C‖b‖BMO

[
M(|f |s)(x)

] 1
s
.

(2.4.11)
Thus from (2.1.20) and (2.4.8), (2.4.9) and (2.4.11) it follows that (2.4.7)
holds.

To complete the proof of Theorem 2.4.1 (i), we still need to introduce
a result of Fefferman and Stein. Its proof can be found in Fefferman and
Stein [FeS2].

Lemma 2.4.2 (Fefferman-Stein) Let 1 ≤ p0 < ∞. Then for any p0 ≤
p <∞, there exists a constant C, independent of f , such that

‖Mf‖p ≤ C‖M ]f‖p (2.4.12)

for any function f satisfying Mf ∈ Lp0(Rn).

Actually the proof of Theorem 2.4.1 (i) is a direct consequence of Lemma
2.4.1, Lemma 2.4.2, Theorem 1.1.1 and Theorem 2.1.2.

Now we pay attention to the proof of Theorem 2.4.1 (ii).
Without loss of generality, we may assume

∥∥∥[b, TΩ]
∥∥∥

Lp0→Lp0
= 1.

We wish to prove that there exists a constant A = A(p0,Ω) such that

sup
Q

1

|Q|

∫

Q
|b(x) − bQ|dx ≤ A. (2.4.13)

By (2.4.4) and (2.4.5), we merely need to prove (2.4.13) in the case Q = Q1,
whereQ1 is a cube whose center is at the origin and side length 1/

√
n parallel
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to the coordinates. Moreover we notice that [b− bQ1 , TΩ] = [b, TΩ]. Thus we
may assume bQ1 = 0.

Now let

ψ(x) = (sgn(b) − c0)χQ1(x),

where

c0 =
1

|Q1|

∫

Q1

sgn(b(x))dx.

Then ψ satisfies the following properties:

‖ψ‖∞ ≤ 2, (2.4.14)

supp(ψ) ⊂ Q1, (2.4.15)
∫

Q1

ψ(x)dx = 0, (2.4.16)

ψ(x)b(x) ≥ 0, (2.4.17)

1

|Q1|

∫
ψ(x)b(x)dx =

1

|Q1|

∫

Q1

|b(x)|dx := B. (2.4.18)

Since Ω satisfies (2.2.1) and (2.2.2), there exists 0 < A1 < 1, such that

σ
({
x′ ∈ Sn−1 : Ω(x′) ≥ 2A1

})
> 0, (2.4.19)

where σ is a measure on Sn−1 induced by the Lesbesgue measure. Let

Λ =
{
x′ ∈ Sn−1 : Ω(x′) ≥ 2A1

}
.

Then Λ is a closed set. It is easy to see that, for any x′ ∈ Λ and y′ ∈ Sn−1,
when |x′ − y′| < A1, we have Ω(y′) ≥ A1.

Set

G =

{
x ∈ Rn : |x| > A2 =

2

A1
+ 1 and x′ ∈ Λ

}
.

Then when x ∈ G and y ∈ Q1, we have

|x− y| > 5

6
|x|

and |x| > 2|y|. Thus it implies by (2.1.11) that

∣∣∣∣
x

|x| −
x− y

|x− y|

∣∣∣∣ ≤ 2
|y|
|x| ≤

2

|x| < A1.
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Since x′ ∈ Λ, we have Ω
(

x−y
|x−y|

)
≥ A1. Thus from (2.4.17) and (2.4.18), it

follows that

|TΩ(bψ)(x)| =

∣∣∣∣
∫

Q1

Ω(x− y)

|x− y|n b(y)ψ(y)dy

∣∣∣∣
≥ A3|x|−nB,

(2.4.20)

where A3 depends on A1 and n.

On the other hand, when x ∈ G and y ∈ Q1, it follows from the condition
of Ω and (2.1.12) that

∣∣∣∣
Ω(x− y)

|x− y|n − Ω(x)

|x|n
∣∣∣∣ ≤ A′

4

1

|x|n+1
, (2.4.21)

where A′
4 only depends on n and Ω. Thus by (2.4.14), (2.4.16) and (2.4.21)

we conclude that

|b(x)TΩ(ψ)(x)| ≤ |b(x)|
∫

Q1

∣∣∣∣
Ω(x− y)

|x− y|n − Ω(x)

|x|n
∣∣∣∣ |ψ(y)|dy

≤ A4|b(x)||x|−(n+1),

(2.4.22)

where A4 depends only on n and Ω. Therefore when x ∈ G, from (2.4.20)
and (2.4.22) it follows that

|[b, TΩ](ψ)(x)| ≥ |TΩ(bψ)(x)| − |b(x)TΩ(ψ)(x)|

≥ A3|x|−nB −A4|b(x)||x|−(n+1).

(2.4.23)

Let

F =

{
x ∈ G : |b(x)| >

(
BA3

2A4

)
|x| and |x| < B

p′0
n

}
.

It follows from (2.4.23) that
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‖ψ‖p0
p0

≥
∫

Rn

|[b, TΩ](ψ)(x)|p0dx

≥
∫

(G\F )∩
{
|x|<B

p′0
n

}
(

1

2
A3B|x|−n

)p0

dx

≥
∫
{

A5(|F |+An
2 )

1
n <|x|<B

p′
0

n

}
∩G

(
1

2
A3B|x|−n

)p0

dx

=

(
A3B

2

)p0

σ(Λ)

∫ B
p′0
n

A5(|F |+An
2 )

1
n

t−np0+n−1dt

=

(
A3B

2

)p0 σ(Λ)

n(1 − p0)

[
Bp′0(1−p0) −A

n(1−p0)
5 (|F | +An

2 )1−p0

]
.

So there exists A6 such that

(|F | +An
2 )1−p0 ≤ A1−p0

6 Bp′0(1−p0).

Therefore, if

B > (2An
2A

−1
6 )

1
p′0 ,

then

|F | ≥ A6B
p′0 −An

2 ≥ A6B
p′0

2
. (2.4.24)

Now take g(x) = sgn(b(x))χF (x). Denote the conjugate operator of TΩ by
T ′

Ω. For x ∈ Q1 we then have that

∣∣[b, T ′
Ω]g(x)

∣∣ ≥
∣∣∣∣
∫

F

Ω(y − x)

|y − x|n |b(y)|dy
∣∣∣∣− |b(x)|

∣∣∣∣
∫

Rn

Ω(y − x)

|y − x|n g(y)dy
∣∣∣∣ .

(2.4.25)
Since y ∈ F , we have

|b(y)| >
(
BA3

2A4

)
|y|.

Moreover, since x ∈ Q1, applying the same method as in the estimate of
(2.4.20), we know that there exists A7 such that

∣∣∣∣
∫

F

Ω(y − x)

|y − x|n |b(y)|dy
∣∣∣∣ ≥ A7

∫

F
|y|−n

(
BA3

2A4

)
|y|dy.
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From (2.4.24) it follows that there exists A8 such that
∣∣∣∣
∫

F

Ω(y − x)

|y − x|n |b(y)|dy
∣∣∣∣ ≥ A8B

1+
p′0
n . (2.4.26)

On the other hand, there exists A9 such that
∣∣∣∣
∫

Rn

Ω(y − x)

|y − x|n g(y)dy
∣∣∣∣ ≤

∫

F

|Ω(y − x)|
2n|y|n dy

≤ 2−n

∫

A2<|y|<B
p′
0

n

dy

|y|n ‖Ω‖L∞(Sn−1)

≤ A9 logB,

which together with (2.4.25) and (2.4.26) yields that

∣∣[b, T ′
Ω]g(x)

∣∣ ≥ A8B
1+

p′0
n −A9|b(x)| logB. (2.4.27)

Since [b, T ′
Ω] is the conjugate operator of [b, TΩ], we have

‖[b, T ′
Ω]‖

Lp′
0→Lp′

0
= 1.

So it follows from definition of F and (2.4.27) that

A10B ≥ ‖g‖p′0

≥ ‖[b, T ′
Ω]g‖p′0

≥
∫

Q1

∣∣[b, T ′
Ω]g(x)

∣∣ dx

≥
∫

Q1

[
A8B

1+
p′0
n −A9|b(x)| logB

]
dx

= A8B
1+

p′0
n |Q1| −A9|Q1|B logB.

(2.4.28)

By (2.4.28), it is clear to have B ≤ A(n,Ω, p0). Thus we complete the proof
of Theorem 2.4.1 (ii).

Theorem 2.4.1 shows that Lp boundedness of the commutator of singular
integral operator TΩ (Ω is a Lipschitz function) can be used to characterize
BMO function. Next we will show that Lp boundedness of the commutator
of a linear operator T with BMO function can be derived from the weighted
Lp boundedness of T .
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Theorem 2.4.2 Suppose that 1 < p <∞. The operator T is defined by

Tf(x) =

∫

Rn

K(x, y)f(y)dy,

and the commutator [b, T ] of T and b is defined by

[b, T ]f(x) =

∫

Rn

K(x, y)[b(x) − b(y)]f(y)dy.

For ω ∈ As (1 < s < ∞), if T is bounded on Lp(ω), then [b, T ] is bounded
on Lp(Rn) for every b ∈ BMO(Rn).

To prove Theorem 2.4.2, let us first introduce some lemmas.

Lemma 2.4.3 Let 1 < s <∞, λ > 0 and b ∈ BMO(Rn). Then there exists
η = η(λ, s) > 0, when ‖b‖BMO < η, such that

eλb(x) ∈ As(Rn).

By the John-Nirenberg inequality, the Reverse Hölder inequality of Ap

can be used to prove Lemma 2.4.3. For the details, see Garcia-Cuerva &
Rubio de Francia [GaR].

Now we turn back to the proof of Theorem 2.4.2. Take λ = p and
b ∈ BMO(Rn). Without loss of generality, we may assume that ‖b‖BMO < η.
By Lemma 2.4.3 we have epb ∈ As(Rn). On the other hand, for every
θ ∈ [0, 2π], b cos θ ∈ BMO(Rn) and ‖b cos θ‖BMO = ‖b‖BMO < η. Thus

epb cos θ ∈ As(Rn).

Now for z ∈ C,

g(z) = ez[b(x)−b(y)]

is analytic on C. Thus by the Cauchy integral formula we get

b(x) − b(y) = g′(0) =
1

2πi

∫

|z|=1

g(z)

|z|2 dz

=
1

2π

∫ 2π

0
ee

iθ [b(x)−b(y)]e−iθdθ.

(2.4.29)

For θ ∈ [0, 2π], let

hθ(x) = f(x)e−b(x)eiθ
.
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Since f ∈ Lp, we have

hθ ∈ Lp(epb cos θ) and ‖hθ‖Lp(epb cos θ) = ‖f‖Lp .

Applying (2.4.29), it implies that

[b, T ](f)(x) =

∫

Rn

K(x, y)

[
1

2π

∫ 2π

0
ee

iθ [b(x)−b(y)]e−iθdθ

]
f(y)dy

=
1

2π

∫ 2π

0
T (hθ)(x)e

b(x)eiθ
e−iθdθ.

Applying Minkowski’s inequality and the Lp(ω) boundedness of T , we have

‖[b, T ]f‖Lp ≤ 1

2π

∫ 2π

0
‖T (hθ)‖Lp(epb cos θ)dθ ≤ C‖f‖Lp .

This finishes the proof of Theorem 2.4.2.
We can immediately obtain the Lp boundedness of commutator [b, TΩ]

by Theorem 2.4.2 and Theorem 2.3.9.

Corollary 2.4.1 Suppose that Ω ∈ Lq(Sn−1) (1 < q ≤ ∞) satisfies (2.2.1)
and (2.2.2). If b ∈ BMO(Rn), then [b, TΩ] is bounded on Lp for 1 < p <∞.

Remark 2.4.2 Corollary 2.4.1 improves the conclusion (i) of Theorem 2.4.1.

Next we will give the weighted boundedness of commutator [b, TΩ]. In
fact, similar to the conclusion of Theorem 2.4.2, weighted Lp boundedness
of [b, TΩ] can also be attribute to weighted Lp boundedness of TΩ.

Theorem 2.4.3 Let 1 < p < ∞. Suppose that T is defined as in Theorem
2.4.2 and satisfies ‖Tf‖Lp(ω) ≤ C‖f‖Lp(ω) for ω ∈ As (1 < s < ∞). Then
[b, T ] is bounded on Lp(ω).

Proof. The idea in the proof is essentially the same as that of Theorem
2.4.2.

Since ω ∈ As, by Proposition 1.4.2 (x) we know that there exists ε > 0
such that ω1+ε ∈ As. So

‖Tf‖Lp(ω1+ε) ≤ C‖f‖Lp(ω1+ε). (2.4.30)

Let λ = p(1+ε)
ε . By Lemma 2.4.3 we have that there is η > 0 such that

epb(x)(1+ε)/ε ∈ As(Rn)
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whenever ‖b‖BMO < η. Thus for every θ ∈ [0, 2π],

epb(1+ε) cos θ/ε ∈ As(Rn)

still holds. By the weighted boundedness of T we get

‖Tf‖Lp(epb(1+ε) cos θ/ε) ≤ C‖f‖Lp(epb(1+ε) cos θ/ε). (2.4.31)

Applying the Stein-Weiss interpolation theorem with change of measure
(Lemma 2.2.5) to (2.4.30) and (2.4.31) we have

‖Tf‖Lp(ωepb cos θ) ≤ C‖f‖Lp(ωepb cos θ). (2.4.32)

Now for θ ∈ [0, 2π], denote hθ = fe−beiθ
. Then by f ∈ Lp(ω) we know

hθ ∈ Lp(ωepb cos θ) and ‖hθ‖Lp(ωepb cos θ) = ‖f‖Lp(ω). (2.4.33)

It follows from (2.4.29) that

[b, T ](f)(x) =
1

2π

∫ 2π

0
T (hθ)(x)e

b(x)eiθ
e−iθdθ.

Thus by Minkowski’s inequality and (2.4.32) as well as (2.4.33), we have

‖[b, T ]f‖Lp(ω) ≤
1

2π

∫ 2π

0
‖T (hθ)‖Lp(ωepb cos θ)dθ ≤ C‖f‖Lp(ω).

This finishes the proof of Theorem 2.4.3.

Applying Theorem 2.4.3 and Theorem 2.3.9, it is easy to get the weighted
Lp boundedness of commutator [b, TΩ].

Theorem 2.4.4 Suppose that Ω ∈ Lq(Sn−1) (q > 1) satisfies (2.2.1) and
(2.2.2). If b ∈ BMO(Rn) and p, q, ω satisfy one of the following conditions,
then [b, TΩ] is bounded on Lp(ω):

(i) q′ ≤ p <∞, p 6= 1 and ω ∈ A p
q′

;

(ii) 1 < p ≤ q, p 6= ∞ and ω1−p′ ∈ A p′

q′
;

(iii) 1 < p <∞ and ωq′ ∈ Ap.
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Proof. The result under the condition (i) is a direct consequence of
Theorem 2.4.3 and Theorem 2.3.9. Using the conclusion under the condition
(i) and dual method (see the proof of Theorem 2.2.3) we can obtain the
conclusion under the condition (ii). The conclusion under the condition (iii)
is a corollary of the conclusions under the condition (i) and (ii) (for the
details, see the proof of Theorem 2.2.4).

Remark 2.4.3

1. Using the method in the proof of Theorem 2.4.2 and Theorem 2.4.3 as
well as induction, we can get the similar result about commutators of degree
k of linear operator T and b. Here the commutator of degree k is defined by

[b, T ]kf(x) = [b, · · · , [b, T ] · · · ]f(x) =

∫

Rn

K(x, y)[b(x) − b(y)]kf(y)dy.

2. In the same way, we can obtain the weighted Lp boundedness of com-
mutator of degree k generated by a singular integral operator with rough
kernel TΩ and a function b.
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2.4.1 was replaced by a class of bigger block spaces B0,0

q (Sn−1), 1 < q <∞.
In fact,

⋃
r>1 L

r(Sn−1) ⊂ B0,0
q (Sn−1), 1 < q < ∞ (see Lu, Taibleson and

Weiss [LuTW]).



Chapter 3

Fractional Integral

Operators

In this chapter, we will investigate the boundedness of the Riesz poten-
tial and its general form (fractinal integral). If 0 < α < n, then |x|−n+α ∈
Lloc(Rn). Thus under the sense of distribution, we have that

̂( 1

|x|n−α

)
(ξ) = γ(α)(2π)−α|ξ|−α, (3.0.1)

where γ(α) = π
n
2 2αΓ

(α
2

)
/Γ

(
n− 2

2

)
.

The Riesz potential is an operator defined by

Iα(f)(x) =
1

γ(α)

∫

Rn

f(y)

|x− y|n−α
dy =

1

γ(α)

(
1

| · |n−α
∗ f
)

(x). (3.0.2)

Let us now explain the relationship between the Riesz potential and the
Laplacian operator of fractional degree. Let 4 be the Laplacian operator,
that is,

4 =
∂2

∂x2
1

+ · · · + ∂2

∂x2
n

.

For any ϕ ∈ S (Rn), by the property of Fourier transform, we have

̂(−4ϕ)(ξ) = 4π2|ξ|2ϕ̂(ξ) = (2π|ξ|)2ϕ̂(ξ).
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Thus, for ϕ ∈ S (Rn) and 0 < α < n, it follows from (3.0.1) and (3.0.2) that

(̂Iαϕ)(ξ) = (2π|ξ|)−αϕ̂(ξ) = ((−4)−α/2ϕ)̂(ξ).

Note that under the sense of distribution, for f ∈ S (Rn),

f(x) = I1 ∗




n∑

j=1

Rj∂jf


 (x) =

n∑

j=1

(I1 ∗ Rj∂jf)(x), (3.0.3)

where Rj denote the Riesz transforms (see the definition in chapter 2).

By the Lp-boundedness of the Riesz transform Rj (1 < p < ∞, j =
1, 2, · · · , n) and the (Lp, Lq)-boundedness of the Riesz potential with 1-order,
from ∂jf ∈ Lp(1 < p < n, j = 1, 2, · · · , n) and (3.0.3), it follows that
f ∈ Lq(Rn). Therefore the research to the Riesz potential is closely related
to the theory of Sobolev space and the Laplacian operator of fracrional
degree.

3.1 Riesz potential

In this chapter we will show the (Lp, Lq)-boundedness of the Riesz po-
tential Iα, 0 < α < n. We first show that

1

q
=

1

p
− α

n
(3.1.1)

is a necessary condition for ensuring

‖Iαf‖q ≤ C‖f‖p. (3.1.2)

Indeed, for δ > 0, we define the dilation transform

τδ(f)(x) = f(δx).

Then, for 0 < α < n,

τδ−1Iατδ = δ−αIα (3.1.3)

and

‖τδ(f)‖p = δ−n/p‖f‖p, ‖τδ−1Iα(f)‖q = δn/q‖Iα(f)‖q. (3.1.4)
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Thus, for δ > 0, it follows from (3.1.2), (3.1.3), and (3.1.4) that

‖Iαf‖q = δα‖τδ−1Iατδ(f)‖q

= δα+n/q‖Iατδ(f)‖q

≤ Cδα+n/q‖τδf‖p

= Cδα+n/q−n/p‖f‖p.

(3.1.5)

Since (3.1.5) holds for all δ > 0, we conclude that (3.1.1) must hold.

The following theorem shows that, when 1 < p < n
α , (3.1.1) is also a

sufficient condition for ensuring (3.1.2). We first formulate a lemma.

Lemma 3.1.1 Let f ∈ Lp(Rn), 1 ≤ p < n
α . Then, for x ∈ Rn, we have

|Iαf(x)| ≤ C‖f‖
αp
n

p

[
Mf(x)

]1−αp
n
,

where M is the Hardy-Littlewood maximal function and C = C(α, p, n).

Proof. Fix x ∈ Rn, for some r > 0,

|Iαf(x)| ≤
∫

|y|≤r

f(x− y)

|y|n−α
dy +

∫

|y|>r

|f(x− y)|
|y|n−α

dy := J1 + J2.

For J1, we write

J1 =

∞∑

j=0

∫

2−j−1r<|y|≤2−jr

f(x− y)

|y|n−α
dy

≤
∞∑

j=0

1

(2−j−1r)n−α

∫

2−j−1r<|y|≤2−jr
|f(x− y)|dy

≤ Crα
∞∑

j=0

(2−j)α

(2−jr)n

∫

|y|≤2−jr
|f(x− y)|dy

≤ CrαMf(x).

(3.1.6)

As to J2, if p = 1, then
J2 ≤ rα−n‖f‖1. (3.1.7)

If 1 < p < n
α , then Hölder’s inequality implies that

J2 ≤
(∫

|y|>r
|y|(α−n)p′dy

)1/p′

‖f‖p

≤ Crα−n
p ‖f‖p.

(3.1.8)
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Therefore, when 1 ≤ p < n
α , from (3.1.6)- (3.1.8), for all x ∈ Rn, it follows

that

|Iαf(x)| ≤ C(rαMf(x) + rα−n
p ‖f‖p).

Now take r = (
‖f‖p

Mf(x) )
p
n , then

rαMf(x) = r
α−n

p ‖f‖p = ‖f‖
αp
n

p Mf(x)1−
αp
n .

Thus the lemma is proved.

Theorem 3.1.1 (Hardy-Littlewood-Sobolev theorem) Suppose that
0 < α < n, 1 ≤ p < n

α and 1
q = 1

p − α
n .

(i) If f ∈ Lp(Rn)(1 < p < n
α), then ‖Iαf‖q ≤ C‖f‖p ;

(ii) If f ∈ L1(Rn), then for all λ > 0, |{x ∈ Rn : |Iαf(x)| > λ}| ≤
(C

λ ‖f‖1)
n

n−α , where C = C(α, n, p).

Proof. (i) Note that (1− αp
n )q = p. By Lemma 3.1.1 and Lp-boundedness

of the Hardy-Littlewood maximal operator M for 1 < p <∞, we get

‖Iαf‖q ≤ C‖f‖
αp
n

p ‖Mf‖1−αp
n

p ≤ C‖f‖p.

(ii) Using Lemma 3.1.1 again and the weak (1, 1)-boundedness of the oper-
ator M , we have that

|{x ∈ Rn : |Iαf(x)| > λ}| =

∣∣∣∣∣∣



x ∈ Rn : Mf(x) >

(
λ

C||f ||
α
n
1

) n
n−α





∣∣∣∣∣∣

≤ C1

(
C||f ||

α
n
1

λ

) n
n−α

||f ||1

≤
(
C

λ
||f ||1

) n
n−α

.

Let us give some remarks on the Riesz potential Iα.

Remark 3.1.1 The second result (ii) of Theorem 3.1.1 cannot be improved
as

‖Iαf‖ n
n−α

≤ C‖f‖1. (3.1.9)
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There is a counterexample for (3.1.9). Let f(y) = 1 when |y| ≤ 1 and
f(y) = 0 when |y| > 1. Then

Iαf(x) =
1

γ(α)

∫

|y|≤1

dy

|x− y|n−α
.

For |x| > 1 and |y| ≤ 1, |x− y| ≤ |x| + |y| ≤ |x| + 1 < 2|x|, and hence

|Iαf(x)| ≥ C

|x|n−α
for |x| > 1,

which implies

∫

Rn

|Iαf(x)| n
n−α dx ≥ C

∫

|x|>1

dx

|x|n = ∞.

Remark 3.1.2 When p = n
α , the first result (i) of Theorem 3.1.1 is not

true. Example:

f(x) =




|x|−α

(
log 1

|x|

)−α
n

(1+ε)
, |x| ≤ 1

2

0, |x| > 1
2

where ε is sufficiently small. Obviously, f ∈ L
n
α (Rn). But if we take any ε

satisfies α
n (1 + ε) ≤ 1, then

Iα(f)(0) =
1

γ(α)

∫

|x|≤ 1
2

|x|−n

(
log

1

|x|

)−α
n

(1+ε)

dx = ∞,

and Iα(f) is not essentially bounded near the origin. Hence Iαf(x) /∈
L∞(Rn).

3.2 Weighted boundedness of Riesz potential

To study the weighted boundedness of Iα, we need to introduce the
following fractional maximal operator Mα. For 0 < α < n and f ∈ Lloc(Rn),
define Mα by

Mα(f)(x) = sup
r>0

1

rn−α

∫

|y|≤r
|f(x− y)|dy. (3.2.1)
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An equivalent definition of Mα is

Mα(f)(x) = sup
Qx

1

|Qx|1−
α
n

∫

Qx

|f(y)|dy, (3.2.2)

where the supremum is taken over all cubes Qx in Rn with the center at x
and with the sides parallel to the axes.

The fractional maximal operator Mα will be dominated by Iα in some
sense. That is, for 0 < α < n, f ∈ Lloc(Rn) and x ∈ Rn, we have

Mα(f)(x) ≤ γ(α)Iα(|f |)(x). (3.2.3)

In fact, for fixed x ∈ Rn and r > 0, we have that

Iα(|f |)(x) = 1
γ(α)

∫

Rn

|f(x− y)|
|y|n−α

dy

≥ 1
γ(α)

∫

|y|≤r

|f(x− y)|
|y|n−α

dy

≥ 1
γ(α)

1
rn−α

∫

|y|≤r
|f(x− y)|dy.

(3.2.4)

The desired consequence follows from taking supremum for r > 0 on both
sides of (3.2.4).

Theorem 3.2.1 Suppose that 0 < α < n, 1 ≤ p ≤ n
α and

1

q
=

1

p
− α

n
.

(i) If f ∈ Lp(Rn)
(
1 < p ≤ n

α

)
, then

‖Mαf‖q ≤ C‖f‖p.

(ii) If f ∈ L1(Rn), then for any λ > 0,

|{x ∈ Rn : Mαf(x) > λ}| ≤
(
C

λ
‖f‖1

) n
n−α

.

The above constant C only depends on α, n, p.

Proof. From (3.2.3) and Theorem 3.1.1, when 1 ≤ p < n
α , Theorem

3.2.1 follows immediately. For p = n
α , Hölder’s inequality implies that Mα

is bounded from L
n
α (Rn) to L∞(Rn).

Let us now consider the weighted boundedness of the fractional maximal
operator Mα. First we formulate a definition on the class of A(p, q) and the
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relation between the class of A(p, q) and the class of Ap.

Suppose that ω(x) is a nonnegative locally integrable function on Rn.
Define ω ∈ A(p, q)(1 < p, q < ∞), if there exists a constant C > 0, such
that for any cube Q in Rn,

sup
Q

(
1

|Q|

∫

Q
ω(x)qdx

) 1
q
(

1

|Q|

∫

Q
ω(x)−p′dx

) 1
p′

≤ C <∞; (3.2.5)

and say ω ∈ A(1, q)(1 < q <∞), if there exists a constant C > 0, such that
for any cube Q,

sup
Q

(
1

|Q|

∫

Q
ω(x)qdx

) 1
q

(
ess sup

Q

1

ω(x)

)
≤ C <∞. (3.2.6)

Theorem 3.2.2 (Relation between A(p, q) and Ap) Suppose that 0 <
α < n, 1 ≤ p < n

α and 1
q = 1

p − α
n .

(i) If p > 1, then ω ∈ A(p, q) ⇐⇒ ωq ∈ Aq n−α
n

⇐⇒ ωq ∈ A1+ q
p′

⇐⇒
ω−p′ ∈ A

1+ p′

q

;

(ii) If p > 1, then ω ∈ A(p, q) =⇒ ωq ∈ Aq and ωp ∈ Ap;

(iii) If p = 1, then ω ∈ A(1, q) ⇐⇒ ωq ∈ A1.

Theorem 3.2.3 Suppose that 0 < α < n, 1 ≤ p < n
α , 1

q = 1
p − n

α and
ω ∈ A(p, q). Then for ∀λ > 0, there exists a constant C > 0 such that for
∀f ∈ Lp(Rn, ωp),

(∫

{x∈Rn:Mαf(x)>λ}
ω(x)qdx

) 1
q

≤ C

λ

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

. (3.2.7)

Proof. For λ > 0 and K > 0, set

Eλ = {x ∈ Rn : Mαf(x) > λ},
Eλ,K = Eλ ∩B(0,K), where B(0,K) = {x ∈ Rn : |x| < K}.

Thus, for ∀x ∈ Eλ,K , by the definition of Mα, there exists a Qx such that

|Qx|−1+ α
n

∫

Qx

|f(y)|dy > λ. (3.2.8)
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Since Eλ,K ⊂
⋃

x∈Eλ,K

Qx, there exists {xj} ⊂ Eλ,K , such that Eλ,K ⊂
⋃

j

Qxj .

{Qxj} is bounded overlapping, i.e., ∃ C = C(n), we have
∑

j

χQxj
(x) ≤

C(n),∀x ∈ Rn. ( Here we apply the Besicovitch overlapping theorem, to see
[GaR]). Thus,

(∫

Eλ,K

ω(y)qdy

) p
q

≤


∑

j

∫

Qxj

ω(y)qdy




p
q

. (3.2.9)

For p
q < 1, the right side of (3.2.9) is dominated by

∑

j

(∫

Qxj

ω(y)qdy

) p
q

. (3.2.10)

Since all Qxj satisfy (3.2.8), combining (3.2.9) with (3.2.10) yields that

(∫

Eλ,K

ω(y)qdy

) p
q

≤
∑

j

(∫

Qxj

ω(y)qdy

) p
q
(

1

λ|Qxj |1−
α
n

∫

Qxj

|f(y)|dy
)p

.

(3.2.11)
If p > 1, applying Hölder’s inequality and (3.2.5), we conclude that

(∫

Eλ,K

ω(y)qdy

) p
q

≤
∑

j

(∫

Qxj

ω(y)qdy

) p
q

· λ−p|Qxj |1−p− p
q

×
∫

Qxj

|f(y)ω(y)|pdy
(∫

Qxj

ω(y)−p′dy

) p
p′

≤ Cλ−p
∑

j

∫

Qxj

|f(y)ω(y)|pdy

≤ Cλ−p

∫

Rn

|f(x)ω(y)|pdy.
(3.2.12)

The last inequality of (3.2.12) is due to the property of {Qxj} having finite
overlap. Note that the constant C in (3.2.12) is independent of K, so the
monotone convergence theorem leads to (3.2.7).
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If p = 1, then

∫

Qxj

|f(y)|dy =

∫

Qxj

|f(y)ω(y)|ω(y)−1dy

≤ ess sup
Qxj

ω(y)−1

∫

Qxj

|f(y)ω(y)|dy.
(3.2.13)

By (3.2.11), (3.2.13) and (3.2.6), we have that

(∫

Eλ,K

ω(y)qdy

) 1
q

≤
∑

j

1

λ

(∫

Qxj

ω(y)qdy

) 1
q 1

|Qxj |
1
q

× ess sup
Qxj

1

ω(y)

(∫

Qxj

|f(y)ω(y)|dy
)

≤ C
1

λ

∑

j

∫

Qxj

|f(y)ω(y)|dy

≤ C

λ

∫

Rn

|f(y)w(y)|dy.

Thus, let k → ∞, we obtain that (3.2.7) still holds for p = 1.

Theorem 3.2.3 shows that A(p, q) is a sufficient condition for ensuring
that Mα is weighted weak (p, q)-bounded. The following theorem will illus-
trate that A(p, q) is also sufficient for Mα being a weighted (p, q)-bounded
operator with 1 < p < n

α .

Theorem 3.2.4 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . If
ω ∈ A(p, q), then

(∫

Rn

[Mαf(x)ω(x)]q dx

) 1
q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

, (3.2.14)

where C is independent of f .

Proof. Since ω ∈ A(p, q), Theorem 3.2.2 (i) leads to ωq ∈ A1+ q
p′

. By

the elementary property of Ap-weight, there exists 1 < s < 1 + q
p′ such that

ωq ∈ As. Now we take p1, q such that

1 < p1 < p,
1

q1
=

1

p1
− α

n
and s = 1 +

q1
p′1
. (3.2.15)
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From (3.2.15) and (i) in Theorem 3.2.2, it follows that ω
q
q1 ∈ A(p1, q1).

Using Theorem 3.2.3, for any λ > 0, we have that

(∫

Eλ

[
ω(x)

q
q1

]q1

dx

) p1
q1 ≤ Cλ−p1

(∫

Rn

|f(x)|p1

(
ω(x)

q
q1

)p1

dx

)
.

That is equivalent to

(∫

Eλ

v(x)dx

) p1
q1 ≤ Cλ−p1

∫

Rn

|f(x)|p1v(x)
p1
q1 dx, (3.2.16)

where v(x) = ωq(x).

Now let f(x) = g(x)v(x)
α
n and define a sublinear operator

T (g)(x) = Mα(gv
α
n )(x).

Thus (3.2.16) is equivalent to

∫

{x∈Rn:T (g)(x)>λ}
v(x)dx ≤ Cλ−q1

(∫

Rn

|g(x)|p1v(x)dx

) q1
p1

. (3.2.17)

On the other hand, we take p2 such that p < p2 <
n
α and let 1

q2
= 1

p2
− α

n ,
then

1 +
q2
p′2

> 1 +
q

p′
.

By Theorem 3.2.2 (i), it implies that ω
q

q2 ∈ A(p2, q2). Similar to (3.2.17),
we have

∫

{x∈Rn:T (g)(x)>λ}
v(x)dx ≤ Cλ−q2

(∫

Rn

|g(x)|p2v(x)dx

) q2
p2

. (3.2.18)

Applying the Marcinkiewicz interpolation theorem to (3.2.17) and (3.2.18),
we obtain that

(∫

Rn

[T (g)(x)]qv(x)dx

) 1
q

≤ C

(∫

Rn

|g(x)|pv(x)dx
) 1

p

. (3.2.19)

Set g(x) = f(x)v(x)
−α
n and v(x) = ω(x)q, then we have that

(∫

Rn

[Mα(f)(x)ω(x)]qdx

) 1
q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

.
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This finishes the proof of Theorem 3.2.4.

From the weighted boundedness of Mα, we can deduce the weighted
boundedness of the Riesz potential Iα. Before stating the next lemma, we
will give a definition on A∞. A nonnegative function ω(x) on Rn satisfies
A∞ condition, if for a given ε > 0, there exists a δ > 0, such that for any
cube Q, and a measurable subset E of Q satisfying |E| ≤ δ|Q|,

∫

E
ω(x)dx ≤ ε

∫

Q
ω(x)dx. (3.2.20)

We call all functions satisfying the A∞ condition as the class of A∞. The
relation between A∞ and Ap (1 ≤ p <∞) is

A∞ =
⋃

p≥1

Ap. (3.2.21)

The next lemma will reveal another relation between Iα and Mα. For
its proof, we refer to [MuW].

Lemma 3.2.1 Suppose that 0 < α < n, 0 < q < ∞ and ω(x) ∈ A∞. Then
there exists a constant C independent of f such that

∫

Rn

|Iαf(x)|qω(x)dx ≤ C

∫

Rn

[Mαf(x)]qω(x)dx

and

sup
λ>0

λq

∫

{x:|Iαf(x)|>λ}
ω(x)dx ≤ C sup

λ>0
λq

∫

{x:Mαf(x)>λ}
ω(x)dx.

Applying Lemma 3.2.1, we can get the weighted boundedness of Iα.

Theorem 3.2.5 Suppose that 0 < α < n, 1 ≤ p < n
α , 1

q = 1
p − α

n and
ω(x) ∈ A(p, q).

(i) If 1 < p <∞, then

(∫

Rn

|Iαf(x)ω(x)|qdx
) 1

q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

; (3.2.22)

(ii) If p = 1, then for any λ > 0,
∫

{x:|Iαf(x)|>λ}
ω(x)qdx ≤ C

λq

(∫

Rn

|f(x)ω(x)|dx
)q

, (3.2.23)

where C is independent of f, λ.
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The proof of Theorem 3.2.5 is simple. In fact, by Theorem 3.2.2, ω(x)q ∈
A1+ q

p′
(p > 1) or ω(x)q ∈ A1 (p = 1), therefore by (3.2.21), we have ω(x)q ∈

A∞. Applying Lemma 3.2.1, Theorem 3.2.3 and Theorem 3.2.4, we obtain
that both (3.2.22) and (3.2.23) hold.

3.3 Fractional integral operator with homogeneous

kernels

In this chapter we will discuss the (Lp, Lq)-boundedness and weighted
boundedness of fractional integral operators which is more general than the
Riesz potential Iα.

Assume that Ω(x) is a homogeneous function with degree zero on Rn,
i.e. for ∀λ > 0,∀x ∈ Rn,

Ω(λx) = Ω(x), (3.3.1)

as well as Ω ∈ L
n

n−α (Sn−1), where Sn−1 denotes the unit sphere {x ∈ Rn :
|x| = 1}, 0 < α < n. Then the fractional integral operator with homoge-
neous kernel is defined by

TΩ,αf(x) =

∫

Rn

Ω(x− y)

|x− y|n−α
f(y)dy. (3.3.2)

It is obvious that when Ω ≡ 1, TΩ,α is the same as the Riesz potential Iα

except for a constant. On the other hand, if α = 0 and Ω satisfies the
vanishing moment condition on Sn−1:

∫

Sn−1

Ω(x′)dσ(x′) = 0, (3.3.3)

then TΩ,α becomes a Calderón-Zygmund singular integral operator (in the
sense of principal value Cauchy integral ).

The following result shows that the Hardy-Littlewood-Sobolev theorem
still holds for TΩ,α.

Theorem 3.3.1 Suppose that 0 < α < n, Ω ∈ L n
n−α (Sn−1) satisfies (3.3.1).
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(i) If f ∈ L1(Rn), then for ∀λ > 0,

|{x ∈ Rn : |TΩ,αf(x)| > λ}| ≤
(
C

λ
‖f‖1

) n
n−α

.

(ii) If f ∈ Lp(Rn)(1 < p < n
α), then ‖TΩ,αf‖q ≤ C‖f‖p, where 1

q = 1
p − α

n
and C = C(n, α, p).

Proof. We will complete the proof by three steps. Set

K(x) = Ω(x)/|x|n−α

and
E(s) = {x ∈ Rn : |K(x)| > s}.

First we will show that for ∀s > 0,

|E(s)| ≤ As−
n

n−α , (3.3.4)

where A depends only on α, n. In fact, by (3.3.1), we have that

|E(s)| ≤ 1

s

∫

E(s)

|Ω(x)|
|x|n−α

dx

=
1

s

∫

Sn−1

|Ω(x′)|
∫ (

|Ω(x′)|
s

) 1
n−α

0
rα−1drdσ(x′)

= As−
n

n−α ,

where A = 1
α‖Ω‖

n
n−α

L
n

n−α (Sn−1)
.

Next we prove, for 1 ≤ p < n
α ,

1
q = 1

p − α
n , that TΩ,α is of weak type (p, q).

Take a fixed µ > 0, let

K1(x) = sgn(K(x)) (|K(x)| − µ)χE(µ)(x)

and
K2(x) = K(x) −K1(x).

Thus if p = 1, then ‖K2‖∞ ≤ µ; if 1 < p < n
α , from (3.3.4) it follows that

∫

Rn

|K2(x)|p
′
dx = p′

∫ µ

0
sp′−1|E(s)|ds

≤ p′A
∫ µ

0
sp′−1− n

n−αds

=
p′A

p′ − n
n−α

· µp′− n
n−α

=
n− α

n
Aqµ

n
n−α

p′

q .
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Thus, when 1 ≤ p < n
α , we obtain that

‖K2‖p′ ≤
(
n− α

n
Aq

) 1
p′

µ
n

(n−α)q . (3.3.5)

So Hölder’s inequality implies that

‖K2 ∗ f‖∞ ≤
(
n− α

n
Aq

) 1
p′

µ
n

(n−α)q ‖f‖p.

Now for ∀λ > 0, set µ such that

(
n− α

n
Aq

) 1
p′

µ
n

(n−α)q ‖f‖p =
λ

2
,

then

∣∣∣∣
{
x ∈ Rn : |K2 ∗ f(x)| > λ

2

}∣∣∣∣ = 0.

Thus
∣∣∣∣
{
x ∈ Rn : |TΩ,αf(x)| > λ}| ≤ |{x ∈ Rn : |K1 ∗ f(x)| > λ

2

}∣∣∣∣

≤
(

2

λ
‖K1 ∗ f‖p

)p

.
(3.3.6)

It follows from (3.3.4) that
∫

Rn

|K1(x)|dx =

∫

E(µ)
(|K(x)| − µ)dx

≤
∫ ∞

0
|E(t+ µ)|dt

≤ A

∫ ∞

µ
t−

n
n−α dt

= αA
n−αµ

− α
n−α .

(3.3.7)

For ∀f ∈ L∞(Rn),∀x ∈ Rn, by (3.3.7), we conclude that

|K1 ∗ f(x)| ≤ ‖f‖∞
∫

Rn

|K1(x)|dx ≤ αA

n− α
µ−

α
n−α ‖f‖∞. (3.3.8)

For ∀f ∈ L1(Rn), we have that

‖K1 ∗ f‖1 ≤
∫

Rn

∫

Rn

|K1(x− y)||f(y)|dydx ≤ αA

n− α
µ−

α
n−α ‖f‖1. (3.3.9)
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Thus (3.3.8) and (3.3.9) show that T1 : f 7−→ K1 ∗ f is (∞,∞)-type and
(1, 1)-type. The Riesz-Thörin theorem leads to that T1 is also (p, p)-type
(1 < p <∞), and

‖T1‖(p,p) ≤
αA

n− α
µ−

α
n−α . (3.3.10)

Combining (3.3.6) with (3.3.10) yields that

|{x ∈ Rn : |TΩ,αf(x)| > λ}| ≤
(

2

λ

αA

n− α
µ

−α
n−α ‖f‖p

)p

= C

(
1

λ
‖f‖p

)q

,
(3.3.11)

where C is independent of λ and f .

Finally we will finish the proof of Theorem 3.3.1. (3.3.11) tells us that
consequence (i) holds. Now we prove that (ii) also holds. For ∀ 1 < p < n

α ,
set p0 such that p < p0 <

n
α , and let q0 satisfy

1

q0
=

1

p0
− α

n
.

Thus by the second step we know that TΩ,α is of weak type (p0, q0). By (i)
and the Marcinkiewicz interpolation theorem, we see that TΩ,α is (p, q)-type,
where 1

q = 1
p − α

n . In fact, there exists 0 < θ < 1 so that 1
p = 1−θ

p0
+ θ and

then 1
q = 1−θ

q0
+ (n−α)θ

n .

By the proof of Theorem 3.3.1 we can get a more general consequence.
Assume that K(x) is a measurable function on Rn. For a measurable

function f on Rn, let

Tf(x) = (K ∗ f)(x).

For 1 < r <∞, if there exists a constant C > 0 such that for ∀s > 0,

|{x ∈ Rn : |K(x)| > s}| ≤ Cs−r,

then for 1 ≤ p < r′ and 1
p + 1

r = 1
q + 1,

(i) when p = 1, T is weak type (1, r);
(ii) when 1 < p < r′, T is (p, q)-type.

The following operator related to TΩ,α is a fractional maximal operator
with homogeneous kernels. Its definition is

MΩ,αf(x) = sup
r>0

1

rn−α

∫

|y|≤r
|Ω(y)||f(x− y)|dy. (3.3.12)
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By the idea of the proof of (3.2.3), we can get a relation between MΩ,α and
T|Ω|,α.

Lemma 3.3.1 Assume that 0 < α < n, Ω ∈ L
n

n−α (Sn−1) satisfies (3.3.1).
Then

MΩ,α ≤ C(n, α)T|Ω|,α(|f |)(x).

Thus by Lemma 3.3.1 and Theorem 3.3.1, we can obtain the (Lp, Lq)-
boundedness of fractional maximal operators with homogeneous kernels.

Theorem 3.3.2 Assume that 0 < α < n, Ω ∈ L
n

n−α (Sn−1) satisfies (3.3.1).
(i) If f ∈ L1(Rn), then for ∀λ > 0,

|{x ∈ Rn : MΩ,αf(x) > λ}| ≤
(
C

λ
‖f‖1

) n
n−α

.

(ii) If f ∈ Lp(Rn)(1 < p ≤ n
α), then ‖MΩ,αf‖q ≤ C‖f‖p, where 1

q = 1
p−α

n
and C = C(n, α, p).

Proof. Omitted.

3.4 Weighted boundedness of TΩ,α

In this section, we will extend the weighted boundedness of the Riesz
potential Iα to the case of fractional integral operators with homogeneous
kernels TΩ,α. To the end, we will first show weighted boundedness of the
fractional maximal operator MΩ,α with homogeneous kernels. In this sec-
tion, we always assume that Ω is a homogeneous with degree zero (i.e. Ω
satisfies (3.3.1)).

Theorem 3.4.1 Suppose that 0 < α < n, 1 ≤ s′ < p < n
α and 1

q = 1
p − α

n .

If Ω ∈ Ls(Sn−1) and ω(x)s′ ∈ A( p
s′ ,

q
s′ ), then there exists a constant C

independent of f such that

(∫

Rn

(MΩ,αf(x)ω(x))q dx

) 1
q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

.
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Proof. From Hölder’s inequality, it follows that

MΩ,αf(x) = sup
r>0

1

rn−α

∫

|y|≤r
|Ω(y)||f(x− y)|dy

≤ sup
r>0

1

rn−α

(∫

|y|≤r
|f(x− y)|s′dy

) 1
s′
(∫

|y|≤r
|Ω(y)|sdy

) 1
s

≤ C‖Ω‖Ls(Sn−1) sup
r>0

(
1

rn−αs′

∫

|y|≤r
|f(x− y)|s′dy

) 1
s′

= C‖Ω‖Ls(Sn−1)

(
Mαs(|f |s

′
)(x)

) 1
s′
.

(3.4.1)
The hypothesis conditions imply that 0 < αs′ < n, 1 < p

s′ <
n

αs′ and 1
(q/s′) =

1
(p/s′) − αs′

n . Applying Theorem 3.2.4 together with (3.4.1) yields that

(∫

Rn

(MΩ,αf(x)ω(x))qdx

) 1
q

≤ C



(∫

Rn

(Mαs′(|f |s
′
)(x)ω(x)s′(x))

q
s′ dx

) s′

q




1
s′

≤ C



(∫

Rn

(|f(x)|s′ω(x)s′(x))
p
s′ dx

) s′

p




1
s′

= C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

.

This finishes the proof of Theorem 3.4.1.

The next lemma gives a pointwise relationship between fractional inte-
gral operators with homogeneous kernels and fractional maximal operators
with homogeneous kernels.

Lemma 3.4.1 Suppose that ε > 0 satisfies 0 < α− ε < α+ ε < n, x ∈ Rn.
Then

|TΩ,αf(x)| ≤ C(n, α, ε)(MΩ,α+εf(x))
1
2 (MΩ,α−εf(x))

1
2 . (3.4.2)

Proof. Given ε > 0 and x ∈ Rn, take δ > 0 such that

δ2ε =
MΩ,α+εf(x)

MΩ,α−εf(x)
.
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Set

TΩ,αf(x) =

∫

|x−y|<δ

Ω(x− y)

|x− y|n−α
f(y)dy+

∫

|x−y|≥δ

Ω(x− y)

|x− y|n−α
f(y)dy := I1+I2.

Thus

|I1| ≤
∞∑

j=0

∫

2−j−1δ≤|x−y|<2−jδ

|Ω(x− y)|
|x− y|n−α

|f(y)|dy

≤
∞∑

j=0

(2−j−1δ)−(n−α)

∫

|x−y|<2−jδ
|Ω(x− y)||f(y)|dy

≤ CδεMΩ,α−εf(x).

Similarly,

|I2| ≤
∞∑

j=1

∫

2j−1δ≤|x−y|<2jδ

|Ω(x− y)|
|x− y|n−α

|f(y)|dy

≤ C
∞∑

j=1

(2jδ)−ε 1

(2jδ)n−α−ε

∫

|x−y|<2jδ
|Ω(x− y)||f(y)|dy

≤ Cδ−εMΩ,α+εf(x).

Therefore

|TΩ,αf(x)| ≤ C(δεMΩ,α−εf(x) + δ−εMΩ,α+εf(x))

= 2C(MΩ,α+εf(x))
1
2 (MΩ,α−εf(x))

1
2 .

To show the weighted boundedness of TΩ,α, we also need the following
property of A(p, q).

Lemma 3.4.2 Suppose that 0 < α < n, 1 < p < n
α ,

1
q = 1

p − α
n , ω ∈ A(p, q).

Then there exists ε > 0 such that
(i) ε < α < α+ ε < n;
(ii) 1

p >
α+ε

n , 1
q <

n−ε
n ;

(iii) ω ∈ A(p, qε), ω ∈ A(p, q̃ε) hold, where

1

qε
=

1

p
− α+ ε

n
,

1

q̃ε
=

1

p
− α− ε

n
.
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Proof. Since α > 0 and q > 1, we may choose ε1 > 0 such that ε1 < α
and

1

q
+
ε1
n
< 1.

Let
1

qε1

=
1

p
− α− ε1

n
=

1

q
+
ε1
n
,

then q > qε1 > 1 and

1 +
p′

q
< 1 +

p′

qε1

.

Applying Theorem 3.2.2 together with the property of Ap-weight lead to

ω−p′ ∈ A
1+ p′

q

⊂ A
1+ p′

qε1

.

Applying Theorem 3.2.2 again, it is equivalent to

ω ∈ A(p, qε1). (3.4.3)

On the other hand, by the property of Ap, there exits η > 0, such that η < 1
q

and

ω−p′ ∈ A1+p′( 1
q
−η).

Again choose ε2 > 0, such that ε2 < min{α, n − α}, 1
p >

α+ε2
n and ε2

n < η.
Let

1

qε2

=
1

p
− α+ ε2

n
,

then 0 < 1
qε2

< 1 and 1
qε2

= 1
q − ε2

n > 1
q − η. By Theorem 3.2.2 and the

property of Ap, we have

ω(x)−p′ ∈ A1+p′( 1
q
−η) ⊂ A

1+ p′

qε2

.

The last is equivalent to

ω ∈ A(p, qε2). (3.4.4)

Set ε = min{ε1, ε2}, then it is easy to prove that ε satisfies all the properties
of ε1 and ε2. If we let 1

qε
= 1

p − α+ε
n , 1

q̃ε
= 1

p − α−ε
n , then by (3.4.3) and

(3.4.4), we see that ω ∈ A(p, qε) and ω ∈ A(p, q̃ε).
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Lemma 3.4.3 Suppose that 0 < α < n, 1 ≤ s′ < p < n
α ,

1
q = 1

p − α
n and

ω(x)s′ ∈ A( p
s′ ,

q
s′ ). Then there exists ε > 0 such that

(i) ε < α < α+ ε < n;
(ii) 1

p >
α+ε

n , 1
q <

n−ε
n ;

(iii) ω(x)s′ ∈ A( p
s′ ,

qε

s′ ), ω(x)s′ ∈ A( p
s′ ,

q̃ε

s′ ) hold, where qε and q̃ε are the
same as in Lemma 3.4.2.

Proof. This consequence follows directly from Lemma 3.4.2.

Next we will state and prove the weighted (Lp, Lq)-boundedness of TΩ,α.

Theorem 3.4.2 Suppose that 0 < α < n, 1 ≤ s′ < p < n
α and 1

q = 1
p − α

n .

If Ω ∈ Ls(Sn−1) and ω(x)s′ ∈ A( p
s′ ,

q
s′ ), then there exists a constant C

independent of f such that

(∫

Rn

|TΩ,αf(x)ω(x)|qdx
) 1

q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

.

Proof. Let ε > 0 be determined in Lemma 3.4.3. Let

l1 =
2qε
q
, l2 =

2q̃ε
q
,

then 1
l1

+ 1
l2

= 1. For the above ε, applying Lemma 3.4.1 and Hölder’s
inequality, we have that

(∫

Rn

|TΩ,αf(x)ω(x)|qdx
) 1

q

≤C
(∫

Rn

(MΩ,α+εf(x)ω(x))
q
2 (MΩ,α−εf(x)ω(x))

q
2 dx

) 1
q

≤C
(∫

Rn

(MΩ,α+εf(x)ω(x))
ql1
2 dx

) 1
ql1

(∫

Rn

(MΩ,α−εf(x)ω(x))
ql2
2 dx

) 1
ql2

=C

(∫

Rn

(MΩ,α+εf(x)ω(x))qεdx

) 1
2qε
(∫

Rn

(MΩ,α−εf(x)ω(x))q̃εdx

) 1
2q̃ε

.

By Lemma 3.4.3 and Theorem 3.4.1, we have

(∫

Rn

(MΩ,α+εf(x)ω(x))qεdx

) 1
2qε

≤ C‖f‖
1
2
p,ωp
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and (∫

Rn

(MΩ,α−εf(x)ω(x))q̃εdx

) 1
2q̃ε

≤ C‖f‖
1
2
p,ωp.

Therefore
‖TΩ,αf‖q,ω(x)q ≤ C‖f‖p,ωp.

Next we will state the dual form of Theorem 3.4.2.

Theorem 3.4.3 Suppose that 0 < α < n, 1 < p < n
α ,

1
q = 1

p − α
n and s > q.

If Ω ∈ Ls(Sn−1) and ω(x)−s′ ∈ A( q′

s′ ,
p′

s′ ), then there exists a constant C > 0
independent of f such that

(∫

Rn

|TΩ,αf(x)ω(x)|qdx
) 1

q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

.

Proof. Let Ω̃(x) = Ω(−x), then Ω̃ satisfies the conditions as Ω does. It is
easy to check that TΩ̃,α is the dual operator of TΩ,α. Hence

‖TΩ,αf‖q,ω(x)q = sup
‖g‖

q′ ,ω−q′≤1

∣∣∣∣
∫

Rn

TΩ,αf(x)g(x)dx

∣∣∣∣

= sup
‖g‖

q′ ,ω−q′≤1

∣∣∣∣
∫

Rn

f(x)TΩ̃,αg(x)dx

∣∣∣∣

≤ ‖f‖p,ωp sup
‖g‖

q′ ,ω−q′≤1
‖TΩ̃,αg(x)‖p′ ,ω−p′ .

By the given condition, we have

1

p′
=

1

q′
− α

n
, s′ < q′ <

n

α
and (ω−1)s

′ ∈ A(
q′

s′
,
p′

s′
).

From Theorem 3.4.2, it follows that

‖TΩ,αg‖p′,ω−p′ ≤ C‖g‖q′,ω−q′ .

Thus
‖TΩ,αf‖q,ωq ≤ C‖f‖p,ωp .
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As an immediate result of Theorem 3.4.3 and Lemma 3.3.1, we can get
the dual form of Theorem 3.4.1:

Theorem 3.4.4 Suppose that 0 < α < n, 1 < p < n
α ,

1
q = 1

p − α
n and s > q.

If Ω ∈ Ls(Sn−1) and ω(x)−s′ ∈ A( q′

s′ ,
p′

s′ ), then there exists a constant C > 0
independent of f such that

(∫

Rn

(MΩ,αf(x)ω(x))qdx

) 1
q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

.

Note that in Theorem 3.4.2 and Theorem 3.4.4, the class of weight func-
tions depend on s. The following theorem shows that this restriction can be
dropped off.

Theorem 3.4.5 Suppose that 0 < α < n, 1 < p < n
α , and 1

q = 1
p − α

n . If for

some s satisfying α
n + 1

s <
1
p <

1
s′ , Ω ∈ Ls(Sn−1), furthermore, there exists

1 < r < s/(n
α)′ such that ω(x)r′ ∈ A(p, q), then there exists a constant C

independent of f such that

(∫

Rn

|TΩ,αf(x)ω(x)|q dx
) 1

q

≤ C

(∫

Rn

|f(x)ω(x)|pdx
) 1

p

.

To prove Theorem 3.4.5, we need the following interpolation theorem
with change of measure. This is a simple corollary of the Stein-Weiss In-
tepolation Theorem with change of measure (see [StW]).

Lemma 3.4.4 Suppose that 0 < α < n, 1 < p0 < p1 <
n
α ,

1
q0

= 1
p0

− α
n and

1
q1

= 1
p1

− α
n . If a linear operator T satisfies

‖Tf‖Lq0 (ω
q0
0 ) ≤ C0‖f‖Lp0 (ω

p0
0 )

and
‖Tf‖Lq1 (ω

q1
1 ) ≤ C1‖f‖Lp1 (ω

p1
1 ),

then
‖Tf‖Lq(ωq) ≤ C‖f‖Lp(ωp),

where
1

p
=

1 − θ

p0
+

θ

p1
,
1

q
=

1

p
− α

n
,

ω = ω1−θ
0 ωθ

1 and C ≤ C1−θ
0 Cθ

1 (0 < θ < 1).
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Proof. Omitted.

If we can show that, under the condition of Theorem 3.4.5, there exists
a real number θ (0 < θ < 1), p0, p1, q0, q1, ω0, ω1 such that the following
conditions hold:

1 ≤ s′ < p0 < p < p1 <
n

α
, (3.4.5)

n

n− α
< q0 < q < q1 < s, (3.4.6)

1

q0
=

1

p0
− α

n
,

1

q1
=

1

p1
− α

n
,

1

p
=

1 − θ

p0
− θ

p1
, (3.4.7)

ω = ω1−θ
0 ωθ

1, (3.4.8)

ωs′
0 ∈ A

(p0

s′
,
q0
s′

)
, ω−s′

1 ∈ A
(q1
s′
,
p1

s′

)
, (3.4.9)

then applying Theorem 3.4.2, Theorem 3.4.4 and Lemma 3.4.4, we can ob-
tain the consequence of Theorem 3.4.5. Now we will validate the conditions
of (3.4.5)-(3.4.9), respectively.

Let us recall a property on Ap weight: ω ∈ Ap if and only if there exist
u, v ∈ A1, such that ω(x) = u(x)v(x)1−p. A nonnegative locally integrable
function u(x) is called Ap weight, if there exists a constant C > 0 such that
for any square cube Q,

1

|Q|

∫

Q
u(y)dy ≤ Cu(x), a.e. x ∈ Q.

Since ωr′ ∈ A(p, q), Theorem 3.2.2 (i) implies ωr′q ∈ Aq n−α
n

. Thus there

exist u, v ∈ A1, such that

ω(x)r′q = u(x)v(x)1−q n−α
n .

That is,

ω(x) = u(x)
1

r′q v(x)
1

r′q
−n−α

nr′ .

So write
ω = (uτvβ)1−θ(uγvδ)θ, (3.4.10)

where τ, β, γ and δ satisfies

τ(1 − θ) + γθ =
1

r′q
, β(1 − θ) + δθ =

1

r′q
− n− α

r′n
. (3.4.11)
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Now write ω0(x) = u(x)τv(x)β and ω1(x) = u(x)γv(x)δ. Notice that if
1 ≤ s′ < p0 < p < n

α ,
1
q0

= 1
p0

− α
n , and set

τ =
1

q0
, β = − 1

s′(p0

s′ )
′ ,

then we have

ωs′

0 ∈ A(
p0

s′
,
q0
s′

).

In fact, since u, v ∈ A1, for any cube Q, we have that

(
1

|Q|

∫

Q
[ωs′

0 (x)]
q0
s′ dx

) s′

q0

(
1

|Q|

∫

Q
[ω0(x)

s′ ]−(
p0
s′

)′dx

)1/(
p0
s′

)′

=

(
1

|Q|

∫

Q
u(x)q0τv(x)q0βdx

) s′

q0

(
1

|Q|

∫

Q
u(x)−τs′(

p0
s′

)′v(x)−βs′(
p0
s′

)′dx

)1/(
p0
s′

)′

≤C
(

1

|Q|

∫

Q
v(x)dx

)s′β ( 1

|Q|

∫

Q
u(x)q0τdx

) s′

q0

(
1

|Q|

∫

Q
u(x)dx

)−s′τ

·
(

1

|Q|

∫

Q
v(x)−βs′(

p0
s′

)′dx

)1/(
p0
s′

)′

≤C.

Obviously, C is independent of θ. Applying the same method as the above,
we can prove that if n

n−α < q < q1 < s and 1
q1

= 1
p1

− α
n , then taking

γ = − 1
p′1
, δ = 1/s′( q′1

s′ )
′, we have ω(x)−s′ ∈ A(

q′1
s′ ,

p′1
s′ ).

Now let us calculate θ by (3.4.11). Note

β = −
(
s′(
p0

s′
)′
)−1

=
1

p0
− 1

s′

and

δ =

(
s′(
q′1
s′

)′
)−1

,

thus

θ =
τ − β − n−α

r′n

δ − γ − β + τ
=

1
s′ − α

n − n−α
r′n

2( 1
s′ − α

n )
. (3.4.12)

Obviously θ < 1.
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Since 1 < r < s/(n
α)′, there exists ε > 0 such that 1

r = n
n−α(1

s + ε). Thus

1

s′
− α

n
− n− α

r′n
=

1

s′
− α

n
− n− α

n

(
1 − n

n− α
(
1

s
+ ε)

)
= ε.

By (3.4.12), we have

θ =
ε

2( 1
s′ − α

n )
> 0.

Thus we have explained that if θ was determined by (3.4.12), and (3.4.5)-
(3.4.7) hold, then both (3.4.8) and (3.4.9) hold. Hence it remains to choose
p0, p1, q0, q1 such that (3.4.5)-(3.4.7) hold.

Since 1
p >

α
n + 1

s and θ > 0, we have

1

p(1 − θ)
− αθ

n(1 − θ)
− θ

s(1 − θ)
>

1

p
. (3.4.13)

By (3.4.13) and the fact that 1
p <

1
s′ , we choose p0 satisfies

1

p
<

1

p0
< min{ 1

s′
,

1

p(1 − θ)
− αθ

n(1 − θ)
− θ

s(1 − θ)
}. (3.4.14)

From this it follows that s′ < p0 < p and 1
p >

1−θ
p0

+ αθ
n .

Choose σ > 0 such that

1

p
=

1 − θ

p0
+
(α
n

+ σ
)
θ. (3.4.15)

Now let 1
p1

= α
n + σ. Then by p1 <

n
α and p > p0 we see that s′ < p0 < p <

p1 <
n
α . So (3.4.5) holds. By (3.4.15) we see that (3.4.7) also holds. Let

1
q0

= 1
p0

− α
n ,

1
q1

= 1
p1

− α
n , then it is obvious that

n

n− α
< q0 < q < q1.

Finally we will show q1 < s. By (3.4.14) we can get

1

pθ
− 1 − θ

p0θ
− α

n
>

1

s
.

This is equivalent to
1

p1
− α

n
>

1

s
, i.e.

1

q1
>

1

s
.

Thus (3.4.6) holds. This finishes the proof of Theorem 3.4.5.
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3.5 Commutators of Riesz potential

In this section we will study (Lp, Lq)-boundedness of commutators of
the Riesz potential Iα. We will also illustrate that boundedness of com-
mutators of Iα can characterize BMO(Rn) spaces. First we will give some
definitions and related results.

Suppose that b ∈ Lloc(Rn), then the commutator generated by b and the
Riesz potential Iα is defined by

[b, Iα]f(x) = b(x)Iαf(x) − Iα(bf)(x) =

∫

Rn

[b(x) − b(y)]

|x− y|n−α
f(y)dy. (3.5.1)

Let us first formulate the following consequences.

Theorem 3.5.1 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . Then
[b, Iα] is bounded from Lp(Rn) to Lq(Rn) if and only if b ∈ BMO(Rn).

To prove the theorem, we will prove the following lemma first.

Lemma 3.5.1 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . If
1 < r, s < p, b ∈ BMO(Rn), then there exists a constant C independent of
b such that, for any f ∈ Lp(Rn),

M ]
(
[b, Iα]f

)
(x) ≤ C‖b‖BMO

[(
M(|Iαf |r)(x)

) 1
r +

(
Mαs(|f |s)(x)

) 1
s

]
,

a.e. x ∈ Rn. (3.5.2)

Proof. Fix a cube Q and set

[b, Iα]f(x) = (b(x)−bQ)Iαf(x)−Iα((b−bQ)fχ2Q)(x)−Iα((b−bQ)fχ(2Q)c)(x)

:= a1(x) − a2(x) − a3(x).

Applying Hölder’s inequality and (2.4.2), we have that

1

|Q|

∫

Q
|a1(x)|dx ≤

(
1

|Q|

∫

Q
|b(x) − bQ|r

′
dx

) 1
r′
(

1

|Q|

∫

Q
|Iαf(x)|rdx

) 1
r

≤ C‖b‖BMO

(
M(|Iαf |r)

) 1
r .

(3.5.3)
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Since 1 < s < p, we can choose γ > 1, β > 1 such that γβ = s. Thus it
implies 1 < β < p < n

α . Then there exists u > β such that 1
u = 1

β − α
n .

Applying the Hardy-Littlewood-Sobolev theorem (Theorem 3.1.1), we have
that

1

|Q|

∫

Q
|a2(x)|dx ≤

(
1

|Q|

∫

Q
|Iα((b− bQ)fχ2Q)(x)|udx

) 1
u

≤ C
1

|Q| 1
u

(∫

2Q
|b(x) − bQ|β|f(x)|βdx

) 1
β

≤ C 1

|Q| 1u

(∫

2Q
|b(x) − bQ|γ

′βdx

) 1
βγ′
(∫

2Q
|f(x)|γβdx

) 1
γβ

≤ C‖b‖BMO|Q|α
n

(
1

|Q|

∫

2Q
|f(x)|sdx

) 1
s

= C‖b‖BMO

(
1

|Q|1−αs
n

∫

2Q
|f(x)|sdx

) 1
s

≤ C‖b‖BMO (Mαs(|f |s)(x))
1
s .

(3.5.4)
Denote x0 as the center of Q, then for x ∈ Q and y ∈ (2Q)c, we have the
estimate: |x− y| ∼ |x0 − y|. Note that

|Iα((b− bQ)fχ(2Q)c)(x) − Iα((b− bQ)fχ(2Q)c)(x0)|

≤
∫

Rn\2Q

∣∣∣∣
1

|x− y|n−α
− 1

|x0 − y|n−α

∣∣∣∣ |b(y) − bQ||f(y)|dy

≤ C

∫

Rn\2Q

|x− x0|
|x0 − y|n−α+1

|b(y) − bQ||f(y)|dy

≤ C

(∫

Rn\2Q

|x− x0|
|x0 − y|n+1

|b(y) − bQ|s
′
dy

) 1
s′

×
(∫

Rn\2Q

|x− x0|
|x0 − y|n+1−αs

|f(y)|sdy
) 1

s

≤ C‖b‖BMO (Mαs(|f |s)(x))
1
s .

(3.5.5)
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From (3.5.3)-(3.5.5) it follows that

1

|Q|

∫

Q

∣∣[b, Iα](f)(x) − Iα((b− bQ)fχ(2Q)c)(x0)
∣∣ dx

≤ 1

|Q|

∫

Q
|a1(x)|dx+

1

|Q|

∫

Q
|a2(x)|dx

+
1

|Q|

∫

Q
|a3(x) − Iα((b− bQ)fχ(2Q)c)(x0)|dx

≤ C‖b‖BMO

[(
M(|Iαf |r)(x)

) 1
r +

(
Mαs(|f |s)(x)

) 1
s

]
.

Note that C is independent of Q, thus (3.5.2) holds.

Let us now return to the proof of Theorem 3.5.1. First suppose b ∈
BMO(Rn), by Lemma 2.4.2 and Lemma 3.5.1, we have that

‖[b, Iα]f‖q ≤ ‖M([b, Iα]f)‖q

≤ C(n, q)‖M ]([b, Iα]f)‖q

≤ C‖b‖BMO

(
‖(M(|Iαf |r))

1
r ‖q + ‖(Mαs(|f |s))

1
s ‖q

)
.

(3.5.6)

Note that 1 < r < p < q. Since M is of ( q
r ,

q
r )-type, by Theorem 3.1.1, we

have ∥∥∥(M(|Iαf |r))
1
r

∥∥∥
q
≤ C ‖(Iαf)r‖

1
r
q
r
≤ C‖f‖p.

As long as we choose s > 1 such that 0 < α < αs < n, then we have
1 < p

s <
n
αs and 1

q/s = 1
p/s − αs

n . Applying Theorem 3.2.1 yields that

∥∥∥(Mαs(|f |s))
1
s

∥∥∥
q
≤ C‖f‖p.

Thus it follows from (3.5.6) that

‖[b, Iα]f‖q ≤ C‖b‖BMO‖f‖p.

Next we will give the proof of the necessity. Choose z0 ∈ Rn, δ > 0 such
that in the neighborhood {z : |z − z0| < δ

√
n }, function |z|n−α can be

represented as a Fourier series which absolutely converges. That is

|z|n−α =
∞∑

m=0

amei<vm,z>.
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Let z1 = z0
δ . For any cube Q = Q(x0, r), let y0 = x0 − rz1, Q

′ = Q′(y0, r).
Then for x ∈ Q, y ∈ Q′, we have that∣∣∣∣

x− y

r
− z1

∣∣∣∣ ≤
∣∣∣∣
x− x0

r

∣∣∣∣+
∣∣∣∣
y − y0

r

∣∣∣∣ ≤
√
n.

Now set s(x) = sgn[b(x) − bQ′ ], then
∫

Q
|b(x) − bQ′ |dx

=

∫

Q
(b(x) − bQ′)s(x)dx

= |Q′|−1

∫

Q

∫

Q′

(b(x) − b(y))s(x)dydx

= δα−nr−α

∫

Rn

∫

Rn

b(x) − b(y)

|x− y|n−α

∣∣∣∣
δ(x − y)

r

∣∣∣∣
n−α

s(x)χQ(x)χQ′(y)dydx

= Cr−α
∑

m

am

∫

Rn

∫

Rn

b(x) − b(y)

|x− y|n−α
ei<vm, δ

r
(x−y)>s(x)χQ(x)χQ′(y)dydx.

Set
fm(y) = e−i δ

r
<vm,y>χQ′(y)

and
gm(x) = ei δ

r
<vm,x>s(x)χQ(x),

then fm ∈ Lp(Rn) and

∫

Q
|b(x) − bQ′ |dx ≤ Cr−α

∑

m

am

∫

Rn

∫

Rn

b(x) − b(y)

|x− y|n−α
fm(y)dygm(x)dx

≤ Cr−α
∑

m

|am|
∫

Rn

|[b, Iα](fm)(x)||gm(x)|dx

≤ Cr−α
∑

m

|am|
∫

Q
|[b, Iα](fm)(x)|dx.

Applying Hölder’s inequality and (Lp, Lq)-boundedness of [b, Iα], we con-
clude that

∫

Q
|b(x) − bQ′ |dx ≤ Cr−α

∑

m

|am||Q|
1
q′

(∫

Q
|[b, Iα](fm)(x)|qdx

) 1
q

≤ Cr−α
∑

m

|am||Q|
1
q′ |Q′|

1
p

≤ C|Q|.
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This is equivalent to b ∈ BMO(Rn), and therefore the proof of Theorem
3.5.1 is finished.

For the commutator [b,Mα] of fractional maximal operator Mα, there
are some results parallel to Theorem 3.5.1. Here [b,Mα] is defined by

[b,Mα](f)(x) = sup
r>0

1

rn−α

∫

|y−x|≤r
|b(x) − b(y)||f(y)|dy.

Theorem 3.5.2 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n .
Then commutator [b,Mα] is bounded from Lp(Rn) to Lq(Rn) if and only if
b ∈ BMO(Rn).

Proof. Applying the same method in the proof of (3.2.3), we obtain that

[b,Mα](f)(x) ≤ γ(α)[b, Iα](|f |)(x). ∀x ∈ Rn. (3.5.7)

Thus when b ∈ BMO(Rn), by (3.5.7) and Theorem 3.5.1 we deduce that
[b,Mα] is bounded from Lp(Rn) to Lq(Rn).

On the other hand, suppose that [b,Mα] is bounded from Lp(Rn) to
Lq(Rn). Choose any cube Q in Rn,

1

|Q|

∫

Q
|b(x) − bQ|dx ≤ 1

|Q|2
∫

Q

∫

Q
|b(x) − b(y)|dydx

=
1

|Q|1+ α
n

∫

Q

1

|Q|1−α
n

∫

Q
|b(x) − b(y)|χQ(y)dydx

≤ 1

|Q|1+ α
n

∫

Q
[b,Mα](χQ)(x)dx

≤ 1

|Q|1+ α
n

|Q|
1
q′

(∫

Q
([b,Mα](χQ)(x))qdx

) 1
q

≤ C
1

|Q|1+ α
n

|Q|
1
q′ |Q|

1
p = C.

Thus b ∈ BMO(Rn).

3.6 Commutators of fractional integrals with

rough kernels

In this section we will discuss the weighted (Lp, Lq)-boundedness of
commutators generated by fractional integral operators with rough kernels
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TΩ,α and BMO functions. First we will give their definitions. Suppose
b ∈ BMO(Rn). Then the commutator generated by TΩ,α and b is defined by

[b, TΩ,α](f)(x) = b(x)TΩ,αf(x) − TΩ,α(bf)(x)

=

∫

Rn

[b(x) − b(y)]

|x− y|n−α
Ω(x− y)f(y)dy.

The commutator [b,MΩ,α] generated by MΩ,α and b is defined by

[b,MΩ,α](f)(x) = sup
r>0

1

rn−α

∫

|x−y|≤r
|b(x) − b(y)||Ω(x− y)||f(y)|dy.

We begin with indicating some relations between A(p, q)-weight and BMO(Rn).

Lemma 3.6.1 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . If

ω ∈ A(p, q), then there exists ε > 0, such that ω1+ε ∈ A(p, q).

Proof. Applying Theorem 3.2.2, we have ω(x)q ∈ A q(n−α)
n

. By the prop-

erty of Ap, there exists ε > 0 such that ωq(1+ε) ∈ A q(n−α)
n

. Then we can get

the desired consequence by applying Theorem 3.2.2 again.

Lemma 3.6.2 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . If

b ∈ BMO(Rn), then there exists λ > 0 such that eλb ∈ A(p, q).

Proof. By the John-Nirenberg inequality and the inverse Hölder’s inequal-
ity of Ap, there exists a λ0 > 0, such that eλ0b ∈ A q(n−α)

n

(see Garciá-Cuerva

and Rubio de Francia [GaR]). Now take λ = λ0
q , then eλbq ∈ A q(n−α)

n

. By

Theorem 3.2.2, this leads to eλb ∈ A(p, q).

Lemma 3.6.3 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . For
λ > 0, there exists a η > 0 such that if b ∈ BMO and ‖b‖∗ < η, then
eλb ∈ A(p, q).

Proof. It is not difficult to show that if we set

η = min

{
C

λq
,
C[q(n− α)/n− 1]

λq

}
,
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here C is the absolute constant in the John-Nirenberg inequality, then when
‖b‖BMO < η we have (see [GaR])

eλqb ∈ A q(n−α)
n

.

By Theorem 3.2.2, this is equivalent to eλb(x) ∈ A(p, q).

Now let us turn our attention to the weighted (Lp, Lq)-boundedness of
[b, TΩ,α].

Theorem 3.6.1 Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n .

Let Ω ∈ Ls(Sn−1), s > 1 and b ∈ BMO(Rn). If p, q, s, ω satisfy one of the
following three conditions, then ‖[b, TΩ,α]f‖q,ωq ≤ C‖f‖p,ωp:

(i) s′ < p and ω(x)s′ ∈ A( p
s′ ,

q
s′ );

(ii) q < s and ω−s′ ∈ A( q′

s′ ,
p′

s′ );

(iii) α
n + 1

s <
1
p <

1
s′ , 1 < r < s/(n

α )′ and ω(x)r′ ∈ A(p, q).

Proof. First we will give the proof of (i). By (2.4.29), we obtain that

|[b, TΩ,α]f(x)| =

∣∣∣∣
∫

Rn

b(x) − b(y)

|x− y|n−α
Ω(x− y)f(y)dy

∣∣∣∣

=

∣∣∣∣
∫

Rn

1

2π

∫ 2π

0
eeiθ [b(x)−b(y)]e−iθdθ

Ω(x− y)

|x− y|n−α
f(y)dy

∣∣∣∣

≤ 1

2π

∫ 2π

0

∫

Rn

|Ω(x− y)|
|x− y|n−α

|f(y)|e−b(y) cos θdy · eb(x) cos θdθ.

Let gθ(y) = f(x)e−b(y) cos θ, θ ∈ [0, 2π]. Since f ∈ Lp(ωp), we have, for
any θ ∈ [0, 2π], that

gθ ∈ Lp(ωpepb cos θ) and ‖gθ‖p,ωpepb cos θ = ‖f‖p,ωp (3.6.1)

Thus

|[b, TΩ,α]f(x)| ≤ 1

2π

∫ 2π

0

∣∣T|Ω|(|gθ|)(x)
∣∣ eb(x) cos θdθ.

From the Minkowski’s inequality, it follows that

‖[b, TΩ,α]f‖q,ωq ≤ 1

2π

∫ 2π

0
‖T|Ω|,α(|gθ|)‖q,ωqeqb cos θdθ. (3.6.2)

By the given conditions, 1 < 1
(p/s′) <

n
αs′ , 0 < αs′ < n and 1

(q/s′) = 1
(p/s′) −

αs′

n together with Lemma 3.6.1, we see that there exists ε > 0 such that
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ωs′(1+ε) ∈ A( p
s′ ,

q
s′ ). Then by Theorem 3.4.1, for any ϕ ∈ Lp(ωp(1+ε)), we

have that
‖T|Ω|,α(ϕ)‖q,ωq(1+ε) ≤ C1‖ϕ‖p,ωp(1+ε) . (3.6.3)

On the other hand, if we choose λ = s′(1+ε)
ε , then by Lemma 3.6.3, there

exists η > 0 such that, for b ∈ BMO(Rn) and ‖b‖BMO < η, eλb ∈ A( p
s′ ,

q
s′ ),

i.e.
(
e(1+ε)b/ε

)s′ ∈ A( p
s′ ,

q
s′ ).

Notice that if b ∈ BMO(Rn) and for all |t| ≤ 1 then tb ∈ BMO and
‖tb‖BMO ≤ ‖b‖BMO. Thus for all |t| ≤ 1, we have

(
etb(1+ε)/ε

)s′

∈ A
( p
s′
,
q

s′

)
. (3.6.4)

Thus, without loss of generality, we can prove Theorem 3.6.1 (i) only in
the case ‖b‖BMO < η. Applying Theorem 3.4.1 again and (3.6.4), for any
θ ∈ [0, 2π] and ϕ ∈ Lp(epb(1+ε) cos θ/ε), we have that

‖T|Ω|,α(ϕ)‖q,eqb(1+ε) cos θ/ε ≤ C2‖ϕ‖p,epb(1+ε) cos θ/ε. (3.6.5)

Here C2 is independent of θ.

By (3.6.3) and (3.6.5), applying the Stein-Weiss Intepolation Theorem
with change measure (Lemma 3.4.4), for any θ ∈ [0, 2π] and ϕ ∈ Lp(ωpepb cos θ),
we obtain that

‖T|Ω|,α(ϕ)‖q,ωqeqb cos θ ≤ C‖ϕ‖p,ωpepb cos θ , (3.6.6)

where C ≤ C
1

1+ε

1 C
ε

1+ε

2 and C is independent of θ, ϕ.
(3.6.1), (3.6.2) and (3.6.6) yield that

‖[b, TΩ,α](f)‖q,ωq ≤ 1

2π

∫ 2π

0
C‖gθ‖p,ωpb cos θdθ = C‖f‖p,ωp .

This finishes the proof of consequence (i).

Using the consequence (i) and the method in the proof of Theorem 3.4.3,
we can easily get the consequence (ii). Note that if we set Ω̃(x) = −Ω(−x),
then [b, TΩ̃,α] is the dual operator of [b, TΩ,α].

By the consequence (i)(ii) as well as the interpolation theorem with
change of measure (Lemma 3.4.4) and using the method in the proof of
Theorem 3.4.5, we can get the proof of the consequence (iii), therefore we
omit the details here.
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Remark 3.6.1 Let m ∈ N. The commutator of degree m generated by TΩ,α

and b is defined by

[b, TΩ,α]m(f)(x) = [b, · · · , [b, TΩ,α]] =

∫

Rn

(b(x) − b(y))m

|x− y|n−α
Ω(x− y)f(y)dy.

Using the method in the proof of Theorem 3.6.1 and the mathematical in-
duction, we can prove that, under the conditions of Theorem 3.6.1, the con-
sequences of weighted boundedness hold for [b, TΩ,α]m.

Remark 3.6.2 Using the method in the proof of (3.2.3) we have that

[b,MΩ,α]f(x) ≤ γ(α)[b, T|Ω|,α](|f |)(x), ∀x ∈ Rn. (3.6.7)

By (3.6.7) we see that under the conditions of Theorem 3.6.1, the conse-
quences of weighted boundedness still hold for [b,MΩ,α]. If m ∈ N, and the
commutator of degree m generated by MΩ,α and b is defined by

[b,MΩ,α]m(f)(x) = sup
r>0

1

rn−α

∫

|x−y|≤r
|b(x) − b(y)|m|Ω(x− y)||f(y)|dy.

Similarly, it is easy to prove that under the conditions of Theorem 3.6.1, the
consequences of weighted boundedness hold for [b,MΩ,α]m.

3.7 Notes and references

Lemma 3.1.1 was proved by Hedberg [He]. The formula (3.2.3) shows that
the fractional maximal operator can be dominated by the Riesz potential in
pointwise sense, which is a special case of Lemma 3.3.1( i.e. Ω ≡ 1). And
Lemma 3.3.1 was proved by Ding [Di3].

The definition of A(p, q) weights was first introduced by Muckenhoupt
and Wheeden [MuW2]. Theorem 3.2.3, Theorem 3.2.4 and Theorem 3.2.5
come from [MuW2]. The fractional integral operator with homogeneous
kernel was first introduced by Muckenhoupt and Wheeden [MuW1].In this
paper, they obtained the power weighted (Lp, Lq)-boundedness of TΩ,α (1 <
p < n

α). The theorems presented in this section are generalizations of their
consequences. As a complement of Muckenhoupt and Wheeden’s conse-
quences mentioned above, Ding [Di3] gave the power weighted weak (1, n

n−α)-
boundedness of TΩ,α.
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In 1988, Adams (see [Ad]) proved that if 0 < α < n and f ∈ L
n
α (B),

B = {x ∈ Rn : |x| < 1}, then

1

|B|

∫

B
exp



n

∣∣∣∣∣
Iα(f)(x)

‖f‖n
α

∣∣∣∣∣

n
n−α



 dx ≤ C,

where C = C(α, n). This result can be viewed as a replacement for the
boundedness of Iα when p = n

α . In 1996, Ding and Lu [DiL1] obtained a
similar result for fractional integral operators with rough kernels.

All theorems in Section 4 of this chapter are taken from Ding and Lu
[DiL3]. And Lemma 3.4.1 is also taken from [DiL3]. Its idea of the proof
comes from Welland [We].

The necessity of Theorem 3.5.1 with n − α being an even and the suf-
ficiency of the theorem were first proved by Chanillo [Cha] in 1982. The
proof given here is simpler which comes from Ding [Di2].

There are counterexamples showing that when b ∈ BMO, the commuta-
tor [b, Iα] is not (L1, L

n
n−α

,∞)-type. However Ding, Lu and Zhang [DiLZ],
as well as Cruz-Uribe and Fiorenza [CrF] independently, proved that when
b ∈ BMO(Rn) and p = 1, the commutator [b, Iα] satisfies an estimate of
weak L log+ L type.

Theorem 3.6.1 was proved by Ding [Di1]. In 1999, Ding, Lu [DiL4] estab-
lished weighted norm inequalities for commutators generated by fractional
integral operators with rough kernels and BMO functions. A two-weight
weak-type norm inequality for the commutator generated by the Riesz po-
tential and BMO function was obtained by Liu and Lu [LiL].

As space is limited, we do not mention the boundedness of homogeneous
fractional integrals on Hardy spaces in this chapter. For related results,
we refer to Ding, Lu [DiL5] and Lu, Wu [LuWu]. In [LuWu], the authors
established some equivalent characterizations for (H 1, Ln/(n−α)) type bound-
edness of commutators of fractional integrals.
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Chapter 4

Oscillatory Singular

Integrals

Oscillatory integrals have been an essential part of harmonic analysis.
Many important operators in harmonic analysis are some versions of oscilla-
tory integrals, such as the Fourier transform, Bochner-Riesz means, Radon
transform and so on. However, the object we study in this chapter is a class
of oscillatory singular integrals with polynomial phases which is closely re-
lated to the Radon transform.

4.1 Oscillatory singular integrals with homogeneous

smooth kernels

Suppose that K is a homogeneous Calderón-Zygmund kernel in Rn. Pre-
cisely, K satisfies the following conditions:

(i) K is a C1 function away from the origin,

(ii) K is homogeneous of degree −n, and

(iii) the mean-value of K on the unit sphere vanishes.

Let P (x, y) be a real-valued polynomial on Rn×Rn. Consider an operator
T of the following form

Tf(x) = p·v·

∫

Rn

eiP (x, y)K(x− y)f(y)dy. (4.1.1)

Let us first begin with Lp-boundedness of T in this section.

169
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Theorem 4.1.1 Suppose that K satisfies (i), (ii) and (iii). Then T defined
by (4.1.1) is bounded on Lp(Rn), with 1 < p <∞, and bound depending only
on the total degree of P (x, y), but not on the coefficients of P (x, y).

In order to prove Theorem 4.1.1, we need to establish some lemmas on
some general inequalities for polynomials in Rn.

Lemma 4.1.1 Suppose that P (x) =
∑

|α|≤d aαx
α is a polynomial of degree

d, and ε < 1/d. Then

sup
y∈Rn

∫

|x|≤1
|P (x− y)|−εdx ≤ Aε


∑

|α|=d

|aα|




ε

,

where bound Aε depends only on ε (and the dimension n), but not on the
coefficients aα.

Lemma 4.1.2 Suppose that P (x) =
∑

|α|≤d aαx
α is a homogeneous polyno-

mial of degree d in Rn and ε < 1/d. Then

∫

Sn−1

|P (x)|−εdσ(x) ≤ Aε


∑

|α|=d

|aα|




ε

,

which bound Aε depends only on ε (and the dimension n), but not on the
coefficients aα.

Lemma 4.1.3 (van der Corput) Suppose that a real-valued φ ∈ C k[a, b],
k > 1, and |φ(k)(t)| ≥ 1 for all t ∈ (a, b). Then

∣∣∣∣
∫ b

a
eiλφ(t)dt

∣∣∣∣ ≤ Ckλ
−1/k,

where λ ∈ R, and Ck is independent of a, b and φ.

Let us consider an operator T of more general form

T f(x) = p·v·

∫

Rn

K(x, y)f(y)dy, (4.1.2)

where K is a distribution, and for x 6= y, that is a function satisfying

|K(x, y)| ≤ A

|x− y|n , x 6= y. (4.1.3)
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For every ε > 0, consider the truncated operator Tε defined by

Tεf(x) =

∫

|x−y|<ε
K(x, y)f(y)dy. (4.1.4)

Lemma 4.1.4 Fix p, 1 ≤ p < ∞. If T is bounded on Lp(Rn), then so is
each Tε. Moreover if ‖ · ‖ denotes the operator norm in Lp, we have the
estimate

‖Tε‖ ≤ C{‖T ‖ +A}
with A arising in (4.1.3) and C independent of K.

Proof. For any fixed h ∈ Rn, we split f into three parts as

f(y) =





f1(y), |y − h| < ε/2,
f2(y), ε/2 ≤ |y − h| < 5 ε/4,
f3(y), otherwise.

It is easy to see that if |x− h| < ε/4, then

Tεf1(x) = T f1(x).

So by our assumption on K, we have that
∫

|x−h|<ε/4
|Tεf1(x)|pdx =

∫

|x−h|<ε/4

∣∣∣∣
∫

Rn

K(x, y)f1(y)dy

∣∣∣∣
p

dx

≤
∫

Rn

|T f1(x)|pdx

≤‖T ‖p‖f1‖p

=‖T ‖p

∫

|y−h|<ε/2
|f(x)|pdx.

And if |x − h| < 1/4, ε/2 ≤ |y − h| < 5 ε/4, then ε/4 < |x − y| < 3 ε/2,
and then (4.1.3) gives trivially that

∫

|x−h|<ε/4
|Tεf2(x)|pdx ≤ A‖f2‖p.

Finally, it is obvious that
Tεf3(x) = 0

from |x − h| < ε/4 and |y − h| < 5 ε/4. Combining those three estimates
together yields that

∫

|x−h|<ε/4
|Tεf(x)|pdx ≤ C(A+ ‖T ‖)p

∫

|y−h|<5 ε/4
|f(y)|pdy
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holds uniformly for h ∈ Rn . This means

‖Tε‖p ≤ C(A+ ‖T ‖)‖f‖p.

Proof of Theorem 4.1.1 We wish to obtain

‖Tf‖p ≤ C(degP, n)‖f‖p, 1 < p <∞. (4.1.5)

We shall carry out the argument by a double induction on the degree in
x and y of the polynomial P . If P (x, y) depends only on x or only on y, it
is obvious that these cases are trivial. Let k and l be two positive integers
and let P (x, y) have degree k in x and l in y. We assume that (4.1.5) holds
for all polynomials which are sum of monomials of degree less than k in x
times monomials of any degree in y, together with monomials which are of
degree k in x times monomials which are of degree less than l in y.

We proceed to the proof of the inductive step. Rewrite

P (x, y) =
∑

|α|=k,|β|=l

aα,β

(
xαyβ − yα+β

)
+ P0(x, y)

and also write
P (x, y) =

∑

|α|=k

xαQα(y) +R(x, y), (4.1.6)

where P0(x, y) satisfies the inductive hypothesis. By dilation-invariance, we
may assume that ∑

|α|=u,|β|=v

|aα,β| = 1.

It is easy to see that when |x| < 1 and |y| < 2, we have

∣∣∣eiP (x,y) − eiP0(x,y)
∣∣∣ ≤ C|x− y|.

Decompose T as

Tf(x) =

∫

|x−y|<1
eiP (x,y)K(x− y)f(y)dy +

∫

|x−y|≥1
eiP (x,y)K(x− y)f(y)dy

:=T0f(x) + T∞f(x).

We first consider T0. We shall show that

‖T0f‖p ≤ C(degP, n)‖f‖p. (4.1.7)
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Put h ∈ Rn, and write

P (x, y) =
∑

|α|=k,|β|=l

aα,β(x− h)α(y − h)β +R(x, y, h),

where the polynomial R(x, y, h) satisfies the inductive hypothesis, and the
coefficients of R(x, y, h) depend on h. It follows that

|T0f(x)|

≤
∣∣∣∣∣

∫

|x−y|<1
ei[
∑

|α|=k,|β|=l aα,β(y−h)α+β+R(x,y,h)]K(x− y)f(y)dy

∣∣∣∣∣

+

∣∣∣∣∣

∫

|x−y|<1

(
eiP (x,y) − ei[

∑
|α|=k,|β|=l aα,β(y−h)α+β+R(x,y,h)]

)
K(x− y)f(y)dy

∣∣∣∣∣
:= |T 1

0 f(x)| + |T 2
0 f(x)|.

From the inductive hypothesis and Lemma 4.1.4 for truncated integral
operator, we conclude that the operator T 1

0 is bounded on Lp(Rn), and the
norm of T 1

0 is independent of P and h.
When |x− h| < 1/4, |x − y| < 1, we have

∣∣∣eiP (x,y) − ei[
∑

|α|=k,|β|=l aα,β(y−h)α+β+R(x,y,h)]
∣∣∣ ≤ C|x− y|.

Thus, applying the properties of the kernel K, we conclude that

|T 2
0 f(x)| ≤ A

∫

|x−y|<1

|f(y)|
|x− y|n−1

dy

≤ A

∫

|y|<1

|f(x− y)χB(h,5/4)(x− y)|
|y|n−1

dy.

By Minkowski’s inequality, we obtain
∫

|x−h|<1/4
|T 2

0 f(x)|pdx ≤ Ap

∫

|y−h|<5/4
|f(y)|pdy.

Therefore
‖T 2

0 f‖p ≤ CA(degP, n)‖f‖p.

Hence
‖T0f‖p ≤ C(A+ 1)(degP, n)‖f‖p,

where C is independent of the coefficients of P (x, y).



174 Chapter 4. Oscillatory Singular Integrals

Let us now turn our attention to T∞. Denote

K∞ =

∞∑

j=0

Ψj,

where Ψ0 is supported in {x : 1
2 ≤ |x| ≤ 1} and is bounded, while Ψj(x) =

2−njΨ(2−jx), j ≥ 1, with Ψ an appropriate function of class C 1 supported
in {x : 1

2 ≤ |x| ≤ 1}. We set

Tjf(x) =

∫

Rn

eiP (x,y)Ψj(x− y)f(y)dy. (4.1.8)

Since estimating T0 is trivial, we will consider Tj for j ≥ 1, and claim that
the L2-operator norms satisfy the estimate

‖Tj‖2 ≤ C2−jε, for some ε > 0. (4.1.9)

To do this we consider T ∗
j Tj , where T ∗

j is the adjoint operator of Tj . The

kernel of this operator, L̃j(y, z), is given by

∫

Rn

ei(P (x,z)−P (x,y))Ψj(x− z)Ψj(x− y)dx.

Obviously, we will obtain the same norm if we replace

L̃j(y, z) by Lj(y, z) = 2njL̃j(2
jy, 2jz).

The result is then

Lj(y, z) =

∫

Rn

ei(P (x,z)−P (x,y))Ψ0(x− z)Ψ0(x− y)dx. (4.1.10)

A trivial estimate for Lj that follows from (4.1.10) shows

|Lj(y, z)| ≤ CχB2(y − z),

where χB2 is the characteristic function of a ball of radius 2. Now we make
the changes of variables x→ x+y in (4.1.10), and then get the x−integration
in polar coordinates with x = rx′, r = |x|, |x′| = 1, dx = rn−1drdσ(x). We
also write, after invoking (4.1.6),

P (2j(x), 2jz) =
∑

|α|=k

2kjxαQα(2jz) +Rj(x, z),
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where Rj has x−degree strictly less than k. Similarly

P (2j(x), 2jy) =
∑

|α|=k

2kjxαQα(2jy) +Rj(x, y).

After these substitutions we get that

Lj(y, z) =

∫

Sn−1

(∫ 1

0
ei(E+F )Ψ̃(x, y, z)dr

)
dσ(x′), (4.1.11)

where Ψ̃(x, y, z) = Ψ0(x− z + y)Ψ0(x)r
n−1 with

E = (r2j)k
∑

|α|=k

(x′)α(Qα(2jz) −Qα(2jy))

and
F = Rj(x, z) −Rj(x, y).

Note that F has degree strictly less than k, in r, while E is of degree k.
Thus if we use the van der Corput Lemma (Lemma 4.1.3) for the integral
inside (4.1.10), then we obtain

|Lj(y, z)|C ≤ 2−jδ


∑

|α|=k

∣∣Qα(2jz) −Qα(2jy)
∣∣



−δk

χB2(y − z).

Since ∑

|α|=k,|β|=l

|aα,β| = 1,

there is an |α0| = k and |β0| = l, such that |aα0,β0 | ≥ c > 0. However

Qα0(2
jz) = 2jl

∑

|β|=l

α0βz
β + S(z),

where S(z) has z−degree strictly less than l, so

∫

Rn

|L̃j(y, z)|dz ≤ C2−jδ

∫

|z−y|≤2
|Qα0(2

jz) −Qα0(2
jy)|−δkdz,

and hence by Lemma 4.1.2

sup
y

∫
|L̃j(y, z)|dz ≤ C2−jδ2−jlδ/k = C2−j2ε
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if we choose δ sufficiently small to that δ/k < 1/l. Similarly

sup
z

∫
|L̃j(y, z)|dy ≤ C2−j2ε.

This proves that ‖T ∗T‖ ≤ C2−j2ε, and therefore (4.1.9) is valid. It is
obvious, however, that the norms of Tj on L1 or L∞ are uniformly bounded.
Thus by the interpolation with (4.1.9) we obtain that the Lp norms of Tj

are exponential decreasing as j → ∞, if 1 < p < ∞, allowing us to sum∑
Tj and concluding the proof of the theorem.
Theorem 4.1.1 shows that the operator T defined by (4.1.1) is of type

(Lp, Lp), where 1 < p <∞. For the endpoint case (p = 1), we will formulate
the following theorem.

Theorem 4.1.2 The operator T defined by (4.1.1) is of weak type (L1, L1),
with bound depending only on the total degree of P (x, y), but not on the
coefficients of P (x, y).

The proof of Theorem 4.1.2 is more complicated and much longer. it
will be convenient to divided it into several lemmas. For the purpose, we
split the kernel K as K = K0 + K∞, where K0(x) = K(x) if |x| ≤ 1
and K∞(x) = K(x) if |x| > 1. We consider the corresponding splitting
T = T0 + T∞:

T0f(x) = p·v·

∫

Rn

eiP (x, y)K0(x− y)f(y)dy,

T∞f(x) = p·v·

∫

Rn

eiP (x, y)K∞(x− y)f(y)dy.

Next we shall prove for any λ > 0 and f ∈ L1 that

sup
λ>0

λ |{x ∈ Rn : |T0f(x)| > λ}| ≤ C‖f‖1 (4.1.12)

and
sup
λ>0

λ |{x ∈ Rn : |T∞f(x)| > λ}| ≤ C‖f‖1. (4.1.13)

First, we shall prove that

|{x ∈ B1(0) : |T0f(x)| > λ}| ≤ Cλ−1

∫

|y|<2
|f(y)|dy, (4.1.14)

where Br(x) denotes the closed ball with the center at x and radius r > 0.
To prove the inequality (4.1.14), we first introduce a lemma.
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Lemma 4.1.5 Let K be an operator of the form:

Kf(x) = p·v·

∫

Rn

K(x, y)f(y)dy,

where the kernel K satisfies |K(x, y)| ≤ C|x− y|−n. For f ∈ L1 and ε > 0,
set

Kεf(x) = p·v·

∫

|x−y|<ε
K(x, y)f(y)dy.

If

sup
λ>0

λ |{x ∈ Rn : |Kf(x)| > λ}| ≤ C‖f‖1,

then, there exists a constant Cn depending only on the dimension n such
that

sup
λ>0

λ |{x ∈ Rn : |Kεf(x)| > λ}| ≤ Cn‖f‖1.

Proof. Let us first show that

|{x ∈ B(h, ε/4) : |Kεf(x)| > λ}| ≤ Cnλ
−1

∫

|y−h|<5ε/4
|f(y)|dy (4.1.15)

uniformly for h ∈ Rn. Integrating both sides of the inequality (4.1.15) with
respect to h, we get the conclusion of Lemma 4.1.5. For any fixed h ∈ Rn,
we split f into three parts as

f(y) =





f1(y), |y − h| < ε/2,
f2(y), ε/2 ≤ |y − h| < 5 ε/4,
f3(y), otherwise.

Note that if |x− h| < ε/4, then

Kεf1(x) = Kf1(x).

So by the assumption on K,

|{x ∈ B(h, ε/4) : |Kεf1(x)| > λ}| = |{x ∈ B(h, ε/4) : |Kf1(x)| > λ}|
= |{x : |Kf1(x)| > λ}|
≤ Cnλ

−1‖f1‖1

≤ Cnλ
−1

∫

|y−h|<5ε/4
|f(y)|dy.
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And if |x− h| < ε/4, ε/2 ≤ |y − h| < 5 ε/4, then ε/4 < |x− y| < 3 ε/2, and
therefore

|Kεf2(x)| ≤ Cn

∫

|y−h|<5ε/4
|f(y)|dy.

Hence, by Chebyshev’s inequality,

|{x ∈ B(h, ε/4) : |Kεf2(x)| > λ}| ≤ Cnλ
−1

∫

|y−h|<5ε/4
|f(y)|dy.

Finally, it follows that

Kεf3(x) = 0

from |x − h| < ε/4 and |y − h| < 5 ε/4. Combining those three estimates
together yields (4.1.15).

We turn to the proof of (4.1.14). The method of the proof of (4.1.14) is
similar to that in Theorem 4.1.1. Rewrite

P (x, y) =
∑

|α|=k,|β|=l

aα,β

(
xαyβ − yα+β

)
+ P0(x, y)

where P0(x, y) satisfies the inductive hypothesis. By dilation-invariance, we
may assume that ∑

|α|=u,|β|=v

|aα,β| = 1.

If |x| < 1 and |y| < 2, then

∣∣∣eiP (x,y) − eiP0(x,y)
∣∣∣ ≤ C|x− y|.

Hence,

|T0f(x)| ≤
∣∣∣∣
∫

Rn

eiP0(x, y)K0(x− y)f(y)dy

∣∣∣∣+ C

∫

|x−y|<1
|x− y|−n+1|f(y)|dy

:= |Uf(x)| + |V f(x)|.

If |x| ≤ 1, then we have that

Uf(x) =

∫

|x−y|<1
eiP0(x, y)K(x− y)(fχB(0,2))(y)dy

and

V f(x) = V (fχB(0,2))(x).
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By the inductive hypothesis on P0(x, y) and Lemma 4.1.5, it implies that U
is bounded from L1 to L1,∞. On the other hand, by Chebyshev’s inequality
we get that

|{x ∈ B1(0) : |V f(x)| > λ}| ≤ Cnλ
−1

∫

|y|<2
|f(y)|dy.

Combining these estimates of U and V implies (4.1.14). Similarly by the
translation-invariance, for any h ∈ Rn, we can easily get that

|{x ∈ B1(h) : |T0f(x)| > λ}| ≤ Cλ−1

∫

|y−h|<2
|f(y)|dy. (4.1.16)

Integrating both sides of the inequality in (4.1.16) with respect to h, we get
(4.1.12).

Next we shall prove the inequality (4.1.13). Take a nonnegative ϕ ∈
C∞

0 (Rn) such that

supp(ϕ) ⊂ {1/2 ≤ |x| ≤ 2},
∞∑

j=0

ϕ(2−jx) = 1 if |x| ≥ 1.

Put Kj(x, y) = ϕ(2−j(x−y))K∞(x, y), where K∞(x, y) = eiP (x,y)K∞(x−y)
and decompose

K∞(x, y) =

∞∑

j=0

Kj(x, y).

Define

Vjf(x) =

∫

Rn

Kj(x, y)f(y)dy for j ≥ 0

and

V f(x) =

∞∑

j=1

Vjf(x).

Then T∞ = V0 + V. Evidently V0 is bounded on L1, so it suffices to deal
with V. By the Calderón-Zygmund decomposition at a positive λ, we have a
collection {Q} of non-overlapping closed dyadic cubes and functions g and
b such that

f = g + b;

λ ≤ 1

|Q|

∫

Q
|f | ≤ cλ;
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| ∪Q| ≤ c‖f‖1

λ
;

‖g‖∞ ≤ cλ;

‖g‖1 ≤ c‖f‖1;

b =
∑

Q

bQ;

supp(bQ) ⊂ Q;∫
bQ = 0

and
‖bQ‖1 ≤ cλ|Q|.

We set
Bi =

∑

|Q|=2in

bQ (i ≥ 1), B0 =
∑

|Q|≤1

bQ.

Put U =
⋃
Q̃, where Q̃ denotes the cube with the same center as Q and

with sidelength 4 times that of Q. When x ∈ Rn \ U , we note that

V b(x) =
∞∑

j=1

Vj


∑

i≥0

Bi


 (x)

=

∞∑

j=1

∑

i≥0

∫

Rn

Kj(x, y)Bi(y)dy

=
∑

i≥0

∞∑

j=1

∫

Rn

Kj(x, y)Bi(y)dy.

By the definitions of Kj(x, y) , Bi and x ∈ Rn \U , if i ≥ j ≥ 1, then it easily
implies that ∫

Rn

Kj(x, y)Bi(y)dy = 0.

Therefore, we have that

V b(x) =
∑

i≥0

∑

j≥i+1

∫

Rn

Kj(x, y)Bi(y)dy

=
∑

k≥1

∑

j≥k

∫

Rn

Kj(x, y)Bj−k(y)dy

=
∑

k≥1

∑

j≥k

Vj(Bj−k)(x).
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To prove the inequality (4.1.13), we introduce Lemma 4.1.6.

Lemma 4.1.6 There exists an ε > 0 such that, for any positive integer k,

∥∥∥∥∥∥
∑

j≥k

Vj(Bj−k)

∥∥∥∥∥∥

2

2

≤ c2−εkλ‖f‖1. (4.1.17)

By (4.1.8), we have, for some ε > 0 and for all j ≥ 1, that

‖Vj‖2 ≤ C2−jε.

So we get that V is bounded on L2(Rn).

Assume Lemma 4.1.6 is valid. We now prove that the inequality (4.1.13)
holds.

∣∣∣ {x ∈ Rn \ U : |V f(x)| > λ}
∣∣∣

≤
∣∣∣∣
{
x ∈ Rn \ U : |V g(x)| > λ

2

}∣∣∣∣+
∣∣∣∣
{
x ∈ Rn \ U : |V b(x)| > λ

2

}∣∣∣∣

≤ Cλ−1‖f‖1 + Cλ−2

∥∥∥∥∥∥
∑

k≥1

∑

j≥k

Vj(Bj−k)

∥∥∥∥∥∥

2

2

≤ Cλ−1‖f‖1 + Cλ−2


∑

k≥1

λ1/22−εk/2‖f‖1/2
1




2

≤ Cλ−1‖f‖1.

Thus we obtain that
∣∣∣ {x ∈ Rn \ U : |V f(x)| > λ}

∣∣∣ ≤ Cλ−1‖f‖1. (4.1.18)

On the other hand, from the definition of U it follows that

|U| ≤ Cλ−1‖f‖1. (4.1.19)

Combining (4.1.18) with (4.1.19) yields the boundedness of V from L1 to
L1,∞. This is just our desired inequality (4.1.13).
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It remains to show that the inequality (4.1.17) holds. For k,m ≥ 1, put

Hkm(x, y)

=

∫

Rn

Kk(z, x)Km(z, y)dz

=

∫

Rn

e−iP (z,x)+iP (z,y)K∞(z − x)K∞(z − y)ϕk(z − x)ϕm(z − y)dz.

(4.1.20)
Then

V ∗
k Vmf(x) =

∫

Rn

Hkm(x, y)dy,

where V ∗
k denotes the adjoint of Vk. We need to discuss the property of ker-

nel Hkm furthermore. To the end, we formulate the following Lemma 4.1.7.

Lemma 4.1.7 Let k ≥ m ≥ 1. Then Hkm(x, y) = 0, if |x− y| > 2k+2; and

(i) |Hkm(x, y)| ≤ c2−kn,
(ii) |Hkm(x, y)| ≤ c2−kn2−m|q(x) − q(y)|−1/M .

Proof. Suppose that |x− y| > 2k+2. Since

|z − x| + |z − y| ≥ |x− y| > 2k+2,

either of inequalities

|z − x| > 2k+1 and |z − y| > 2k+1

must hold. That means ϕk(z−x)ϕm(z−y) = 0. Now we prove the estimate
of (ii) only. Note that

(
∂

∂z

)M (
P (z, x) − P (z, y)

)
= M !

(
q(x) − q(y)

)
.

Hence, it follows from Lemma 4.1.3 that

∣∣∣∣
∫ b

a
e−iP (z,x)+iP (z,y)dz

∣∣∣∣ ≤ c|q(x) − q(y)|−1/M

for any a and b. Therefore by the integration by parts in variable z in the
formula of (4.1.20) and by using the properties of the kernel K, we easily
get the desired conclusion.

Let us give two definitions.
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Definition 4.1.1 For a real-valued polynomial P (x) =
∑

|α|≤N aαx
α of de-

gree N , define

‖P‖ = max
|α|=N

|aα|.

Definition 4.1.2 For a real-valued polynomial P and β > 0, let

R(P, β) = {x ∈ Rn : |P (x)| ≤ β}.

Let d(E,F ) denote the distance between E and F and d(x, F ) = d({x}, F ).
Let us state the following Lemma which will be used to prove the Lemma
4.1.6.

Lemma 4.1.8 Let s,m be integers and s ≥ m. Suppose N ≥ 1. Then, for
any polynomial P of degree N satisfying ‖P‖ = 1 and for any γ > 0, there
exists a positive constant Cn,N,γ depending only on n,N, γ such that

∣∣∣
{
x ∈ B2k(a) : d

(
x,R(P, 2Nm)

)
≤ γ2m

} ∣∣∣ ≤ Cn,N,γ2
(n−1)s2m

uniformly in a ∈ Rn.

The proof of Lemma 4.1.8 needs to use geometrical properties of poly-
nomials. For the details, one refers to [Sa] and we omit it here.

Let λ > 0 and let {Bj}j≥0 be family of measurable functions such that

∫

Qj

|Bj | ≤ λ|Qj |

for all cubes Qj in Rn with sidelength l(Qj) = 2j .

Lemma 4.1.9 Let the kernels Hji be as in Lemma 4.1.7. Then we can find
a constant c such that

j∑

i=k

sup
x∈Rn

∣∣∣∣
∫

Rn

Bj(y)Hji(x, y)dy

∣∣∣∣ ≤ cλ2−k

for all integers j and k with 0 < k ≤ j.
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Proof. For m ∈ Z, let Dm be the family of all closed dyadic cubes Q with
sidelength l(Q) = 2m. Fix x ∈ Rn. Let

F = {Q ∈ Di−k : Q ∩B2j+2(x) 6= ∅} (0 < k ≤ i ≤ j).

Then clearly
∑

Q∈F |Q| ≤ c2jn. Decompose F = F0 ∪ F1, where

F0 =
{
Q ∈ F : Q ∩R

(
q(·) − q(x), 2L(i−k)

)
6= ∅
}

and F1 = F \ F0. Then by Lemma 4.1.8 we have

∑

Q∈F0

|Q| ≤ c2j(n−1)2i−k.

It implies by (i) in Lemma 4.1.7 and above estimates that

∑

Q∈F0

∫

Q
|Bi−k(y)Hji(x, y)|dy ≤ c2−jn

∑

Q∈F0

∫

Q
|Bi−k(y)|dy

≤ c2−jnλ
∑

Q∈F0

|Q| ≤ cλ2i−j−k.
(4.1.21)

From (ii) in Lemma 4.1.7 and above estimates, it follows that

∑

Q∈F1

∫

Q
|Bi−k(y)Hji(x, y)|dy

≤ c2−jn2−i2−L(i−k)/M
∑

Q∈F1

∫

Q
|Bi−k(y)|dy

≤ c2−jn2−i2−L(i−k)/Mλ
∑

Q∈F
|Q| ≤ cλ2−i2−L(i−k)/M .

(4.1.22)

From (4.1.21) and (4.1.22) it follows that

∫

Rn

|Bi−k(y)Hji(x, y)|dy

=
∑

Q∈F

∫

Q
|Bi−k(y)Hji(x, y)|dy

=
∑

Q∈F0

∫

Q
|Bi−k(y)Hji(x, y)|dy +

∑

Q∈F1

∫

Q
|Bi−k(y)Hji(x, y)|dy

≤ cλ
(
2i−j−k + 2−i2−L(i−k)/M

)
.
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Thus we see that

j∑

i=k

sup
x∈Rn

∫

Rn

|Bj(y)Hji(x, y)| dy ≤
j∑

i=k

cλ
(
2i−j−k + 2−i2−L(i−k)/M

)
≤ cλ2−k.

This completes the proof of Lemma 4.1.9.

Lemma 4.1.10 Let {Bj}j≥0 be as in Lemma 4.1.9. Suppose
∑

j≥0

‖Bj‖1 <

∞. Then, for any positive integer k, we have
∥∥∥∥∥∥
∑

j≥k

Vj(Bj−k)

∥∥∥∥∥∥

2

2

≤ cλ2−k
∑

j≥0

‖Bj‖1.

Proof. Let 〈·, ·〉 denote the inner product in L2. Using Lemma 4.1.9, we
note that

∥∥∥∥∥∥
∑

j≥k

Vj(Bj−k)

∥∥∥∥∥∥

2

2

≤ 2
∑

j≥s

j∑

i=k

|〈Vj(Bj−k), Vi(Bi−k)〉|

= 2
∑

j≥s

j∑

i=k

∣∣〈Bj−k, V
∗
j Vi(Bi−k)

〉∣∣

≤ 2
∑

j≥k

j∑

i=k

‖Bj−k‖1

∥∥V ∗
j Vi(Bi−k)

∥∥
L∞

≤ cλ2−k
∑

j≥0

‖Bj‖1.

This completes the proof of Lemma 4.1.10.

Set Bj = Bj, then we have that
∑

j≥0

‖Bj‖1 =
∑

j≥0

‖Bj‖1 ≤
∑

j≥1

cλ
∑

|Qj |=2jn

|Qj| + cλ
∑

|Q|≤1

|Q| ≤ c‖f‖1.

Thus we obtain that
∥∥∥∥∥∥
∑

j≥k

Vj(Bj−k)

∥∥∥∥∥∥

2

2

≤ cλ2−k‖f‖1,

which is just the inequality (4.1.17). This completes the proof of Theorem
4.1.2.
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4.2 Oscillatory singular integrals with rough ker-

nels

In this section, we will investigate a class of oscillatory singular integral

operators with rough kernels. Suppose that K(x) =
Ω(x′)
|x|n satisfies condi-

tions
(1) Ω is homogeneous of degree 0;

(2)

∫

Sn−1

Ω(x′)dσ(x′) = 0; and

(3) Ω ∈ Lq(Sn−1), for some q with 1 < q ≤ ∞.
Let us introduce a truncated operator

Sf(x) =

∫

|x−y|<1
K(x− y)f(y)dy. (4.2.1)

Theorem 4.2.1 Suppose that K(x) satisfies (1) and (3). The operator T
defined by (4.1.1) is bounded on Lp(Rn) if and only if the truncated operator
S is bounded on Lp(Rn), 1 < p <∞, with the bound depending only on the
total degree of P (x, y), but not on the coefficients of P (x, y).

Proof. Assume that a polynomial P (x, y) has degree k in x and l in y and∑

|α|=k,|β|=l

|aαβ | = 1. Let us first consider the following operator T∞ defined

by

T∞f(x) =

∫

|x−y|≥1
eiP (x,y)K(x− y)f(y)dy.

Write

T∞f(x) =

∞∑

j=1

∫

2j−1≤|x−y|<2j

eiP (x,y)K(x− y)f(y)dy :=

∞∑

j=1

Tjf(x),

where

Tjf(x) =

∫

2j−1≤|y|<2j

eiP (x,x−y)K(y)f(x− y)dy

=

∫

Sn−1

Ω(y′)
∫

2j−1≤r<2j

eiP (x,x−ry′) f(x− ry′)
r

drdσ(y′).

For a fixed y′ ∈ Sn−1, let Y be the hyperplane through the origin or-
thogonal to y′. We have, for x ∈ Rn, x = z + sy′ with s ∈ R and z ∈ Y ,
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that

∫

2j−1≤r<2j

eiP (x,x−ry′) f(x− ry′)
r

dr

=

∫

2j−1≤r<2j

eiP (z+sy′,z+(s−r)y′) f(z + (s− r)y′)
r

dr

=

∫

2j−1≤s−t<2j

eiP (z+sy′,z+ty′) f(z + ty′)
s− t

dt

= Nj[f(z + ·y′)](s).

It is easy to see that Nj is a linear operator defined on L2(R). Denote N ∗
j

to be its adjoint operator. Next we will consider the operator N ∗
j Nj with

the kernel

Mj(u, v) =

∫

2j−1≤r−v,r−u<2j

ei[P (z+ry′,z+vy′)−P (z+ry′,z+uy′)]

(r − u)(r − v)
dr

=

∫

1
2
≤r<1,2j−1≤r+v−u<2j

ei[P (z+2jry′+vy′ ,z+vy′)−P (z+2jry′+vy′ ,z+uy′)]

r(2jr + v − u)
dr.

It is easy to check that

|Mj(u, v)| ≤
1

2j
χ[0,2j−1)(|v − u|). (4.2.2)

Now rewrite P (x, y) as

P (x, y) =
∑

|α|=k

xαQα(y) +R(x, y).

Thus we have that

Mj(u, v) =

∫

1
2
≤r<1,2j−1≤r+v−u<2j

ei(E+F )ψ(r)dr,

where

E = (2jr)k
∑

|α|=k

y′α
[
Qα(z + vy′) −Qα(z + uy′)

]
,

F with r−degree less than k, and

ψ(r) =
1

r(2jr + v − u)
.
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It follows from Lemma 4.1.3 that

∣∣∣∣∣

∫

1
2
≤r<1

ei(E+F )dr

∣∣∣∣∣ ≤ C


2jk

∣∣∣∣∣∣
∑

|α|=k

y′α
[
Qα(z + vy′) −Qα(z + uy′)

]
∣∣∣∣∣∣




− 1
k

.

It follows from integration by parts that

|Mj(u, v)| ≤ C2−j


2jk

∣∣∣∣∣∣
∑

|α|=k

y′α
[
Qα(z + vy′) −Qα(z + uy′)

]
∣∣∣∣∣∣




− 1
k

.

(4.2.3)
Combining the inequality (4.2.2) with (4.2.3) yields the following estimate

|Mj(u, v)|

≤ C2−j


2jk

∣∣∣∣∣∣
∑

|α|=k

y′α
[
Qα(z + vy′) −Qα(z + uy′)

]
∣∣∣∣∣∣




− δ
k

χ[0,2j−1)(|v − u|)

holds uniformly in δ ∈ (0, 1]. Thus

∫
|Mj(u, v)|dv

≤ C2−j2−jδ

∫

|u−v|<2j


2jk

∣∣∣∣∣∣
∑

|α|=k

y′α
[
Qα(z + vy′) −Qα(z + uy′)

]
∣∣∣∣∣∣




− δ
k

dv

≤ C2−jδ

∫

|v|<1


2jk

∣∣∣∣∣∣
∑

|α|=k

y′α
[
Qα(z + (v +

u

2j
y′) −Qα(z + uy′)

]
∣∣∣∣∣∣




− δ
k

dv.

Now we take δ ∈ (0, 1] such that δ/k < 1/l, then from Lemma 4.1.1 it follows
that

∫
|Mj(u, v)|dv ≤ C2−jδ

∣∣∣∣∣∣
∑

|α|=k,|β|=l

aαβy
′α+β

∣∣∣∣∣∣

− δ
k

.

Thus, we have that

‖N∗
j Nj|‖L∞(R)→L∞(R) ≤ C2−jδ

∣∣∣∣∣∣
∑

|α|=k,|β|=l

aαβy
′α+β

∣∣∣∣∣∣

− δ
k
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and

‖N∗
j Nj|‖L1(R)→L1(R) ≤ C2−jδ

∣∣∣∣∣∣
∑

|α|=k,|β|=l

aαβy
′α+β

∣∣∣∣∣∣

− δ
k

.

By the Riesz-Thörin interpolation theorem, we obtain that

‖N∗
j Nj|‖L2(R)→L2(R) ≤ C2−jδ

∣∣∣∣∣∣
∑

|α|=k,|β|=l

aαβy
′α+β

∣∣∣∣∣∣

− δ
k

.

Since

|Njg(s)| ≤
∫

2j−1≤s−t<2j

|g(t)|
s− t

dt ≤ 4HL(g)(s),

we have that

‖Nj |‖Lp0 (R)→Lp0 (R) ≤ C(p0), with 1 < p0 <∞.

By the Riesz-Thörin interpolation theorem again, we obtain that

‖Nj |‖Lp(R)→Lp(R) ≤ C2−θjδ/2

∣∣∣∣∣∣
∑

|α|=k,|β|=l

aαβy
′α+β

∣∣∣∣∣∣

− θδ
2k

, (4.2.4)

where 0 < θ < 1. From Minkowski’s inequality and (4.2.4), it follows that

‖Tjf‖p

≤
∫

Sn−1

|Ω(y′)|
(∫

Y

∫

R

|Nj [f(z + ·y′)](s)|pdsdz
)1/p

dσ(y′)

≤ C2−θjδ/2‖f‖p

∫

Sn−1

|Ω(y′)|

∣∣∣∣∣∣
∑

|α|=k,|β|=l

aαβy
′α+β

∣∣∣∣∣∣

− θδ
2k

dσ(y′)

≤ C2−θjδ/2‖f‖p‖Ω‖Lq(Sn−1)



∫

Sn−1

∣∣∣∣∣∣
∑

|α|=k,|β|=l

aαβy
′α+β

∣∣∣∣∣∣

− θδq′

2k

dσ(y′)




1/q′

.

We take δ ∈ (0, 1] such that δ < min{k/l, 2k/(k + l)q ′}. By Lemma 4.1.2,
we obtain that

‖Tjf‖p ≤ C2−θjδ/2‖Ω‖Lq(Sn−1)‖f‖p.
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Thus

‖T∞f‖p ≤ C‖Ω‖Lq(Sn−1)‖f‖p.

If
∑

|α|=k,|β|=l

|aαβ | 6= 1, we denote

A =


 ∑

|α|=k,|β|=l

|aαβ |




1/(k+l)

.

We can write P (x, y) as

P (x, y) =
∑

|α|=k,|β|=l

aαβ

Ak+l
(Ax)α(Ay)β +R0

(
Ax

A
,
Ay

A

)
:= Q(Ax,Ay).

Thus

T∞f(x) =

∫

|x−y|≥1
eiQ(Ax,Ay)K(x− y)f(y)dy

=

∫

|x− y
A
|≥1

eiQ(Ax,y)K(Ax− y)f
( y
A

)
dy.

So we have that

‖T∞f‖p =

(∫

Rn

∣∣∣∣∣

∫

|x− y
A
|≥1

eiQ(Ax,y)K(Ax− y)f
( y
A

)
dy

∣∣∣∣∣

p

dx

) 1
p

=

(∫

Rn

A−n

∣∣∣∣∣

∫

|x−y|≥A
eiQ(x,y)K (x− y) f

( y
A

)
dy

∣∣∣∣∣

p

dx

) 1
p

≤ CA−n/p

∥∥∥∥f
(

(·)
A

)∥∥∥∥
p

≤ C‖Ω‖Lq(Sn−1)‖f‖p.

Rewrite

Tf(x) = p·v·

∫

|x−y|<1
eiP (x, y)K(x−y)f(y)dy+T∞f(x) := T0f(x)+T∞f(x).

Note that we have proved that T∞ is a (Lp, Lp) type operator. If T is a
(Lp, Lp) type operator, then T0 is also of (Lp, Lp) type.
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Let us now turn to prove that S is a (Lp, Lp) type operator. To do this,
we first introduce a notion. For a polynomial P , we say that P has property
P, if it satisfies

P (x, y) = P (x− h, y − h) +R0(x, h) +R1(y, h),

where R0 , R1 are real polynomials.

We take h ∈ Rn. For |x− h| < 1, we have

T0f(x) = T0[f(·)χB2(h)(·)](x).

Thus

(∫

|x−h|<1
|T0f(x)|pdx

)1/p

≤ C

(∫

|y−h|<2
|f(y)|pdx

)1/p

, (4.2.5)

where C is independent of h.

We choose polynomial P with the property P. It follows that

Sf(x) =

∫

|x−y|<1
K(x− y)f(y)χB2(h)(y)dy

= e−iR0(x,h)

∫

|x−y|<1
eiP (x,y)K(x− y)

× e−iP (x−h,y−h)e−iR1(y,h)f(y)χB2(h)(y)dy.

Note that the Taylor expression of eiP (x−h,y−h) is

e−iP (x−h,y−h) =

∞∑

m=0

(−i)m

m!


∑

α,β

aαβ(x− h)α(y − h)β




m

=
∞∑

m=0

1

m!

∑

µ,ν,

am,µ,ν(x− h)µ(y − h)ν .
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Thus, if we set a = (1, 1, · · · , 1), b = (2, 2, · · · , 2), then we conclude that

(∫

|x−h|<1
|Sf(x)|pdx

)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν,

|am,µ,ν |
( ∫

|x−h|<1
|(x− h)µ|p

×
∣∣∣T0

(
e−iR1(·,h)f(·)χB(h,2)(·)(· − h)ν

)
(x)
∣∣∣
p
dx
)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν,

|am,µ,ν |aµ

(∫

|y−h|<2
|f(y)|p|(y − h)ν |pdy

)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν

|am,µ,ν |aµbν

(∫

|y−h|<2
|f(y)|pdy

)1/p

≤ C

∞∑

m=0

1

m!


∑

α,β

|aαβ |aαbβ




m(∫

|y−h|<2
|f(y)|pdy

)1/p

≤ C exp


∑

α,β

|aαβ |aαbβ



(∫

|y−h|<2
|f(y)|pdy

)1/p

.

Thus
‖Sf‖p ≤ C‖f‖p.

On the other hand, we assume that the truncated operator S is bounded
on Lp(Rn). Let us now turn to prove that operator T is also bounded on
Lp(Rn). As proved above, T∞ is bounded on Lp(Rn). In fact, it suffices to
check that T0 is also bounded on Lp(Rn). We shall carry out the argument
by a double induction on the degree in x and y of the polynomial P . If
P (x, y) depends only on x or only on y, it is clear that there cases are
trivial. Let k and l be two positive integers and let P (x, y) have degree k in
x and l in y. We assume that T0 is bounded on Lp(Rn) for all polynomial
which are sums of monomials of degree less than k in x times monomials of
any degree in y, together with monomials which are of degree k in x times
monomials which are of degree less than l in y.

We proceed now to the proof of the inductive step. Rewrite

P (x, y) =
∑

|α|=k,|β|=l

aα,β

(
xαyβ − yα+β

)
+ P0(x, y)
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and also write
P (x, y) =

∑

|α|=k

xαQα(y) + P0(x, y),

where P0(x, y) satisfies the inductive hypothesis. By dilation-invariance, we
may assume that ∑

|α|=u,|β|=v

|aα,β | = 1.

Take h ∈ Rn, and write

P (x, y) =
∑

|α|=k,|β|=l

aα,β(x− h)α(y − h)β +R(x, y, h),

where the polynomial R(x, y, h) satisfies the inductive hypothesis, and the
coefficients of R(x, y, h) depend on h. It follows that

|T0f(x)|

≤
∣∣∣∣∣

∫

|x−y|<1
ei[
∑

|α|=k,|β|=l aα,β(y−h)α+β+R(x,y,h)]K(x− y)f(y)dy

∣∣∣∣∣

+

∣∣∣∣∣

∫

|x−y|<1

(
eiP (x,y) − ei[

∑
|α|=k,|β|=l aα,β(y−h)α+β+R(x,y,h)]

)
K(x− y)f(y)dy

∣∣∣∣∣
:= |T 1

0 f(x)| + |T 2
0 f(x)|.

By the inductive hypothesis, we conclude that the operator T 1
0 is bounded

on Lp(Rn), and the norm of T 1
0 is independent of P (x, y) and h. When

|x− h| < 1/4, |x − y| < 1, we have

∣∣∣eiP (x,y) − ei[
∑

|α|=k,|β|=l aα,β(y−h)α+β+R(x,y,h)]
∣∣∣ ≤ C|x− y|.

Thus, we conclude that

|T 2
0 f(x)| ≤ C

∫

|x−y|<1

|Ω((x− y)′)|
|x− y|n−1

|f(y)|dy

≤
∫

|y|<1

|Ω(y′)|
|y|n−1

|f(x− y)χB(h,5/4)(x− y)|dy.

By Minkowski’s inequality, we obtain

∫

|x−h|<1/4
|T 2

0 f(x)|pdx ≤ C‖Ω‖p
Lq(Sn−1)

∫

|x−h|<5/4
|f(x)|pdx.
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Therefore
‖T 2

0 f‖p ≤ CA(degP, n)‖f‖p.

Hence
‖T0f‖p ≤ C‖Ω‖p

Lq(Sn−1)
‖f‖p,

where C is independent of the coefficients of P (x, y).

Theorem 4.2.1 tells us that the boundedness of an oscillatory singular
integral operator is attributed to the boundedness of the corresponding trun-
cated integral operator. The following theorem is an important application
of Theorem 4.2.1.

Theorem 4.2.2 Suppose that P (x, y) is a real-valued polynomial on Rn×Rn

and K satisfies the condition (1),(2) and (3). Then the operator T defined
by (4.1) is bounded on Lp(Rn), 1 < p < ∞, with the bound depending only
on the total degree of P (x, y), but not on the coefficients of P (x, y).

Proof. When K satisfies the condition (1), (2) and (3), By Theorem 2.3.7,
we know that the operator

K f(x) =

∫

Rn

K(x− y)f(y)dy

is a (Lp, Lp) type operator with 1 < p < ∞. It suffices to prove that the
truncated operator S is a (Lp, Lp) type operator with 1 < p < ∞. For any
fixed h ∈ Rn, we split f into three parts as

f(y) =





f1(y), |y − h| < 1/2,
f2(y), 1/2 ≤ |y − h| < 5/4,
f3(y), otherwise.

It is easy to see that if |x− h| < 1/4, then we have

Sf1(x) = K f1(x).

So we have that
∫

|x−h|<1/4
|Sf1(x)|pdx =

∫

|x−h|<1/4

∣∣∣∣
∫

Rn

K(x− y)f1(y)dy

∣∣∣∣
p

dx

≤
∫

Rn

|K f1(x)|pdx

≤ ‖K ‖p

∫

|y−h|<1/2
|f(x)|pdx.
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And if |x − h| < 1/4, 1/2 ≤ |y − h| < 5/4, then 1/4 < |x − y| < 3/2. It
follows from Minkowski’s inequality that

(∫

|x−h|<1/4
|Sf2(x)|pdx

)1/p

≤
∫

1/4<|y|≤1

|Ω(y′)|
|y|n

(∫

|x−h|<1/4
|f2(x− y)|pdx

)1/p

dy

≤ C‖Ω‖p
Lq(Sn−1)

(∫

|x−h|<5/4
|f(x)|pdx

)1/p

dy.

Finally, it is clear that

Sf3(x) = 0.

The above estimates imply that

‖Sf‖p ≤ C(‖K ‖ + 1)‖f‖p.

It immediately follows from Theorem 4.2.1 that operator T defined by
(4.1) is bounded on Lp(Rn), 1 < p <∞, with the bound depending only on
the total degree of P (x, y), but not on the coefficients of P (x, y).

Now we weaken the condition on the kernel Ω. In place of Lq(Sn−1) with
1 < q ≤ ∞, assume that Ω satisfies

(4) Ω ∈ L logL+(Sn−1).

Obviously, the following theorem will weaken the condition on the kernel
Ω in Theorem 4.2.1.

Theorem 4.2.3 Suppose that K satisfies (1) and (4). The operator T de-
fined by (4.1.1) is bounded on Lp(Rn) if and only if the truncated operator
S is bounded on Lp(Rn), 1 < p <∞, with the bound depending only on the
total degree of P (x, y), but not on the coefficients of P (x, y).

Proof. The idea and method of proving Theorem 4.2.3 are much similar
to that of Theorem 4.2.1. We only give the different part.

For Ω ∈ L logL+(Sn−1), we decompose the kernel Ω as follows:

Ωm(x′) = Ω(x′)χEm(x′),
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where
E0 = {x′ ∈ Sn−1 : |Ω(x′)| < 1}

and
Em = {x′ ∈ Sn−1 : 2m−1 ≤ |Ω(x′)| < 2m}, m ∈ N.

We split T∞ as follows:

T∞f(x) =

∞∑

j=1

∞∑

m=0

∫

2j−1≤|x−y|<2j

eiP (x,y) Ωm(x− y)

|x− y|n f(y)dy :=

∞∑

j=1

Tj,mf(x).

By a method similar to that of proving Theorem 4.2.1, we can prove that
there exists a δ > 0 such that

‖Tj,mf‖p ≤ C2−jδ‖Ωm‖L∞(Sn−1)‖f‖p, (4.2.6)

where C is independent of j and m. On the other hand, we obtain that

|Tj,mf(x)| ≤
∫

2j−1≤|y|<2j

|Ωm(y)|
|y|n χEm(y)|f(x− y)|dy.

It is clear that
|Ωm(y)|
|y|n χEm(y) ∈ L1(Rn).

So we have that
‖Tj,mf‖p ≤ C‖Ωm‖L1(Sn−1)‖f‖p. (4.2.7)

Now we choose a positive integer M > δ−1. Thus

‖T∞f‖p =
∞∑

j=1

∞∑

m=0

‖Tj,mf‖p

=

∞∑

j=1

‖Tj,0f‖p +

∞∑

m=1

mM∑

j=1

‖Tj,mf‖p +

∞∑

m=1

∑

j>mM

‖Tj,mf‖p.

It follows from (4.2.6) that

∞∑

j=1

‖Tj,0f‖p ≤ C2−jθδ‖f‖p

and

∞∑

m=1

∑

j>mM

‖Tj,mf‖p ≤ C

∞∑

m=1

∑

j>mM

2−jθδ2mθ‖Tj,mf‖p ≤ C‖f‖p.
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By (4.2.7), we obtain that

∞∑

m=1

mM∑

j=1

‖Tj,mf‖p ≤ C

∞∑

m=1

mM∑

j=1

‖Ωm‖L1(Sn−1)‖f‖p

≤ CM‖f‖p

∞∑

m=1

m2m|Em|

≤ CM‖Ω‖L1 log+ L(Sn−1)‖f‖p

≤ C‖f‖p.

Therefore we have that

‖T∞f‖p ≤ C‖f‖p.

The remainder of the proof is the same as that of Theorem 4.2.1, and we
omit it here.

The following Theorem is a direct consequence of Theorem 4.2.3.

Theorem 4.2.4 Suppose that P (x, y) is a real-valued polynomial on Rn×Rn

and K satisfies the condition (1),(2) and (4). The operator T defined by
(4.1) is bounded on Lp(Rn), 1 < p < ∞, with the bound depending only on
the total degree of P (x, y), but not on the coefficients of P (x, y).

4.3 Oscillatory singular integrals with standard ker-

nels

Let K(x, y) be a Calderón-Zygmund standard kernel (also called distri-
bution kernel). That means, K(x, y) satisfies

(a) |K(x, y)| ≤ C

|x− y|n , x 6= y,

(b) |∇xK(x, y)| + |∇yK(x, y)| ≤ C

|x− y|n+1
, x 6= y.

Clearly the kernel K does not have any homogeneous property.

The oscillatory singular integral operator in this section is defined by

Tf(x) = p·v·

∫

Rn

eiP (x,y)K(x, y)f(y)dy, (4.3.1)

where P (x, y) is a real-valued polynomial on Rn×Rn.
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Theorem 4.3.1 Suppose that K satisfies (a) and (b). If the singular inte-
gral operator K defined by

Kf(x) = p·v·

∫

Rn

K(x, y)f(y)dy

is bounded on L2(Rn) , then T defined by (4.3.1) is bounded on Lp(Rn),
1 < p < ∞, with the bound depending only on the total degree of P (x, y),
but not on the coefficients of P (x, y).

We only state the above theorem without proof and will give the proof
for its weighted version. In weighted case, we have the following theorem.

Theorem 4.3.2 Under the same conditions on K as that of Theorem 4.3.1.
If the operator K is bounded on L2(Rn), then for any ω ∈ Ap, 1 < p < ∞,
we have

‖Tf‖p,ω ≤ C‖f‖p,ω, (4.3.2)

where Ap is the Muckenhoupt class, and C depends only on the total degree
of P (x, y), but not on the coefficients of P (x, y).

Proof. Using same double induction on the degree in x and y of the
polynomial P as that of Theorem 4.1.1. We consider two cases.

Case 1. Assume
∑

|α|=k,|β|=l |aαβ | = 1. Decompose

Tf(x) =

∫

|x−y|<1
eiP (x,y)K(x, y)f(y)dy

+
∞∑

j=1

∫

2j−1≤|x−y|<2j

eiP (x,y)K(x, y)f(y)dy

:= T0f(x) +

∞∑

j=1

Tjf(x).

For h ∈ Rn, P (x, y) can be written as

P (x, y) =
∑

|α|=k,|β|=l

aαβ(x− h)α(y − h)β +R(x, y, h),

where R(x, y, h) is a polynomial which satisfies the inductive hypothesis,
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whose coefficients depend on h. Write

T0f(x) =

∫

|x−y|<1
exp

{
i
(
R(x, y, h) +

∑
aαβ(y − h)α+β

)}
K(x, y)f(y)dy

+

∫

|x−y|<1
eiP (x,y) − ei(R(x,y,h)+

∑
aαβ(y−h)α+β)K(x, y)f(y)dy

:=T01f(x) + T02f(x).

Now put f into three parts:

f(y) =f(y)χ{|y−h|<1/2}(y) + f(y)χ{1/2≤|y−h|<5/4}(y) + f(y)χ{|y−h|≥5/4}(y)

:=f1(y) + f2(y) + f3(y).

When |x− h| < 1/4, it is easy to see that

T01f1(x) =

∫

Rn

exp
{
i(R(x, y, h) + Σaαβ(y − h)α+β)

}
K(x, y)f1(y)dy.

From the inductive hypothesis, it follows that

∫

|x−h|<1/4
|T01f1(x)|pω(x)dx ≤ C

∫

|y−h|<1/2
|f(y)|pω(y)dy, (4.3.3)

where C does not depend on h and the coefficients of P (x, y).

Note that when |x−h| < 1/4, 1/2 < |y−h| < 5/4, we have |x−y| > 1/4.
Thus

|T01f2(x)| ≤ C

∫

1/4<|x−y|<1

|f2(y)|
|x− y|ndy ≤ CM(f2)(x).

Therefore, we have that

∫

|x−h|<1/4
|T01f2(x)|pω(x)dx ≤ C

∫

|y−h|<5/4
|f(y)|pω(y)dy, (4.3.4)

where C does not depend on h and the coefficients of P (x, y).

Also notice that when |x− h| < 1/4, |y − h| ≥ 5/4, we have |x− y| > 1.
Hence

T01f3(x) = 0. (4.3.5)

By (4.3.3), (4.3.4) and (4.3.5), we obtain that

∫

|x−h|<1/4
|T01f(x)|pω(x)dx ≤ C

∫

|y−h|<5/4
|f(y)|pω(y)dy, (4.3.6)
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where C does not depend on h and the coefficients of P (x, y).
Obviously, when |x− h| < 1/4, |x − y| < 1, we have

∣∣∣eiP (x,y) − ei(R(x,y,h)+
∑

aαβ(y−h)α+β)
∣∣∣ ≤ C|x− y|.

Therefore, when|x− h| < 1/4, we have that

|T02f(x)| ≤ C

∫

|x−y|<1

|f(y)|
|x− y|n−1

dy ≤ CM(fχB(h,5/4))(x).

It follows that
∫

|x−h|<1/4
|T02f(x)|pω(x)dx ≤ C

∫

|y−h|<5/4
|f(y)|pω(y)dy, (4.3.7)

where C does not depend on h and the coefficients of P (x, y). From (4.3.6)
and (4.3.7), it follows that

∫

|x−h|<1/4
|T0f(x)|pω(x)dx ≤ C

∫

|y−h|<5/4
|f(y)|pω(y)dy

holds for every h ∈ Rn. This is equivalent to having that

‖T0f‖p,ω ≤ C‖f‖p,ω, (4.3.8)

where C does not depend on the coefficients of P (x, y).
For j ≥ 1, we have

|Tjf(x)| ≤
∫

2j−1≤|x−y|<2j

|f(y)|
|x− y|ndy ≤ CM(f)(x),

where C does not depend on j . By the reverse Hölder inequality, there
exists an ε > 0 such that ω1+ε ∈ Ap. Thus, we have

‖Tjf‖p,ω1+ε ≤ C‖f‖p,ω1+ε. (4.3.9)

On the other hand, applying a method similar to that of proving (4.1.9),
we can get

‖Tj‖2 ≤ C2−jε.

And it is easy to see that the norm of Tj on L1 or L∞ are uniformly bounded.
Thus, we can deduce that

‖Tjf‖p ≤ C2−jδ‖f‖p, (4.3.10)
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where C only depends on the total degree of P (x, y) and δ > 0. By (4.3.9),
(4.3.10) and the Stein-Weiss interpolation theorem with change of measures,
we obtain that

‖Tjf‖p,ω ≤ C2−jθδ‖f‖p,ω, (4.3.11)

where 0 < θ < 1, θ is independent of j, and C only depends on the degree
of P (x, y). It follows from (4.3.8) and (4.3.11) that

‖Tf‖p,ω ≤ C‖f‖p,ω ,

where C depends only on the total degree of P (x, y), but not on the coeffi-
cients of P (x, y).

Case 2. Assume
∑

|α|=k,|β|=l

|aαβ | 6= 1. Denote b =


 ∑

|α|=k,|β|=l

|aαβ |




1
k+l

,

then

P (x, y) =
∑

|α|=k,|β|=l

b−(k+l)aαβ(bx)α(by)β +R

(
bx

b
,
by

b

)
:= Q(bx, by).

Thus

Tf(x) = p.v.

∫

Rn

eiQ(bx,by)K(x, y)f(y)dy

= p.v.

∫

Rn

eiQ(bx,by)K

(
bx

b
,
y

b

)
f
(y
b

)
b−ndy

:= b−nTb

(
f
( ·
b

))
(bx),

where

Tbf(x) = p.v.

∫

Rn

eiQ(x,y)Kb(x, y)f(y)dy

and
Kb(x, y) = K

(x
b
,
y

b

)
.

It is not difficult to check that Kb satisfies (a) and (b), and then the operator

f → p.v.

∫

Rn

Kb(x, y)f(y)dy

is of type (L2, L2). The conclusion in the case 1 yields that

‖Tbg‖p,ω ≤ bnC‖g‖p,ω,
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where C only depends on the total degree of P (x, y). Noting that ω
( ·

b

)
∈ Ap,

and C
(
ω
( ·

b

))
= C(ω), we have that

∫

Rn

|Tf(x)|p ω(x)dx = b−np

∫

Rn

∣∣∣Tb

(
f
( ·
b

))
(bx)

∣∣∣
p
ω(x)dx

= b−np

∫

Rn

∣∣∣Tb

(
f
( ·
b

))
(x)
∣∣∣
p
ω
(x
b

)
b−ndx

≤ C

∫

Rn

∣∣∣f
(x
b

)∣∣∣
p
ω
(x
b

)
b−ndx

= C

∫

Rn

|f(x)|pω(x)dx,

where C depends only on the total degree of P (x, y), but not on the coeffi-
cients of P (x, y).

4.4 Multilinear oscillatory singular integrals with

rough kernels

In this section, we will study a class of multilinear oscillatory singular
integrals that is a generalization of commutators generated by oscillatory
singular integrals and a BMO function. Precisely, The multilinear oscillatory
singular integral operators TA is defined by

TAf(x) = p·v·

∫

Rn

eiP (x,y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy, (4.4.1)

where P (x, y) is a real-valued polynomial on Rn×Rn, Rm+1(A;x, y) denotes
the m + 1-th order Taylor series remainder of A at x expanded about y,
more precisely,

Rm+1(A;x, y) = A(x) −
∑

|α|≤m

1

α!
DαA(y)(x− y)α.

It is obvious to see that when m = 0, R1(A;x, y) = A(x) − A(y). Thus we
obtain that

TAf = AT (f) − T (Af) = [A, T ]f.

In this case, TA is just a commutator;
The truncated operator corresponding to TA is defined by

SAf(x) = p·v·

∫

|x−y|<1

Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy, (4.4.2)



4.4 Multilinear oscillatory singular integrals with rough kernels 203

In this section, we will investigate a class of multilinear oscillatory singular
integral operators with rough kernels and their criterion on Lp-Boundedness.

Suppose that Ω satisfies conditions

(1) Ω is homogeneous of degree 0;

(2)

∫

Sn−1

Ω(x′)dσ(x′) = 0; and

(3) Ω ∈ Lq(Sn−1), for some q with 1 < q ≤ ∞.

Theorem 4.4.1 Suppose that Ω satisfies (1), (3) and a function A has
derivatives of order m + 1-th in BMO(Rn). The operator TA defined by
(4.4.1) is bounded on Lp(Rn) if and only if the truncated operator SA defined
by (4.4.2) is bounded on Lp(Rn) (1 < p <∞) with the bound depending only
on the total degree of P (x, y), but not on the coefficients of P (x, y).

To prove Theorem 4.4.1, let us first give some lemmas.

Lemma 4.4.1 Let b(x) be a function on Rn with derivatives of m-th order
in Ls(Rn) for some s, n < s ≤ ∞. Then

|Rm(b;x, y)| ≤ Cm,n|x− y|m
∑

|α|=m

( 1

|Iy
x |

∫

Iy
x

|Dαb(z)|sdz
)1/s

,

where Iy
x is the cube centered at x, with its sides paralled to the axes , whose

diameter is 2
√
n|x− y|.

Lemma 4.4.2 Suppose that Ω satisfies (1), (3) and a function A has deriva-
tives of order m-th in BMO(Rn). Denote

MAf(x) = sup
r>0

1

rn+m

∫

|x−y|<r
|Ω(x− y)Rm+1(A;x, y)f(y)| dy. (4.4.3)

Then MA is bounded on Lp(Rn) with 1 < p <∞.

Proof. Define MA, a variant of MA, by

MAf(x) = sup
r>0

1

rn+m

∫

r/2≤|x−y|<r
|Ω(x− y)Rm+1(A;x, y)f(y)| dy. (4.4.4)
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It follows that

MAf(x)

= sup
r>0

1

rn+m

∫

|x−y|<r
|Ω(x− y)Rm+1(A;x, y)f(y)| dy

≤ sup
r>0

∞∑

k=0

1

rn+m

∫

r/2k+1≤|x−y|<r/2k

|Ω(x− y)Rm+1(A;x, y)f(y)| dy

=

∞∑

k=0

sup
r>0

2−k(n+m)

(
r
2k

)n+m

∫

r/2k+1≤|x−y|<r/2k

|Ω(x− y)Rm+1(A;x, y)f(y)| dy

=

∞∑

k=0

1

2k(n+m)
sup
r>0

1(
r
2k

)n+m

∫

r/2k+1≤|x−y|<r/2k

|Ω(x− y)Rm+1(A;x, y)f(y)| dy

= CMAf(x).

Hence if MA is bounded on Lp(Rn) with 1 < p < ∞, then we immediately
obtain that MA is also bounded on Lp(Rn) with 1 < p <∞.

Therefore it suffices to prove Lemma 4.4.2 for MA. For fixed x ∈ Rn,
r > 0, let Q(x, r) be the cube centered at x and have its sidelength 2

√
nr.

Set

AQ(y) = A(y) −
∑

|α|=m

1

α!
mQ(x,r)(D

αA)yα,

where mQ(x,r)(D
αA) denotes the mean value of DαA on Q(x, r). Clearly we

have

Rm+1(A
Q;x, y) = Rm+1(A;x, y).

In the following, we will consider two cases:

(i) When m = 0, in this case A ∈ BMO and

MAf(x) = sup
r>0

1

Rn

∫

r/2≤|x−y|<r
|Ω(x− y)(A(x) −A(y))f(y)| dy

≤ sup
r>0

(
1

Rn

∫

r/2≤|x−y|<r
|Ω(x− y)|q |f(y)| dy

)1/q

× sup
r>0

(
1

Rn

∫

r/2≤|x−y|<r
|A(x) −A(y)|q′ |f(y)| dy

)1/q′

:=
[
P1(f)(x)

]1/q[
P2(f)(x)

]1/q′

.
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It is easy to check that

‖P1(f)‖p ≤ C‖Ω‖q
Lq(Sn−1)

‖f‖p

and
‖P2(f)‖p ≤ C‖A‖BMO‖f‖p.

(ii) When m ≥ 1, We have that

MAf(x)

≤ sup
r>0

1

rn+m

∫

r/2<|x−y|<r
|Ω(x− y)Rm(AQ;x, y)f(y)|dy

+ sup
r>0

1

rn+m

∫

r/2<|x−y|<r

∣∣∣∣∣∣
Ω(x− y)

∑

|α|=m

1

α!
DαAQ(y)(x− y)αf(y)

∣∣∣∣∣∣
dy

:= M
1
Af(x) +M

2
Af(x).

From Lemma 4.4.1, it follows that

M
1
Af(x) ≤ C sup

r>0

1

rn

∫

r/2<|x−y|<r

∑

|α|=m

‖DαA‖BMO|f(y)|dy

≤ C
∑

|α|=m

‖DαA‖BMO ·M(f)(x),

where M(f)(x) denotes the Hardy-Littlewood maximal function of f . Then
from the Lp− boundedness of Hardy-Littlewood maximal function, it follows
that

‖M 1
A(f)‖p ≤ C

∑

|α|=m−1

‖DαA‖BMO‖f‖p.

For 1 < p <∞ , we choose a t such that 1 < t < p. For M
2
A, we have that

M
2
Af(x) ≤ C sup

r>0

1

Rn

∫

r/2<|x−y|<r

∑

|α|=m−1

|DαA(y) −mQ(x,r)(D
αA)‖f(y)|dy

≤ C
∑

|α|=m

(
sup
r>0

1

Rn

∫

r/2<|x−y|<r
|DαA(y) −mQ(x,r)(D

αA)|t
′

dy

)1/t
′

× sup
r>0

(
r−n

∫

|x−y|<r
|f(y)|tdy

)1/t

≤ C
∑

|α|=m−1

‖DαA‖BMOMt(f)(x),
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where

Mt(f)(x) =
[
M(|f |t)(x)

] 1
t
.

Thus we conclude that

‖M2
A(f)‖p ≤ C

∑

|α|=m

‖DαA‖BMO‖Mt(f)‖p

= C
∑

|α|=m

‖DαA‖BMO

[(∫

Rn

[M(|f |t)(x)]p/tdx

)t/p
]1/t

≤ C
∑

|α|=m

‖DαA‖BMO‖f‖p.

Therefore, for 1 < p <∞, we have that

‖MAf‖p ≤ C
∑

|α|=m

‖DαA‖BMO‖f‖p.

Proof of Theorem 4.4.1. Observe that if the operator T defined by

Tf(x) = p·v·

∫

Rn

Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy

is bounded on Lp(Rn), then the truncated operator SA defined by (4.4.2) is
also bounded on Lp(Rn). By dilation invariance, we only treat the case of

∑

|α|=m

‖DαA‖BMO = 1.

Proof of sufficiency. Let k and l be positive integers. Let P (x, y) be
a non-trivial real-valued polynomial with degree k in x and l in y. Write

P (x, y) =
∑

|α|≤k,|β|≤l

aα,βx
αyβ

and decompose TA into

TAf(x) =

∫

|x−y|<1
eiP (x,y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy

+

∫

|x−y|≥1
eiP (x,y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy

:= T 0
Af(x) + T∞

A f(x).
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Let us now turn our attention to the operator T∞
A . For this purpose, we

write

T∞
A f =

∞∑

d=1

T d
Af,

where

T d
Af(x) =

∫

2d−1≤|x−y|<2d

eiP (x,y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy.

Let us first consider the operator T d
A, d ≥ 1. Since

|T d
Af(x)| ≤

∫

2d−1≤|x−y|<2d

∣∣∣∣
Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)

∣∣∣∣ dy

≤ sup
r>0

2m

rm+n

∫

|x−y|<r
|Ω(x, y)Rm+1(A;x, y)f(y)| dy = 2mMAf(x).

From Lemma 4.4.2, it follows that

‖T d
Af‖p ≤ C‖MA(f)‖p ≤ C‖f‖p, (4.4.5)

where C is independent of d, 1 < p <∞.

On the other hand, if we can prove that

‖T d
Af‖2 ≤ C2−θ1d‖f‖2, (4.4.6)

then by interpolating between (4.4.5) and (4.4.6), then we will obtain that

‖T d
Af‖p ≤ C2−θ2d‖f‖p, 1 < p <∞, (4.4.7)

where θ1,θ2 and C are independent of d and f .

The remainder is to prove (4.4.6). To do this, we define

T
d
Af(x) =

∫

1≤|x−y|<2
eiP (2d−1x,2d−1y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy.

We first prove that ∥∥∥T d
Af
∥∥∥

2
≤ C2−θd‖f‖2. (4.4.8)

Decompose Rn into Rn =
⋃
Ii , where each Ii is a cube with side of length

1, and the cubes have disjoint interiors. Set fi = fχi. From the definition of

T
d
Af and fi, it easily follows that the support of T

d
Afi is contained in a fixed
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multiple of Ii. Since the supports of the various terms T
d
Afi are bounded

overlapping, we have the ”almost orthogonality” property
∥∥∥T d

Af
∥∥∥

2
≤ C

∑

i

∥∥∥T d
Afi

∥∥∥
2
.

Therefore, it suffices to show that there exists a θ > 0 independent of d and
fi (for all i) such that

∥∥∥T d
Afi

∥∥∥
2
≤ C2−θd‖fi‖2. (4.4.9)

For fixed i, denote I i = 100nIi. Let φi(x) ∈ C∞
0 (Rn) such that 0 ≤ φi ≤ 1

and φi is identically 1 on 10
√
nIi and vanishes outside of 50

√
nIi, ‖Dγφi‖ ≤

Cγ for all multi-index γ. Let x0 be a point on the boundary of 80
√
nIi.

Denote

Aφi(y) = Rm


A(·) −

∑

|α|=m

1

α!
mIi

(DαA)(·)α; y, x0


φi(y).

A simple computation shows that Rm+1(A;x, y) = Rm+1(A
φi ;x, y). For

multi-index α, define

T
d,α
A f(x) =

∫

1≤|x−y|<2
eiP (2d−1x,2d−1y) Ω(x− y)

|x− y|n+m
(x− y)αf(y)dy.

It follows that

T
d
Afi(x) = T

d
Aφifi(x)

=

∫

1≤|x−y|<2
eiP (2d−1x,2d−1y) Ω(x− y)

|x− y|n+m
Rm+1(A

φi ;x, y)fi(y)dy

= Aφi(x)T
d,0
A fi(x) −

∑

|α|<m

1

α!
T

d,α
A

(
DαAφifi

)
(x)

−
∑

|α|=m

1

α!
T

d,α
A

(
DαAφifi

)
(x)

:= I + II + III.

Now we will give the estimates of I, II and III respectively. For multi-index
β, |β| < m, we have

DβAφi(y)

=
∑

β=µ+ν

Cµ,νRm−|µ|


Dµ


A(·) −

∑

|α|=m

1

α!
mIi

(DαA)(·)α


 ; y, x0


Dνφi(y).
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By Lemma 4.4.1, we have |DβAφi(y)| ≤ C. For the operator T
d,α
A with

multi-index α, it is not difficult to obtain the following estimate

∥∥∥T d,α
A f

∥∥∥
p
≤ C2−(θ+m−|α|)d‖f‖p, 1 < p <∞. (4.4.10)

Thus it follows from (4.4.10) that

‖I‖2 ≤ C2−θd‖fi‖2

and

‖II‖2 ≤ C2−θd‖fi‖2.

It remains to estimate the third term III. For 0 < γ < n, we have

∣∣∣T d,α
A f(x)

∣∣∣ = C

∫

1≤|x−y|<2
|Ω(x− y)f(y)|dy

≤ Cγ‖Ω‖Lq(Sn−1)

∫

1≤|x−y|<2

|f(y)|q′

|x− y|n−γ
dy

≤ Cγ‖Ω‖Lq(Sn−1)

[
Iγ(|f |q′)(x)

]1/q′

,

where Iγ denotes the usual fractional integral of order γ. Choose p1 ≥ q′,
for σ > 0, we may take a γ such that 0 < γ < nq ′/p1 and 1/(p1 + σ) =
1/p1 − γ/nq′. By the Hardy-Littlewood-Sobolev theorem, we get

∥∥∥T d,α
A f

∥∥∥
p1+σ

≤ C‖f‖p1 . (4.4.11)

By (4.4.10), for |α| = m, there exists δ1 > 0 such that

∥∥∥T d,α
A f

∥∥∥
p
≤ C2−δ1d‖f‖p. (4.4.12)

If p ≥ q′, then we may set p = p1. Interpolating between (4.4.11) and
(4.4.12) yields that ∥∥∥T d,α

A f
∥∥∥

p+ρ
≤ C2−δ2d‖f‖p, (4.4.13)

where δ2 > 0 and 0 < ρ ≤ σ;

If 1 < p < q′, then interpolating between (4.4.11) and (4.4.12) yields
that ∥∥∥T d,α

A f
∥∥∥

p2+ρp

≤ C2−δ2d‖f‖p2 , (4.4.14)
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where p < p2 < p1 and 0 < ρp < σ. It follows from (4.4.13) and (4.4.14)
that ∥∥∥T d,α

A f
∥∥∥

p+ρp

≤ C2−δ2d‖f‖p, (4.4.15)

where 1 < p <∞ and 0 < ρp < σ. On the other hand, if |β| = m, then

DβAφi(y)

=
∑

β=µ+ν,|µ|<m

Cµ,νRm−|µ|

×


Dµ


A(·) −

∑

|α|=m

1

α!
mIi

(DαA)(·)α


 ; y, x0


Dνφi(y)

+
∑

|α|=m

(
DαA(y) −mIi

(DαA)
)
φi(y).

Thus, it follows that

∣∣∣DβAφi(y)
∣∣∣ ≤ C


1 +

∑

|α|=m

∣∣∣DαA(y) −mIi
(DαA)

∣∣∣


 .

and this shows for any t > 1 that
∥∥∥DβAφi

∥∥∥
t
≤ C.

We choose η > 0 and 1 < t <∞ such that

1

2
+

1

t
=

1

2 − η
.

It follows from (4.4.15) that

‖III‖2 ≤ C2−δ2d
∑

|α|=m

∥∥∥DαAφifi

∥∥∥
2−η

≤ C2−δ2d
∑

|α|=m

‖DαAφi‖t‖fi‖2

≤ C2−δ2d‖fi‖2.

All estimates above imply that (4.4.8) is valid. By the process of proving

(4.4.8), it is easy to see that inequality (4.4.8) also holds if T
d,α
A f is replaced

by T d,α
A f . Thus, we obtain (4.4.7).
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Let us now turn to prove that T 0
A is also bounded on Lp(Rn), i.e.,

∥∥T 0
Af
∥∥

p
≤ C‖f‖p. (4.4.16)

We will carry out an argument by a double induction on the degree in x and
y of the polynomial P (x, y). If P (x, y) depends only on x or only on y, it
is obvious that there cases are trivial. Let k and l be two positive integers
and let P (x, y) have degree k in x and l in y. We assume that (4.4.16) holds
for all polynomial which are sums of monomials of degree less than k in x
times monomials of any degree in y, together with monomials which are of
degree k in x times monomials which are of degree less than l in y. Rewrite

P (x, y) =
∑

|α|=k,|β|=l

aα,β

(
xαyβ − yα+β

)
+ P0(x, y).

Obviously P0(x, y) satisfies the inductive hypothesis. It follows that

T 0
Af(x) =

∫

|x−y|<1
eiP0(x,y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy

+

∫

|x−y|<1

(
eiP (x,y) − eiP0(x,y)

) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy

:= T 01
A f(x) + T 02

A f(x).

By the inductive hypothesis, we conclude that the operator T 01
A is bounded

on Lp(Rn). A direct computation shows that
∣∣∣eiP (x,y) − eiP0(x,y)

∣∣∣ ≤ C|x− y|.

Denote f̃(y) = f(y)χ{|y|≤2}. When |x| ≤ 1, we have that

∣∣T 02
A f(x)

∣∣ ≤ C

∫

|x−y|<1

|Ω(x− y)|
|x− y|n+m−1

|Rm+1(A;x, y)||f̃ (y)|dy

≤ CMAf̃(x).

By Lemma 4.4.2, we obtain
∫

|x|≤1
|T 02

A f(x)|pdx ≤ C

∫

|x|≤2
|f(x)|pdx.

Therefore, for any h ∈ Rn, it follows that
∫

|x−h|≤1
|T 02

A f(x)|pdx ≤ C

∫

|x−h|≤2
|f(x)|pdx,
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where C is independent of h. Integrating the last inequality with respect to
h yields our desired result.

Proof of necessity. To do this, we choose Q(x, y) such that it has the
property P and decomposes

TAf(x) =

∫

|x−y|<1
eiQ(x,y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy

+

∫

|x−y|≥1
eiQ(x,y) Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)dy

:= T 0
Af(x) + T∞

A f(x).

The previous proof implies that T∞
A is bounded on Lp(Rn), so is T 0

A. It is
easy to check that

(∫

|x−h|≤1
|T 0

Af(x)|pdx
)1/p

≤ C

(∫

|x−h|≤2
|f(x)|pdx

)1/p

,

where C is independent of h, 1 < p < ∞. Since Q(x, y) has the property
P, when |x− h| < 1, we have that

SAf(x)

=

∫

|x−y|<1

Ω(x− y)

|x− y|n+m
Rm+1(A;x, y)f(y)χB2(h)(y)dy

= e−iR0(x,h)

∫

|x−y|<1
eiQ(x,y) Ω(x− y)

|x− y|n+m
e−iQ(x−h,y−h)e−iR1(y,h)f(y)χB2(h)(y)dy.

Observe that the Taylor expansion of eiQ(x−h,y−h) is

e−iQ(x−h,y−h) =
∞∑

m=0

(−i)m

m!


∑

α,β

aαβ(x− h)α(y − h)β




m

=

∞∑

m=0

1

m!

∑

µ,ν,

am,µ,ν(x− h)µ(y − h)ν ,

where u and v are multi-indice. Thus, if we set a = (1, 1, · · · , 1) and b =
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(2, 2, · · · , 2), then we conclude that
(∫

|x−h|<1
|Sf(x)|pdx

)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν,

|am,µ,ν |
( ∫

|x−h|<1
|(x− h)µ|p

×
∣∣∣T 0

A

(
e−iR1(·,h)f(·)χB(h,2)(·)(· − h)ν

)
(x)
∣∣∣
p
dx
)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν,

|am,µ,ν |aµ

(∫

|y−h|<2
|f(y)|p|(y − h)ν |pdy

)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν

|am,µ,ν |aµbν

(∫

|y−h|<2
|f(y)|pdy

)1/p

≤ C
∞∑

m=0

1

m!


∑

α,β

|aαβ |aαbβ




m(∫

|y−h|<2
|f(y)|pdy

)1/p

≤ C exp


∑

α,β

|aαβ|aαbβ



(∫

|y−h|<2
|f(y)|pdy

)1/p

.

Thus
‖SAf‖p ≤ C‖f‖p.

4.5 Multilinear oscillatory singular integrals with

standard kernels

Suppose that K(x, y) is a Calderón-Zygmund standard kernel (also called
distribution kernel). That means, K(x, y) satisfies

(a) |K(x, y)| ≤ C

|x− y|n , x 6= y,

(b) |∇xK(x, y)| + |∇yK(x, y)| ≤ C

|x− y|n+1
, x 6= y.

Obviously the kernel K does not have homogeneity.
Let us study in this section an oscillatory singular integral operator de-

fined by

TAf(x) = p·v·

∫

Rn

eiP (x,y) K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy, (4.5.1)
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where P (x, y) is a real-valued polynomial on Rn×Rn.

Theorem 4.5.1 Suppose that K(x, y) satisfies (a) and (b). If A has deriva-
tives of order m in BMO (Rn), then for 1 < p <∞, then the following two
facts are equivalent:

(i) If P (x, y) is a non-trivial real valued polynomial, then TA is bounded

from Lp to Lp with the bound C(degP, n)
(∑

|α|=m ‖DαA‖BMO

)
, where deg

P denotes the total degree of the polynomial P (x, y).

(ii) The truncated operator

SAf(x) = p·v·

∫

|x−y|<1

K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy

is bounded from Lp to Lp with the bound C
(∑

|α|=m ‖DαA‖BMO

)
.

Proof of Theorem 4.5.1. By dilation invariance, we only deal with the
case ∑

|α|=m

‖DαA‖BMO = 1.

(ii)⇒(i). Let k and l be positive integers. Let P (x, y) be a non-trivial
real-valued polynomial with degree k in x and l in y. Write P (x, y) =∑

|α|≤k,|β|≤l aα,βx
αyβ and decompose TA into

TAf(x) =

∫

|x−y|<1
eiP (x,y) K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy

+

∫

|x−y|≥1
eiP (x,y) K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy

:= T 0
Af(x) + T∞

A f(x).

We can easily obtain

‖T 0
Af‖p ≤ C‖f‖p .

Let us now turn our attention to the operator T∞
A . For this purpose we

write

T∞
A f(x) =

∞∑

d=1

T d
Af(x) ,
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where

T d
Af(x) =

∫

2d−1≤|x−y|<2d

eiP (x,y) K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy.

We first consider the operator T d
A, d ≥ 1. Since

|T d
Af(x)| ≤

∫

2d−1≤|x−y|<2d

∣∣∣∣
K(x, y)

|x− y|mRm+1(A;x, y)f(y)

∣∣∣∣ dy

≤ sup
r>0

2m

rm

∫

|x−y|<r
|K(x, y)Rm+1(A;x, y)f(y)| dy := MAf(x),

it follows from Lemma 4.4.2 that

‖T d
Af‖p ≤ C‖MA(f)‖p ≤ C‖f‖p, (4.5.2)

where C is independent of d, 1 < p <∞. On the other hand, if we can prove
that

‖T d
Af‖2 ≤ C2−θ1d‖f‖2, (4.5.3)

then by interpolating between (4.5.2) and (4.5.3), we will obtain that

‖T d
Af‖p ≤ C2−θ2d‖f‖p, 1 < p <∞, (4.5.4)

where θ1,θ2 and C are independent of d and f .
The remainder is to prove (4.5.3). To do this, we define

T
d
Af(x) =

∫

1≤|x−y|<2
eiP (2d−1x,2d−1y) K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy.

We shall prove that

‖T d
Af‖2 ≤ C2−θd‖f‖2. (4.5.5)

Decompose Rn into Rn =
⋃
Ii , where Ii is a cube with side of length 1,

and the cubes have disjoint interiors. Set fi = fχi. From the definition of

T
d
Af and fi, it easily follows that the support of T

d
Afi is contained in a fixed

multiple of Ii. Since the supports of the various terms T
d
Afi have bounded

overlaps, we have the ”almost orthogonality” property

‖T d
Af‖2 ≤ C

∑

i

‖T d
Afi‖2.

Therefore, it suffices to show that there exists a θ > 0 independent of d and
fi (for all i) such that

‖T d
Afi‖2 ≤ C2−θd‖fi‖2. (4.5.6)
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For fixed i, denote I i = 100nIi. Let φi(x) ∈ C∞
0 (Rn) such that 0 ≤ φi ≤ 1

and φi is identically 1 on 10
√
nIi and vanishes outside of 50

√
nIi, ‖Dγφi‖∞ ≤

Cγ for all multi-index γ. Let x0 be a point on the boundary of 80
√
nIi.

Denote

Aφi(y) = Rm


A(·) −

∑

|α|=m

1

α!
mIi

(DαA)(·)α; y, x0


φi(y).

A simple computation shows that Rm+1(A;x, y) = Rm+1(A
φi ;x, y). For

multi-index α, define

T
d,α
A f(x) =

∫

1≤|x−y|<2
eiP (2d−1x,2d−1y) K(x, y)

|x− y|m (x− y)αf(y)dy.

It follows that

T
d
Afi(x) = T

d
Aφifi(x)

=

∫

1≤|x−y|<2
eiP (2d−1x,2d−1y) K(x, y)

|x− y|mRm+1(A
φi ;x, y)fi(y)dy

= Aφi(x)T
d,0
A fi(x) −

∑

|α|<m

1

α!
T

d,α
A

(
DαAφifi

)
(x)

−
∑

|α|=m

1

α!
T

d,α
A

(
DαAφifi

)
(x)

:= I + II + III.

In the following, we will give the estimates of I, II and III respectively. For
multi-index β, |β| < m, we have

DβAφi(y)

=
∑

β=µ+ν

Cµ,νRm−|µ|


Dµ


A(·) −

∑

|α|=m

1

α!
mIi

(DαA)(·)α


 ; y, x0


Dνφi(y).

By Lemma 4.4.1, we have |DβAφi(y)| ≤ C. For the operator T
d,α
A with

multi-index α, it is not difficult to obtain the following estimate
∥∥∥T d,α

A f
∥∥∥

p
≤ C2−(θ+m−|α|)d‖f‖p, 1 < p <∞. (4.5.7)

Thus it follows from (4.5.7) that

‖I‖2 ≤ C2−θd‖fi‖2
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and
‖II‖2 ≤ C2−θd‖fi‖2.

It remains to estimate the third term III . By the property (i) on K(x, y),
for 0 < γ < n, we have

∣∣∣T d,α
A f(x)

∣∣∣ = C

∫

1≤|x−y|<2
|f(y)|dy

≤ C

∫

1≤|x−y|<2

|f(y)|
|x− y|n−γ

dy

≤ CIγ(|f |)(x),

where Iγ denotes the usual fractional integral of order γ. For σ > 0, we
may take a γ such that 0 < γ < n/p and 1/(p + σ) = 1/p − γ/n. By the
Hardy-Littlewood-Sobolev theorem, we get

∥∥∥T d,α
A f

∥∥∥
p+σ

≤ C‖f‖p. (4.5.8)

By (4.5.7), for |α| = m, there exists δ1 > 0 such that
∥∥∥T d,α

A f
∥∥∥

p
≤ C2−δ1d‖f‖p. (4.5.9)

Interpolating between inequalities (4.5.8) and (4.5.9) yields that
∥∥∥T d,α

A f
∥∥∥

p+ρ
≤ C2−δ2d‖f‖p, (4.5.10)

where δ2 > 0 and 0 < ρ ≤ σ. On the other hand, if |β| = m, then

DβAφi(y)

=
∑

β=µ+ν,|µ|<m

Cµ,νRm−|µ|

×


Dµ


A(·) −

∑

|α|=m

1

α!
mIi

(DαA)(·)α


 ; y, x0


Dνφi(y)

+
∑

|α|=m

(
DαA(y) −mIi

(DαA)
)
φi(y).

Thus, it follows that

∣∣∣DβAφi(y)
∣∣∣ ≤ C


1 +

∑

|α|=m

∣∣∣DαA(y) −mIi
(DαA)

∣∣∣


 .
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And this shows for any t > 1 that

‖DβAφi‖t ≤ C

We choose η > 0 and 1 < t <∞ such that

1

2
+

1

t
=

1

2 − η
.

It follows from (4.5.10) that

‖III‖2 ≤ C2−δ2d
∑

|α|=m

∥∥∥DαAφifi

∥∥∥
2−η

≤ C2−δ2d
∑

|α|=m

‖DαAφi‖t‖fi‖2

≤ C2−δ2d‖fi‖2.

All estimates above imply that (4.5.5) is true. By the process of proving

(4.5.5), it is easy to see that inequality (4.5.5) also holds if T
d,α
A f is replaced

by T d,α
A f . Thus, we obtain (4.5.3).

(ii)⇒(i). To do this, we choose Q(x, y) such that it has the property P

and decomposes

TAf(x) =

∫

|x−y|<1
eiQ(x,y) K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy

+

∫

|x−y|≥1
eiQ(x,y) K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy

:= T 0
Af(x) + T∞

A f(x).

The previous proof has proved that T∞
A is bounded on Lp(Rn). Thus T 0

A is
also bounded on Lp(Rn). It is easy to check that

(∫

|x−h|≤1
|T 0

Af(x)|pdx
)1/p

≤ C

(∫

|x−h|≤2
|f(x)|pdx

)1/p

,

where C is independent of h, 1 < p < ∞. Since Q(x, y) has the property
P, when |x− h| < 1, it follows that

SAf(x)

=

∫

|x−y|<1

K(x, y)

|x− y|mRm+1(A;x, y)f(y)χB2(h)(y)dy

= e−iR0(x,h)

∫

|x−y|<1
eiQ(x,y)K(x− y)e−iQ(x−h,y−h)e−iR1(y,h)f(y)χB2(h)(y)dy.
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Observe that the Taylor expansion of eiQ(x−h,y−h) is

e−iQ(x−h,y−h) =

∞∑

m=0

(−i)m

m!


∑

α,β

aαβ(x− h)α(y − h)β




m

=
∞∑

m=0

1

m!

∑

µ,ν,

am,µ,ν(x− h)µ(y − h)ν ,

where u and v are multi-indice. Thus, if we set a = (1, 1, · · · , 1) and b =
(2, 2, · · · , 2), then we conclude that

(∫

|x−h|<1
|Sf(x)|pdx

)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν,

|am,µ,ν |

×
(∫

|x−h|<1
|(x− h)µ|p

∣∣∣T 0
A

(
e−iR1(·,h)f(·)χB(h,2)(·)(· − h)ν

)
(x)
∣∣∣
p
dx

)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν,

|am,µ,ν |aµ

(∫

|y−h|<2
|f(y)|p|(y − h)ν |pdy

)1/p

≤
∞∑

m=0

1

m!

∑

µ,ν

|am,µ,ν |aµbν

(∫

|y−h|<2
|f(y)|pdy

)1/p

≤ C
∞∑

m=0

1

m!


∑

α,β

|aαβ |aαbβ




m(∫

|y−h|<2
|f(y)|pdy

)1/p

≤ C exp


∑

α,β

|aαβ |aαbβ



(∫

|y−h|<2
|f(y)|pdy

)1/p

.

Thus

‖SAf‖p ≤ C‖f‖p,

and then we finish the proof of Theorem 4.5.1.

The following theorem is an application of Theorem 4.5.1.
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Theorem 4.5.2 Suppose that K(x, y) satisfies (a) and (b). Let A have
derivatives of order m in BMO(Rn). If the following two operators

K f(x) = p·v·

∫

Rn

K(x, y)f(y)dy

and

Tf(x) = p·v·

∫

Rn

K(x, y)

|x− y|mRm+1(A;x, y)f(y)dy (4.5.11)

are all bounded on L2(Rn), then TA defined by (4.5.1) is bounded on Lp(Rn),
1 < p <∞, with the bound C(degP, n)

∑
|α|=m ‖DαA‖BMO.

Before proving Theorem 4.5.2, let us first introduce a class of auxiliary
multilinear oscillatory singular integral operators defined by

TAf(x) = p·v·

∫

Rn

eiP (x,y) K(x, y)

|x− y|mQm+1(A;x, y)f(y)dy (4.5.12)

and

T f(x) = p·v·

∫

Rn

K(x, y)

|x− y|mQm+1(A;x, y)f(y)dy, (4.5.13)

where

Qm+1(A;x, y) = Rm(A;x, y) −
∑

|α|=m

1

α!
DαA(x)(x− y)α.

Obviously,

Rm+1(A;x, y) −Qm+1(A;x, y) =
∑

|α|=m

1

α!
(x− y)α

(
DαA(x) −DαA(y)

)
,

where DαA ∈ BMO(Rn). Thus we have

TAf(x) − TAf(x)

=
∑

|α|=m

1

α!

∫

Rn

eiP (x,y)K(x, y)(x− y)α

|x− y|m
(
DαA(x) −DαA(y)

)
f(y)dy

=
∑

|α|=m

1

α!

[
DαA,Kα

]
f(x),

where

Kαf(x) =

∫

Rn

eiP (x,y)K(x, y)(x− y)α

|x− y|m f(y)dy
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and [DαA,Kα] is a commutator. Set

Kα(x, y) =
K(x, y)(x− y)α

|x− y|m .

It is easy to check that Kα(x, y) satisfies the condition (a) and (b). Define

MAf(x) = sup
r>0

1

rm

∫

|x−y|<r

∣∣K(x, y)Qm+1(A;x, y)f(y)
∣∣dy.

It is not difficult to get that

‖MAf‖p ≤ C
∑

|α|=m

‖DαA||BMO‖f‖p.

To prove Theorem 4.5.2, we need some lemmas.

Lemma 4.5.1 Suppose that K(x, y) and A be the same as in Theorem 4.5.2.
Moreover, b(x, y) ∈ L∞(Rn × Rn) , 1 < p <∞.

If the operator

Tbf(x) = p·v·

∫

Rn

K(x, y)

|x− y|mRm+1(A;x, y)b(x, y)f(y)dy

is bounded on Lp(Rn) with the bound E
∑

|α|=m ‖DαA‖BMO, then the trun-
cated operator

Sbf(x) = p·v·

∫

|x−y|<1

K(x, y)

|x− y|mRm+1(A;x, y)b(x, y)f(y)dy

is also bounded on Lp(Rn) with the bound C(E+‖b‖∞)
(∑

|α|=m ‖DαA‖BMO

)
.

If the operator

Tbf(x) = p·v·

∫

Rn

K(x, y)

|x− y|mQm+1(A;x, y)b(x, y)f(y)dy

is bounded on Lp(Rn) with the bound E
∑

|α|=m ‖DαA‖BMO, then the trun-
cated operator

Sbf(x) = p·v·

∫

|x−y|<1

K(x, y)

|x− y|mQm+1(A;x, y)b(x, y)f(y)dy

is also bounded on Lp(Rn) with the bound C(E+‖b‖∞)
(∑

|α|=m ‖DαA‖BMO

)
;
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The proof of Lemma 4.5.1 is similar to that of Theorem 4.2.2.

Lemma 4.5.2 Suppose that K(x, y) and A be the same as in Theorem 4.5.2.
If the truncated operator

S f(x) = p·v·

∫

|x−y|<1

K(x, y)

|x− y|mQm+1(A;x, y)f(y)dy (4.5.14)

is bounded on Lp(Rn) 1 < p <∞ with the bound

C(degP, n)


 ∑

|α|=m

‖DαA‖BMO


 ,

then for any non-degenerate polynomial P (x, y), the operator TA defined by
(4.5.12) is bounded on Lp(Rn) with the bound

C(degP, n)


 ∑

|α|=m

‖DαA‖BMO


 .

The proof of Lemma 4.5.2 is similar to that of Theorem 4.5.1.

Lemma 4.5.3 Suppose that K(x, y) and A be the same as in Theorem 4.5.2.
Let f ∈ L2(Rn)

⋂
L∞(Rn). For ε > 0, set

Iε =

∫

|y|≥ε

K(x0, y)

|x0 − y|mRm+1(A;x0, y)f(y)dy,

where x0 ∈ {x : |x| = 3ε
5 }. If T defined by (4.5.11) is bounded on Lp(Rn),

then

ε−n

∫

|x|≤ε/2
|Tf(x) − Iε|dx

≤ CM2f(0) + ε−n

∫

|x|≤ε/2

∫

|y|≥ε

∣∣∣ K(y, x)

|x− y|mRm+1(A;x, y)

− K(x0, y)

|x0 − y|mRm+1(A;x0, y)
∣∣∣|f(y)|dydx.
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Proof. Define f1 = fχ{|x|<ε} and f2 = fχ{|x|≥ε}. Then f = f1 + f2. When
|x| < ε/2, we have

|Tf(x) − Iε|
≤ |Tf1(x)| + |Tf2(x) − Iε|
≤ |Tf1(x)|

+

∫

|y|≥ε

∣∣∣∣
K(x, y)

|y − x|mRm+1(A;x, y) − K(x0, y)

|x0 − y|mRm+1(A; y, x0)

∣∣∣∣ |f(y)|dy.

So, it suffices to prove
∫

|x|≤ε/2
|Tf1(x)|dx ≤ C2ε

nM2f(0).

Since T is bounded on L2(Rn), using H
..
older’s inequality implies the desired

result.

To prove Theorem 4.5.2, we also need two propositions.

Proposition 4.5.1 Suppose that K(x, y) and A be the same as in Theorem
4.5.2. If the operator T defined by (4.5.13) is bounded on L2(Rn) with the
bound

∑
|α|=m ‖DαA‖BMO, then for any non-degenerate P (x, y), the opera-

tor TA defined by (4.5.12) is bounded on Lp(Rn), 1 < p ≤ 2, with the bound

C(degP, n)
(
1 +

∑
|α|=m ‖DαA‖BMO

)
.

Proof. If we can prove that T is bounded from H1(Rn) to L1(Rn),
then by the well-known interpolation theorem we obtain that T is bounded
on Lp(Rn)(1 < p ≤ 2). Lemma 4.5.1 directly implies that the truncated
operator S defined by (4.5.14) is also bounded on Lp(Rn)(1 < p ≤ 2).
Lemma 4.5.2 shows us that the Lp− boundedness of TA immediately follows
from Lp− boundedness of S .

Let us now prove that T is bounded from H1(Rn) to L1(Rn). By a
standard argument, it suffices to show that there exists a constant C such
that ∫

Rn

|T a(x)|dx ≤ C
∑

|α|=m

‖DαA‖BMO

for each H1(Rn)-atom a, where C is independent of a. For this purpose,
suppose that supp(a) ⊂ B for some ball B. Then

∫

Rn

|T a(x)|dx =

∫

2B
|T a(x)|dx+

∫

Rn\2B
|T a(x)|dx := I + II.
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The estimate for I follows from the boundedness of T on L2(Rn).

I =

∫

2B
|T a(x)|dx

≤
(∫

2B
|T a(x)|2dx

)1/2 (∫

2B
dx

)1/2

≤ C|B|1/2 · ‖a‖2 ≤ C.

To estimate II we set B̃ = 1.2B,B∗ = 5
√
nB. Let y0 be on the boundary

of B̃, mB∗(b) denotes the mean value of b on B∗. Set

AB∗
(x) = A(x) −

∑

|α|=m

1

α!
mB∗(DαA)xα.

Obviously, Qm+1(A, x, y) = Qm+1(A
B∗
, x, y), when x ∈ Rn \ 2B,

T a(x) =

∫

B

K(x, y)

|x− y|mQm+1(A
B∗

;x, y)a(y)dy

=

∫

B

K(x, y)

|x− y|mRm(AB∗
;x, y)a(y)dy

−
∑

|α|=m

1

α!

∫

B

K(x, y)(x− y)α

|x− y|m DαAB∗
(x)a(y)dy

:= T 1a(x) + T 2a(x).

For T 1a(x), when x ∈ Rn \ 2B,

∣∣T 1a(x)
∣∣ =

∣∣∣∣
∫

B

(
K(x, y)

|x− y|mRm(AB∗
;x, y) − K(x, y0)

|x− y0|m
Rm(AB∗

;x, y0)

)
a(y)dy

∣∣∣∣

≤ C|x− y0|−n−m

∫

B

∣∣∣Rm(AB∗
;x, y) −Rm(AB∗

;x, y0)
∣∣∣ |a(y)|dy

+ C

∫

B

∣∣∣∣
K(x, y)

|x− y|m − K(x, y0)

|x− y0|m
∣∣∣∣
∣∣∣Rm(AB∗

;x, y0)a(y)
∣∣∣ dy.

By the definition of Rm(AB∗
;x, y), we have

Rm(AB∗
;x, y) −Rm(AB∗

;x, y0) =
∑

|β|<m

1

β!
Rm−|β|(D

βAB∗
; y0, y)(x− y0)

β.

For |β| < m, applying Lemma 4.4.1 leads to
∣∣∣Rm−|β|(D

βAB∗
; y0, y)

∣∣∣ ≤ C|y − y0|m−|β| ∑

|α|=m

‖DαA‖BMO.
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Thus

∣∣∣Rm(AB∗
;x, y) −Rm(AB∗

;x, y0)
∣∣∣

≤ C
∑

|β|<m

∑

|α|=m

|y − y0|m−|β||x− y0||β|‖DαA‖BMO.

Therefore

|x− y0|−n−m

∫

B

∣∣∣Rm(AB∗
;x, y) −Rm(AB∗

;x, y0)
∣∣∣ |a(y)|dy

≤ C
∑

|α|=m

‖DαA‖BMO

∫

B

|y − y0||a(y)|
|x− y|n+1

dy,
(4.5.15)

where we use the following relation |x− y| ≈ |x− y0| ≥ |y − y0|.
When x ∈ Rn \ 2B, we have that

∫

B

∣∣∣∣
K(x, y)

|x− y|m − K(x, y0)

|x− y0|m
∣∣∣∣
∣∣∣Rm(AB∗

;x, y0)a(y)
∣∣∣ dy

≤ C

∫

B

|y − y0|
|x− y|m+n+1

|Rm(AB∗
;x, y0)a(y)|dy

= C
∑

|α|=m

∫

B

|y − y0|
|x− y|n+1

×
[(

1

|Iy0
x |

∫

I
y0
x

|DαA(z) −mB∗(DαA

)
|sdz)1/s

]
|a(y)|dy

≤ C
∑

|α|=m

∫

B

|y − y0|
|x− y|n+1

×
[(

1

|C1I
y0
x |

∫

C1I
y0
x

|DαA(z) −mC1I
y0
x

(DαA

)
|sdz)1/s

]
|a(y)|dy

+ C
∑

|α|=m

∫

B

|y − y0|
|x− y|n+1

∣∣∣mC1I
y0
x

(DαA) −mB∗(DαA)
∣∣∣ |a(y)|dy.

Note that B∗ ∈ C1I
y0
x . By a well-known inequality, if f ∈ BMO, then

|mB1(f) −mB2(f)| ≤ C log
|B2|
|B1|

‖f‖BMO, B1 ⊂ B2, 2|B1| ≤ |B2|,

where Bi is cubes or balls (i = 1, 2), C1 is a constant. In fact, we may let
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C1 = 5
√
n and get
∫

B

∣∣∣∣
K(x, y)

|x− y|m − K(x, y0)

|x− y0|m
∣∣∣∣
∣∣∣Rm(AB∗

;x, y0)a(y)
∣∣∣ dy

≤ C
∑

|α|=m

‖DαA‖BMO log
|x− y0|
rB

∫

B

|y − y0‖a(y)|
|x− y|n+1

dy,
(4.5.16)

where rB denotes the radius of B. Combining (4.5.15) with (4.5.16) yields
that

|T 1a(x)| ≤ C
∑

|α|=m

‖DαA‖BMO log
|x− y0|
rB

∫

B

|y − y0‖a(y)|
|x− y|n+1

dy.

For the estimate of T 2a(x), we have that

|T 2a(x)|

≤
∑

|α|=m

1

α!

∣∣∣DαAB∗
(x)
∣∣∣
∫

B

∣∣∣∣
K(x, y)(x− y)α

|x− y|m − K(x, y)(x− y0)
α

|x− y|m
∣∣∣∣ |a(y)|dy

+
∑

|α|=m

1

α!
|DαAB∗

(x)|
∫

B

∣∣∣∣
K(x, y)(x− y0)

α

|x− y|m − K(x, y0)(x− y0)
α

|x− y0|m
∣∣∣∣ |a(y)|dy.

Since K(x, y) and Kα(x, y) satisfy (b), we conclude that

|T 2a(x)| ≤ C
∑

|α|=m

1

α!
|DαAB∗

(x)|
∫

B

|y − y0|
|x− y|n+1

|a(y)|dy.

Thus, from the previous estimates it follows that
∫

Rn\2B
|T 1a(x)|dx

≤ C
∑

|α|=m

‖DαA‖BMO

∫

B
|a(y)|dy

∞∑

k=1

∫

Ak

|y − y0|
|x− y|n+1

log
|x− y0|
rB

dx,

where Ak = 2k+1B \ 2kB (k ≥ 1). Notice that y ∈ B, when x ∈ Ak. Then
we have that

|y − y0|
|x− y|n+1

≤ CrB
(2krB)n+1

=
Ck

(2krB)n2k
.

Thus
∫

Ak

|y − y0|
|x− y|n+1

log
|x− y0|
rB

dx ≤ Ck

(2krB)n2k
(2krB)n ≤ Ck2−k.
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Therefore
∫

Rn\2B
|T 1a(x)|dx ≤ C

∑

|α|=m

‖DαA‖BMO

∞∑

k=1

k2−k

∫

B
|a(y)|dy

≤ C
∑

|α|=m

‖DαA‖BMO

and ∫

Rn\2B
|T 2a(x)|dx

≤ C
∑

|α|=m

1

α!

∫

Rn\2B

∫

B

|y − y0|
|x− y|n+1

|DαAB∗
(x)‖a(y)|dydx

≤ C
∑

|α|=m

1

α!

∞∑

k=1

∫

B
|a(y)|dy

∫

Ak

|DαA(x) −mQ∗(DαA)|
(2krB)n2k

dx

≤ C
∑

|α|=m

1

α!

∞∑

k=1

k2−k‖DαA‖BMO ≤ C
∑

|α|=m

‖DαA‖BMO.

It follows that

II ≤
∫

Rn\2B
|T 2a(x)|dx+

∫

Rn\2B
|T 2a(x)|dx ≤ C

∑

|α|=m

‖DαA‖BMO.

This finishes the proof of Proposition 4.5.1.

Proposition 4.5.2 Suppose that K(x, y) and A be the same as in Theorem
4.5.2. If the operator T defined by (4.5.11) is bounded on L2(Rn) with the
bound

∑
|α|=m ‖DαA‖BMO, then for any non-degenerate P (x, y), the opera-

tor TA defined by (4.5.1) is bounded on Lp(Rn), 2 ≤ p <∞, with the bound

C(degP, n)
(
1 +

∑
|α|=m ‖DαA‖BMO

)
.

Proof. By a method similar to that proving Proposition 4.5.1, it suf-
fices to prove that T is bounded from L∞(Rn) to BMO(Rn). Assume
f ∈ L2(Rn)

⋂
L∞(Rn) and ε > 0. By Lemma 4.5.3, we get that

ε−n

∫

|y|≤ε/2
|Tf(y) − Iε|dy

≤ CM2f(0) + ε−n

∫

|y|≤ε/2

∫

|x|≥ε

∣∣∣ K(x, y)

|x− y|mRm+1(A;x, y)

− K(x, y0)

|x− y0|m
Rm+1(A;x, y0)

∣∣∣|f(x)|dxdy.
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Obviously, M2(0) ≤ ‖f‖∞. Let Bε = {x : |x| ≤ 5
√
nε} and mBε(b) denote

the mean value of b on Bε. Set

ABε
(x) = A(x) −

∑

|α|=m

1

α!
mBε(DαA)xα.

Using the method in the proof of Proposition 4.5.1 , we can easily obtain
that

ε−n

∫

|y|≤ε/2
|Tf(y) − Iε|dy ≤


1 +

∑

|α|=m

‖DαA‖BMO


 ‖f‖∞.

By the translation invariance, we obtain that for any ball B, there exists
IB , such that

sup
B

1

|B|

∫

B
|Tf(x) − IB |dx ≤ C

∑

|α|=m

‖DαA‖BMO‖f‖∞.

Suppose f ∈ L∞(Rn). Set Bj = jB, j ∈ N, where B = {|x| ≤ 1}. If we can
prove that there exist γj independent of f such that

Tf(x) = lim
j→∞

(
T (fχBj )(x) − γj

)
(4.5.17)

exists, where the convergence is the meaning of local L1 norm or almost
everywhere, then by the definition of space BMO(Rn), we will prove that T
is bounded from L∞(Rn) to BMO(Rn). Actually, for some R > 0, if |x| ≤ R,
then we take x0 with |x0| = 6R/5. Set

γj =

∫

2R≤|y−x0|≤j

K(x0, y)

|x0 − y|mRm+1(A;x0, y)f(y)dy,

where the integral above exists obviously. Denote

gj(x) = T (fχBj )(x) − γj.

When j, l > 2R + 1 and j > l, we have that

gj(x) = gl(x) + Slj(x),

where

Slj(x)

=

∫

l<|y−x0|≤j

(
K(x, y)

|x− y|mRm+1(A;x, y) − K(x0, y)

|x0 − y|mRm+1(A;x0, y)

)
f(y)dy.
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By a well-known inequality on BMO before (4.5.16) and by an argument
similar to that of estimating T 1a(x) above, we obtain that

|Slj(x)| ≤ C
∑

|α|=m

‖DαA‖BMO‖f‖∞
∫

l<|y−x0|≤j

|x− x0|
|x0 − y|n+1

log

( |y − x0|
|x− x0|

)
dy.

For |x| ≤ R and |x0| = 6R/5, when l, j → ∞, a simple computation yields
that ∫

l<|y−x0|≤j

|x− x0|
|x0 − y|n+1

log

( |y − x0|
|x− x0|

)
dy

converges to 0 in agreement. This means that the limit in (4.5.17) exists.
Thus

‖Tf‖BMO ≤ lim
j→∞

‖gj‖BMO = lim
j→∞

‖T (fχBj )‖BMO ≤ C‖f‖∞.

This finishes the proof of Proposition 4.5.2.

Proof of Theorem 4.5.2. We first prove that operator

Kαf(x) =

∫

Rn

Kα(x, y)f(y)dy

is bounded on L2(Rn). For f ∈ L2(Rn), set

fα =
f(·)(x− ·)α

|x− ·|m ,

then fα ∈ L2(Rn), where |α| = m. Thus

‖Kαf‖2 =

∥∥∥∥
∫

Rn

Kα(·, y)f(y)dy

∥∥∥∥
2

=

∥∥∥∥
∫

Rn

K(·, y)fα(y)dy

∥∥∥∥
2

= ‖K fα‖2

≤ C‖fα‖2

= C‖f‖2.

Next we will prove that operator T defined by (4.5.13) is also bounded
on L2(Rn). Since Kα(x, y) satisfies the condition (a) and (b), and Kα is
bounded on L2(Rn), we therefore deduce that Kα is bounded on Lp

ω(Rn),
where ω ∈ Ap is a weight function and 1 < p < ∞. Thus for DαA ∈
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BMO(Rn), the corresponding commutator [DαA,Kα] is bounded on Lp(Rn).
So

KDmA =
∑

|α|=m

1

α!
[DαA,Kα]

is also bounded on Lp(Rn). Since T = T + KDmA and T is bounded on
L2(Rn), it follows that T is bounded on L2(Rn). Thus it follows from
Proposition 4.5.1 that TA is bounded on Lp(Rn) with 1 < p ≤ 2.

From Lemma 4.5.1 withDαA replacing A andR1(D
αA;x, y) = DαA(x)−

DαA(y), it follows that the corresponding truncated operator

SDmAf(x) =
∑

|α|=m

1

α!

∫

|x−y|<1
Kα(x, y)

(
DαA(x) −DαA(y)

)
f(y)dy

is also bounded on Lp(Rn). Hence by Theorem 4.5.1, we have that

∑

|α|=m

1

α!
[DαA,Kα]

is also bounded on Lp(Rn). By

TA = TA −
∑

|α|=m

1

α!
[DαA,Kα],

we obtain that TA is bounded on Lp(Rn) with 1 < p ≤ 2. This together
with Proposition 4.5.2 yields our desired result.

4.6 Notes and references

Theorem 4.1.1 is due to Ricci and Stein [RiS]. Early form of Theorem
4.1.1 with P (x, y) being a bilinear form was first obtained by Phong and
Stein [PhS1],[PhS2]. And Theorem 4.1.2 is due to Chanillo and Christ
[ChaC]. The weighted version of Theorem 4.1.2 was established by Sato
[Sa]. The proof of Theorem 4.1.2 is taken from [Sa].

For real Hardy spaces Hp(Rn) with 0 < p < 1, Pan [Pa] gave a counter
example to show that there exists a non-trivial polynomial P (x, y) such that
the corresponding oscillatory singular integral T is unbounded on H p(Rn).
For the case p = 1, we do not know whether T maps H1(Rn) into L1(Rn).
As a substitution result for p = 1, Lu and Yang [LuYa] showed that T maps
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Herz type Hardy spaces into Herz spaces. Moreover, as a development of
the result in [LuYa], Li [Li] gave a systematic work in the case 0 < p < 1.

Theorem 4.2.1 and Theorem 4.2.2 are due to Lu and Zhang [LuZ1]. It
should be pointed out that we do not need the condition (2) on the kernel
in Theorem 4.2.1, but need it in Theorem 4.2.2. Theorem 4.2.3 and The-
orem 4.2.4 are due to Jiang and Lu [JiL]. As we mentioned in [JiL], the
condition (4) in Theorem 4.2.4 is sharp in the following sense: (4) can not
be replaced by any Ω ∈ L(log+ L)ε(Sn−1) with 0 < ε < 1. In addition, the
weighted version of Theorem 4.2.4 was established by Ojanen [Oj]. More-
over, Lu and Wu [LuW1] proved that the conclusion of Theorem 4.2.4 still
holds if the condition (4) in Theorem 4.2.4 is replaced by Ω ∈ B0,0

q (Sn−1),
where B0,0

q (Sn−1) is certain block space (see [LuTW]). In addition, Lu and
Wu [LuW2] established a result similar to that of Lu and Wu [LuW1] for
commutators of oscillatory singular integrals with rough kernels in certain
block spaces. It should be also pointed out that whether the conclusion of
Theorem 4.2.4 holds if the condition (4) in Theorem 4.2.4 is replaced by
Ω ∈ H1(Sn−1) is still a problem, where H1(Sn−1) is the Hardy space on the
unit sphere. However, Fan and Pan [FaP1] proved that the above conclusion
holds when P (x, y) = P (x− y).

Theorem 4.3.1 is due to Ricci and Stein [RiS]. As the weighted version
of Theorem 4.3.1, Theorem 4.3.2 and its proof given here are due to Lu and
Zhang [LuZ2].

Theorem 4.4.1 is due to Chen, Hu and Lu [CheHL]. Lemma 4.4.1 is due
to Cohen and Gosselin [CohG1]. A part idea in the proof of Lemma 4.4.2
comes from [CohG2]. The weighted version of Theorem 4.4.1 was obtained
by Ding, Lu and Yang [DiLYa]. There are two results that improved The-
orem 4.4.1. One of them was obtained by Chen and Lu [CheL], where the
condition (3) on the kernel in Theorem 4.4.1 was replaced by a weaker con-
dition Ω ∈ L(log+ L)2(Sn−1). Another result was obtained by Lu and Wu
[LuW2], where the condition (3) in the theorem was replaced by a weaker
condition Ω ∈ B0,1

q (Sn−1). Here B0,1
q (Sn−1) is a block space on the unit

sphere (see [LuTW]). The weighted boundedness for high order commuta-
tors of oscillatory singular integrals was established by Ding and Lu [DiL2].

Theorem 4.5.1 is due to Lu [Lu2]. As a direct application of Theorem
4.5.1, Theorem 4.5.2 was established by Lu and Yan [LuY].

For results on Lp boundedness of the maximal operator corresponding
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to oscillator singular integrals and multilinear oscillatory singular integrals,
we did not mention them in this book, and refer to Lu and Zhang [LuZ1]
and Yan, Meng and Lan [YML] respectively . For other related results on
oscillatory singular integrals and multilinear oscillatory singular integrals,
we refer to a survey paper by Lu [Lu3].



Chapter 5

Littlewood-Paley

Operator

We know that if f ∈ L2(0, 2π), then by the Parseval equality we have

1

2π

∫ 2π

0
|f(x)|2dx =

∑

k∈Z

∣∣∣f̂(k)
∣∣∣
2
, (5.0.1)

where for k ∈ Z and

f̂(k) =
1

2π

∫ 2π

0
f(x)e−ikxdx

is called the Fourier coefficient of f . Similarly, by the Plancherel equality
we have

‖f‖2 = ‖f̂‖2 (5.0.2)

for f ∈ L2(Rn), where

f̂(ξ) =
1

2π

∫

Rn

f(x)e−2πix·ξdx

is called Fourier transform of f .

However, for 1 < p < ∞, p 6= 2, (5.0.1) (or (5.0.2)) does not hold for
f ∈ Lp(0, 2π) (or f ∈ Lp(Rn)). The Littlewood-Paley theory, originated in
the 1930s and developed in the late 1950s, is a very effective replacement.
It has played a very important role in harmonic analysis, complex analysis
and PDE.

233
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5.1 Littlewood-Paley g function

For f ∈ Lp(Rn), 1 < p < ∞, we set u(x, t) to be the Poisson integral of f ,
i.e.,

u(x, t) =

∫

Rn

Pt(y)f(x− y)dy,

where

Pt(y) = cn
t

(t2 + |y|2)
n+1

2

, cn =
Γ(n+1

2 )

π(n+1)/2
.

Then the Littlewood-Paley g function of f is defined by

g(f)(x) =

(∫ ∞

0
|∇u(x, t)|2tdt

)1/2

,

where

|∇u(x, t)| =

∣∣∣∣
∂u

∂t

∣∣∣∣
2

+

n∑

j=1

∣∣∣∣
∂u

∂xj

∣∣∣∣
2

.

Stein proved that g function can characterize Lp(Rn) (1 < p <∞).

Theorem 5.1.1 Suppose that f ∈ Lp(Rn), 1 < p < ∞. Then g(f) ∈
Lp(Rn), and there exist constants A,B such that

A‖f‖p ≤ ‖g(f)‖p ≤ B‖f‖p (5.1.1)

for every f ∈ Lp(Rn).

For the proof of this theorem, Stein [St3]. We shall discuss the properties of
more general Littlewood-Paley g function.

Definition 5.1.1 Suppose that ϕ(x) ∈ L1(Rn) satisfies

∫

Rn

ϕ(x)dx = 0. (5.1.2)

Then the generalized Littlewood-Paley g function gϕ is defined by (it is still
called as the Littlewood-Paley g function for convenience)

gϕ(f) =

(∫ ∞

0
|ϕt ∗ f(x)|2dt

t

)1/2

,

where ϕt(x) =
1

tn
ϕ
(x
t

)
.
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In Section 2.1, we have obtained the following result by the boundedness of
vector-valued singular integral operator (see Theorem 2.1.11), i.e.,

Theorem 5.1.2 Suppose that ϕ(x) ∈ L1(Rn) satisfies (5.1.2) and the fol-
lowing properties:

|ϕ(x)| ≤ C

(1 + |x|)n+α
, x ∈ Rn (5.1.3)

∫

Rn

|ϕ(x + h) − ϕ(x)|dx ≤ C|h|α, h ∈ Rn (5.1.4)

where C and α > 0 are both independent of x and h. Then gϕ is of type
(p, p) (1 < p <∞) and of weak type (1, 1).

Next we will show that gϕ can also characterize Lp(Rn) (1 < p < ∞). In
other words, we can also obtain (5.1.1) for gϕ.

Theorem 5.1.3 Suppose that ϕ(x) ∈ L1(Rn) satisfies (5.1.2)-(5.1.4). Then
there exist constants A and B such that

A‖f‖p ≤ ‖gϕ(f)‖p ≤ B‖f‖p (5.1.5)

for all f ∈ Lp(Rn), 1 < p <∞.

Proof. Clearly we merely need to prove the first inequality in (5.1.5). Let
us first begin with an identity. For all f, h ∈ L2(Rn), we have

∫

Rn+1

ϕt ∗ f(x) · ϕt ∗ h̄(x)
dxdt

t
= C

∫

Rn

f(x) · h̄(x)dx. (5.1.6)

Apply (2.1.43) and set

C =

∫ ∞

0
|ϕ̂(tξ)|2 dt

t
,

where ξ ∈ Rn and C is independent of ξ. Then the left side of (5.1.6) is

lim
ε→0

∫ ∞

ε

∫

Rn

ϕt ∗ f(x) · ϕt ∗ h̄(x)dx
dt

t

= lim
ε→0

∫ ∞

ε

∫

Rn

|ϕ̂(tξ)|2f̂(ξ) · ̂̄h(ξ)dξ dt
t

=

∫

Rn

f̂(ξ) · ̂̄h(ξ) · lim
ε→0

∫ ∞

ε|ξ|
|ϕ̂(tξ′)|dt

t
dξ

= C

∫

Rn

f̂(ξ) · ̂̄h(ξ)dξ,
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from which (5.1.6) follows.
Now we turn to the proof of (5.1.5). For f ∈ L2

⋂
Lp(Rn), we have

‖f‖p = sup

∣∣∣∣
∫

Rn

f(x)h̄(x)dx

∣∣∣∣ ,

where the supremum is taken over all h ∈ L2
⋂
Lp′(Rn) with ‖h‖p′ ≤ 1.

Then (5.1.6) and the second inequality of (5.1.5) yield
∣∣∣∣
∫

Rn

f(x)h̄(x)dx

∣∣∣∣ = C

∣∣∣∣
∫

Rn+1

ϕt ∗ f(x) · ϕt ∗ h̄(x)
dxdt

t

∣∣∣∣

≤ C

∫

Rn

gϕ(f)(x) · gϕ(h̄)(x)dx

≤ C‖gϕ(f)‖p · ‖gϕ(h̄)‖p′

≤ CB‖gϕ(f)‖p.

Assume that f ∈ Lp(Rn). Since L2
⋂
Lp is dense in Lp, we can take {fk} ⊂

L2
⋂
Lp such that fk converges to f in the sense of Lp norm. Hence we also

have gϕ(fk) → gϕ(f) (k → ∞) in Lp and

‖f‖p = lim
k→∞

‖fk‖p ≤ C lim
k→∞

‖gϕ(fk)‖p = CB‖gϕ(f)‖p.

This finishes the proof of Theorem 5.1.3.

In the following, we give the discrete form of Theorem 5.1.3.

Theorem 5.1.4 Suppose that ψ ∈ S (Rn) and ψ(0) = 0. For j ∈ Z, define
an operator Sj by

(Sjf)∧(ξ) = ψ(2−jξ)f̂(ξ).

Then

∥∥∥∥∥∥∥


∑

j

|Sjf |2



1/2
∥∥∥∥∥∥∥

p

≤ Cp‖f‖p (5.1.7)

for 1 < p <∞. Moreover, if
∑

j

∣∣ψ(2−jξ)
∣∣2 = C (5.1.8)

for all ξ 6= 0, then

‖f‖p ≤ C ′
p

∥∥∥∥∥∥∥


∑

j

|Sjf |2



1/2
∥∥∥∥∥∥∥

p

. (5.1.9)
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Proof. By Theorem 2.1.11 and Remark 2.1.6 we know that (5.1.7) holds.
On the other hand, by (5.1.8) we have

∫

Rn

∑

j

Sjf(x) · Sjh̄(x)dx

=
∑

j

∫

Rn

(Sjf)∧(ξ) · (Sjh̄)∧(ξ)dξ

=
∑

j

∫

Rn

|ψ(2−jξ)|2f̂(ξ) · ̂̄h(ξ)dξ

= C

∫

Rn

f̂(ξ) · ̂̄h(ξ)dξ

= C

∫

Rn

f(x)h̄(x)dx

(5.1.10)

for every f, h ∈ L2(Rn). When f ∈ L2
⋂
Lp(Rn) and h ∈ L2

⋂
Lp′(Rn), by

(5.1.10) we have

C

∣∣∣∣
∫

Rn

f(x)h̄(x)dx

∣∣∣∣ =

∣∣∣∣∣∣

∫

Rn

∑

j

Sjf(x) · Sj h̄(x)dx

∣∣∣∣∣∣

≤
∫

Rn


∑

j

|Sjf(x)|2



1/2
∑

j

|Sjh̄(x)|2



1/2

dx

≤

∥∥∥∥∥∥∥


∑

j

|Sjf |2



1/2
∥∥∥∥∥∥∥

p

∥∥∥∥∥∥∥


∑

j

|Sjh̄|2



1/2
∥∥∥∥∥∥∥

p′

≤ C ′
p

∥∥∥∥∥∥∥


∑

j

|Sjf |2



1/2
∥∥∥∥∥∥∥

p

‖h‖p′ ,

where (5.1.7) is used. Thus (5.1.9) holds for f ∈ Lp
⋂
L2(Rn). For general

cases, (5.1.9) follows immediately by taking limit.

Remark 5.1.1 Let ϕ(x) be a nonnegative radial Schwartz function such
that ϕ(x) = 1 when |x| ≤ 1

2 and ϕ(x) = 0 when |x| ≥ 1. Define

ψ2(x) = ϕ
(π

2

)
− ϕ(x),

then
∑

j |ψ(2−j)|2 = 1 for x 6= 0. Therefore, we can choose such a ψ to
satisfy the condition of Theorem 5.1.4.
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Next we give an application of the former result, which is very effective in
dealing with operators with rough kernels.

Theorem 5.1.5 Suppose that {σj}j∈Z is a sequence of finite Borel measures
and satisfies the following conditions:

(i) there exists C > 0 such that ‖σj‖ ≤ C for every j;
(ii) there exists C, α > 0 such that

|σ̂j(ξ)| ≤ Cmin
(∣∣2jξ

∣∣α ,
∣∣2jξ

∣∣−α
)

for every j;
(iii) there exists 1 < p0 <∞ such that the maximal operator

σ∗(f) = sup
j

||σj | ∗ f |

is bounded on Lp0.
Then operators

T (f) =
∑

j

σj ∗ f

and

S(f) =


∑

j

|σj ∗ f |2



1/2

are both bounded on Lp for every p satisfying

∣∣∣∣
1

p
− 1

2

∣∣∣∣ <
1

2p0
.

Proof. Take a nonnegative radial function ψ ∈ C∞
0 (Rn) such that

supp(ψ) ⊂
{
x ∈ Rn :

1

2
≤ |x| ≤ 2

}

and ∑

j

ψ2(2−jx) = 1 (x 6= 0).

For f ∈ S (Rn), define Sj by

(Sjf)∧(ξ) = ψ
(
2−jξ

)
f̂(ξ), j ∈ Z.

Then

Tf(x) =
∑

j

σj ∗
(∑

k

S2
j+kf

)
(x) :=

∑

k

Tkf(x),
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where

Tkf(x) =
∑

j

Sj+k(σj ∗ Sj+kf)(x).

By the Plancherel theorem and the condition (ii) we know (note the condi-
tion of the support of ψ)

‖Tkf‖2
2 =

∥∥∥∥∥∥
∑

j

(Sj+k(σj ∗ Sj+kf))∧ (·)

∥∥∥∥∥∥

2

2

=

∫

Rn

∣∣∣∣∣∣
∑

j

σ̂j(ξ) · ψ
(
2−j−kξ

)2
f̂(ξ)

∣∣∣∣∣∣

2

dξ

≤ C
∑

j

∫

|ξ|∼2j+k

2−2α|k||f̂(ξ)|2dξ

≤ C2−2α|k|‖f‖2
2.

(5.1.11)

Let q0 satisfy
1

2
− 1

q0
=

1

2p0
, then p0 =

(q0
2

)′
. Now we will show that, it

implies {σj ∗ hj} ∈ Lq0(l2) and

∥∥∥∥∥∥∥


∑

j

|σj ∗ hj |2



1/2
∥∥∥∥∥∥∥

q0

≤ C

∥∥∥∥∥∥∥


∑

j

|hj |2



1/2
∥∥∥∥∥∥∥

q0

(5.1.12)

for every {hj} ∈ Lq0(l2). In fact, by Hölder’s inequality it is easy to deduce
that

|σj ∗ hj(x)|2 ≤ ‖σj‖ ·
(
|σj | ∗ |hj |2(x)

)
. (5.1.13)

Since

∥∥∥∥∥∥∥


∑

j

|σj ∗ hj |2



1/2
∥∥∥∥∥∥∥

q0

= sup
u

∣∣∣∣∣∣

∫

Rn

∑

j

|σj ∗ hj(x)|2u(x)dx

∣∣∣∣∣∣
,
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where the supremum is taken over all functions u ∈ Lp0(Rn) with ‖u‖p0 ≤ 1,
then by (5.1.13) and Hölder’s inequality we have

∣∣∣∣∣∣

∫

Rn

∑

j

|σj ∗ hj(x)|2u(x)dx

∣∣∣∣∣∣
≤ C

∑

j

∫

Rn

(
|σj | ∗ |hj |2

)
(x)|u(x)|dx

≤ C
∑

j

∫

Rn

|hj(x)|2σ∗(u)(x)dx

≤ C

∥∥∥∥∥∥∥


∑

j

|hj |2



1/2
∥∥∥∥∥∥∥

2

q0

‖σ∗(u)‖p0 .

Thus (5.1.12) follows from the condition (ii).
For any g ∈ Lp′0(Rn), from (5.1.12), Theorem 5.1.4 and Hölder’s inequal-

ity it follows that

∣∣∣∣
∫

Rn

Tkf(x)g(x)dx

∣∣∣∣ =

∣∣∣∣∣∣
∑

j

∫

Rn

(σj ∗ Sj+kf)(x)(Sj+kg)(x)dx

∣∣∣∣∣∣

≤
∫

Rn


∑

j

|σj ∗ Sj+kf |2



1/2
∑

j

|Sj+kg(x)|2



1/2

dx

≤ C

∥∥∥∥∥∥∥


∑

j

|σj ∗ Sj+kf |2



1/2
∥∥∥∥∥∥∥

p0

‖g‖p′0

≤ C

∥∥∥∥∥∥∥


∑

j

|Sj+kf |2



1/2
∥∥∥∥∥∥∥

p0

‖g‖p′0

≤ C‖f‖p0‖g‖p′0
.

Thus we have
‖Tkf‖p0 ≤ C‖f‖p0 . (5.1.14)

Applying the Riesz-Thörin interpolation theorem to (5.1.11) and (5.1.14),
we have that

‖Tkf‖p ≤ C2−αθ|k|‖f‖p,

where 0 < θ < 1 and p satisfies

∣∣∣∣
1

p
− 1

2

∣∣∣∣ <
1

2p0
. Therefore we obtain that T

is of type (p, p).
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Finally, we will prove that S is also of type (p, p). Choose a sequence

ε = {εj} such that εj = ±1. Set Tεf(x) =
∑

j

εjσj ∗ f(x), then the above

discussion implies
‖Tεf‖p ≤ Cp‖f‖p (5.1.15)

for

∣∣∣∣
1

p
− 1

2

∣∣∣∣ <
1

2p0
and Cp independent of ε.

On the other hand, if we set

F =

∞∑

j=0

ajrj ∈ L2 ([0, 1]) ,

then F ∈ Lp([0, 1]) (1 < p <∞), where {rj(t)} is the Rademacher function
system (see [St3]). Besides, there exist Ap, Bp > 0 such that

Ap‖F‖p ≤ ‖F‖2 =




∞∑

j=0

|aj |2



1
2

≤ Bp‖F‖p.

Thus

S(f)(x)p =


∑

j

|σj ∗ f(x)|2



p/2

≤ Bp
p

∫ 1

0

∣∣∣∣∣∣
∑

j

rj(t)σj ∗ f(x)

∣∣∣∣∣∣

p

dt.

(5.1.16)
Integrating both sides of (5.1.16) with respect to x and applying the Fubini
theorem as well as (5.1.15), we can derive that S is also of type (p, p). This
completes the proof of Theorem 5.1.5.

The conclusions of the generalized Littlewood-Paley function gϕ and its
discrete form given in this section (see Theorem 5.1.2, Theorem 5.1.3 and
Theorem 5.1.4) can be used to discuss the boundedness of Fourier multiplier.

5.2 Weighted Littlewood-Paley theory

In this section, we will discuss weighted Littlewood-Paley theory. That is,
we will give the weighted form of Theorem 5.1.3 and Theorem 5.1.4. In order
to derive the above conclusions, we will use the weighted normed inequality
of vector-valued singular integral operator. More precisely, we will give the
weighted form of Lp boundedness (Theorem 2.1.9) of the related vector-
valued singular integral operator in Section 2.1, then finish its proof by the
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dual property. For the definitions and notations of vector-valued function
and vector-valued singular integral operator, see Section 2.1. We say that a
vector-valued kernel K satisfies (Dr) (1 ≤ r ≤ ∞) condition, if there exists

a sequence {ck}∞k=1 such that
∞∑

k=1

ck = Dr(K) <∞ and

(∫

Sk(|y|)
‖K(x− y) −K(x)‖r

L (A,B)dx

)1/r

≤ ck|Sk(|y|)|−1/r′ (Dr)

for every k ≥ 1 and y ∈ Rn, where

Sk(|y|) =
{
x ∈ Rn : 2k|y| < |x| ≤ 2k+1|y|

}
.

Remark 5.2.1
(i) If r = 1, then the condition (D1) is just the Hörmander condition

(2.1.38).
(ii) If |x| > 2|y| and

‖K(x− y) −K(x)‖L (A,B) ≤ C|y|α|x|−n−α (α > 0),

then K satisfies the condition (D∞).

(iii) Hölder’s inequality implies that if 1 ≤ r ≤ s ≤ ∞, then (Ds) ⊂ (Dr).

Next we will give the weighted Lp boundedness of vector-valued singular
integral operator.

Theorem 5.2.1 Suppose that A and B are both reflexive Banach spaces.
If there exists 1 < p0 < ∞ such that the vector-valued singular integral
operator T is bounded from Lp0(A) to Lp0(B), then T can be extended to a
bounded operator from Lp

ω(A) to Lp
ω(B) when K(x) satisfies the condition

(Dr)(1 < r <∞) and one of the following statements:
(i) r′ ≤ p <∞ and ω ∈ Ap/r′;
(ii) 1 < p ≤ r and ω ∈ Ap′/r′ ;

(iii) 1 < p <∞ and ωr′ ∈ Ap.

Here, for 1 ≤ p < ∞ and nonnegative weight function ω, define Lp
ω(A)

by

Lp
ω(A) =

{
f : ‖f‖Lp

ω(A) =

(∫

Rn

‖f(x)‖p
Aω(x)dx

)1/p

<∞
}
.

First we give the following lemma.
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Lemma 5.2.1 Suppose that K satisfies the condition (Dr) (1 < r < ∞)
and T is bounded from Lp0(A) to Lp0(B). Then there exists a constant
C > 0 such that

M ](‖Tf‖B)(x) ≤ C
(
M
(
‖f‖r′

A

)
(x)
)1/r′

(5.2.1)

for every f ∈ L∞
c (A) and x ∈ Rn. Here, L∞

c (A) represents the set of all A-
valued bounded functions with compact supports, M is the Hardy-Littlewood
maximal operator and M ] is the Sharp maximal operator.

Proof. Choose x0 ∈ Rn. Let U be a ball centered at x0 and Ũ = 2U. Set

b0 =

∫

y∈(Ũ)
c
K(x0 − y)f(y)dy ∈ B.

Put f1 = fχ
Ũ
, f2 = f − f1, then by Theorem 2.1.9 we know that T is also

bounded from Lr′(A) to Lr′(B). Thus

1

|U |

∫

U
‖Tf(x) − bU‖Bdx

≤ 1

|U |

∫

U
‖Tf1(x)‖Bdx+

1

|U |

∫

U
‖Tf2(y) − bU‖Bdy

≤ C
(
M
(
‖f‖r′

A

)
(x0)

)1/r′

+ sup
x∈U

∫

y∈(Ũ)c

‖K(x− y) −K(x0 − y)‖L (A,B)‖f(y)‖Ady.

Since K satisfies (Dr) condition, we have

sup
x∈U

∫

y∈(Ũ)c

‖K(x− y) −K(x0 − y)‖L (A,B)‖f(y)‖Ady

≤
∞∑

k=1

ck

(
M
(
‖f‖r′

A

)
(x0)

)1/r′

.

By the discussion above we have proved (5.2.1). Hence this completes the
proof of Lemma 5.2.1.

Now we turn to the proof of Theorem 5.2.1. First we show this theorem
holds when r′ < p < ∞ and ω ∈ Ap/r′ . Using the method in the proof of
Theorem 2.2.3, we can get

M (‖Tf‖B) ∈ Lp(ω)
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for f ∈ L∞
c (A). Thus, applying Lemma 2.1.3, Lemma 5.2.1 and Theorem

1.4.3 we have
∫

Rn

‖Tf(x)‖p
Bω(x)dx ≤ C

∫

Rn

[
M ](‖Tf‖B)(x)

]p
ω(x)dx

≤ C

∫

Rn

[
M
(
‖f‖r′

A

)
(x)
]p/r′

ω(x)dx

≤ C

∫

Rn

‖f‖p
Aω(x)dx

(5.2.2)

for every f ∈ L∞
c (A). If p = r′, then ω ∈ A1. Hence there exists p1 > p

such that

ω
p1
p ∈ A1 ⊂ Ap1/r′ .

Consequently, there exists ε > 0 such that ωp1(1+ε)/p ∈ Ap1/r′ . Now take

θ =
ε

1 + ε
and p̃1 such that

1

p
=

θ

p̃1
+

1 − θ

p1
.

It is clear that 1 < p̃1 < p < p1. Then (5.2.2) yields

‖Tf‖L
p1
u (B) ≤ C‖f‖L

p1
u (A), (5.2.3)

where u = ωp1(1+ε)/p. On the other hand, by Theorem 2.1.9 we know that

‖Tf‖Lp̃1 (B) ≤ C‖f‖Lp1(A).

Applying the Stein-Weiss interpolation theorem with change of measure
(Lemma 2.2.5) to the above formula and (5.2.3) we see that T is bounded
from Lp

ω(A) to Lp
ω(B). Therefore we obtain the conclusion under the con-

dition (i). Now we will show that it also holds under the condition (ii) by
applying the dual method. Denote by T̃ the conjugate operator of T . Then
K̃ satisfies K̃(x) = K(−x). It is clear that K̃ satisfies all conditions on K.
Since both A and B are reflexive, it follows that (Lp(A))∗ = Lp′(A∗) and
(Lp(B))∗ = Lp′(B∗). Using the idea in the proof of Theorem 2.2.3, we can
finish the proof of Theorem 5.2.1. Finally, the conclusion of Theorem 5.2.1
under the condition (iii) follows from the idea in the proof of Theorem 2.2.4.
Thus we have finished the proof of Theorem 5.2.1.

Remark 5.2.2 The restriction ”both A and B are reflexive” can be removed
(see [RuRT]) .
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In Section 5.1 we observe that, if ϕ ∈ L1 satisfies (5.1.2)-(5.1.4), then
the generalized Littlewood-Paley function gϕ can characterize Lp(Rn) (1 <
p <∞). It will be shown later that if we strengthen the condition of ϕ, then
gϕ also characterizes weighted Lp spaces (1 < p <∞).

Theorem 5.2.2 Suppose that ϕ ∈ L1(Rn) satisfies (5.1.2) and the following
conditions

|ϕ(x)| ≤ C

(1 + |x|)n+1
, (5.2.4)

|∇ϕ(x)| ≤ C

(1 + |x|)n+2
. (5.2.5)

For 1 < p < ∞, if ω ∈ Ap, then there exist constants C1 and C2, indepen-
dent of f , such that

C1‖f‖p,ω ≤ ‖gϕ(f)‖p,ω ≤ C2‖f‖p,ω (5.2.6)

for every f ∈ Lp(ω).

Proof. Let us first prove the second inequality of (5.2.6) by applying

Theorem 5.2.1. Take A = C, B = L2

(
R+,

dt

t

)
. For 1 < q < ∞, it follows

from Theorem 5.1.2 that gϕ is bounded from Lq(A) to Lq(B). Since ω ∈ Ap,
there exists ε > 0 such that ω1+ε ∈ Ap. If we set r′ = 1+ε, then 1 < r <∞.
Note that

‖∇ϕt(x)‖L (A,B) =

(∫ ∞

0
|∇ϕt(x)|2

dt

t

)1/2

≤
(∫ |x|

0

∣∣∣∣
1

tn+1
∇ϕ(

x

t
)

∣∣∣∣
2 dt

t

)1/2

+

(∫ ∞

|x|

∣∣∣∣
1

tn+1
∇ϕ(

x

t
)

∣∣∣∣
2 dt

t

)1/2

≤ C

|x|n+1
.

(5.2.7)

By (5.2.9), we have that

‖ϕt(x− y) − ϕt(x)‖L (A,B) ≤ C
|y|

|x|n+1

when |x| > 2|y|. Thus by Remark 5.2.1 (ii) & (iii) we know that ϕt satis-
fies the condition (Dr). Then the second inequality of (5.2.6) follows from
Theorem 5.2.1.
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Now for every f ∈ L2
⋂
Lp(ω), we have

‖f‖p,ω = sup

∣∣∣∣
∫

Rn

f(x)h̄(x)dx

∣∣∣∣ , (5.2.8)

where the supremum is taken over all functions h ∈ L2
⋂
Lp′(ω−p′/p) satis-

fying ‖h‖p′ ,ω−p′/p ≤ 1. The property of Ap implies that

ω ∈ Ap ⇐⇒ ω−p′/p ∈ Ap′ .

Applying (5.1.6) and the above conclusion, we have that

∣∣∣∣
∫

Rn

f(x)h̄(x)dx

∣∣∣∣ =

∣∣∣∣
∫

Rn

C

∫ ∞

0
ϕt ∗ f(x) · ϕt ∗ h̄(x)

dtdx

t

∣∣∣∣

≤ C

∫

Rn

gϕ(f)(x)gϕ(h̄)(x)dx

≤ C‖gϕ(f)‖p,ω‖gϕ(h̄)‖p′,ω−p′/p

≤ C‖gϕ(f)‖p,ω.

By (5.2.8) and the density, we get the first inequality of (5.2.6), and then
finish the proof of Theorem 5.2.2.

The discrete form of Theorem 5.2.2 is the following conclusion, whose
proof can be completed by applying Theorem 5.2.1 and the idea in the proof
of Theorem 5.1.4. We omit it here.

Theorem 5.2.3 Suppose that ψ ∈ C∞
0 (Rn) is nonnegative and satisfies

supp(ψ) ⊂
{
x ∈ Rn :

1

2
< |x| < 2

}
,

as well as ∑

j∈Z

ψ2
(
2−jx

)
= 1 (x 6= 0).

Set (Sjf)∧(ξ) = ψ(2−jξ)f̂(ξ). Then there exist constants C1 and C2 such
that

C1‖f‖p,ω ≤

∥∥∥∥∥∥∥


∑

j∈Z

|δjf(·)|2



1
2

∥∥∥∥∥∥∥
p,ω

≤ C2‖f‖p,ω (5.2.9)

for 1 < p <∞ and ω ∈ Ap.
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Remark 5.2.3
(i) If ϕ ∈ S (R) satisfies (5.1.2), then Theorem 5.2.2 holds clearly.
(ii) The method in the proof of Corollary 2.1.5, together with Theorem

5.2.1 and Theorem 5.2.2, yields that the weighted vector-valued inequalities
corresponding to (2.1.44) and (2.1.45) still hold for 1 < p <∞, ω ∈ Ap and

~f = (· · · , f−1, f0, f1, · · · ) ∈ Lp(`2)(Rn).

Here we omit the details.

5.3 Littlewood-Paley g function with rough kernel

In the first section of this chapter we have seen that, when ϕ satisfies
the vanishing condition (5.1.2), the size condition and the smooth condi-
tion (5.1.4), the Littlewood-Paley g function gϕ can characterize the space
Lp(Rn) (1 < p < ∞). Especially, gϕ is of type (p, p) (1 < p < ∞) and of
weak type (1, 1). Note that gϕ can be regarded as a vector-valued singular
integral operator. Thus the discussion about singular integral operators with
rough kernels motivates us to put forward the following question: Can we
weaken the size condition and the smooth condition on ϕ but still keep the
(p, p) boundedness and the weak (1, 1) boundedness of gϕ? In this section
we will consider these problems.

Early in the 1958, while Stein presented and researched Littlewood-Paley
g function in higher dimension, he defined the so called Marcinkiewicz in-
tegral. Let Ω(x) be a homogeneous function of degree zero on Rn(n ≥ 2),
i.e.,

Ω(λx) = Ω(x) (5.3.1)

for every λ > 0 and x ∈ Rn, and it satisfies the vanishing condition
∫

Sn−1

Ω(x′)dσ(x′) = 0. (5.3.2)

If Ω(x′) ∈ L1(Sn−1), then the Marcinkiewicz integral µΩ is defined by

µΩ(f)(x) =



∫ ∞

0

∣∣∣∣∣

∫

|x−y|≤t

Ω(x− y)

|x− y|n−1
f(y)dy

∣∣∣∣∣

2
dt

t3




1
2

.

It is easy to verify that, if we take

ϕ(x) = Ω(x)|x|−n+1χB(x)
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with B = {x ∈ Rn : |x| ≤ 1} and χB the characteristic function of B, then
µΩ(f) = gϕ(f). Therefore µΩ is actually a generalized Littlewood-Paley g
function.

Stein first proved that, if Ω ∈ Lipα(Sn−1) (0 < α ≤ 1), then µΩ is of
type (p, p) (1 < p ≤ 2) and of weak type (1, 1). By Theorem 2.3.2 and
Theorem 2.3.5, we know that when Ω ∈ H1(Sn−1) (its definition see Section
2.3) satisfies (5.3.1) and (5.3.2), the singular integral operator TΩ related to
Ω is of type (p, p) (1 < p < ∞). Thus, a natural question is, whether µΩ

is also of type (p, p) when Ω satisfies the above conditions. The following
theorem gives a positive answer.

Theorem 5.3.1 Suppose that Ω satisfies (5.3.1) and (5.3.2). If Ω ∈ H 1(Sn−1),
then µΩ is of type (p, p) (1 < p <∞).

Before proving the theorem, we state two lemmas first, their proof can
be found in Fan & Pan [FaP2]. For the definition of H 1(Sn−1) atom and
H1(Rn) atom can be found in Section 2.3.

Now we present some notations. Let a(·) be a regular ∞-atom inH 1(Sn−1)
whose support satisfies

supp(a) ⊂ Sn−1
⋂
B(ξ′, ρ), (0 < ϕ ≤ 2, ξ′ ∈ Sn−1).

When n ≥ 3, set

Ea(s, ξ
′) =

(
1 − s2

)n−3
2 χ(−1,1)(s)

∫

Sn−2

a
(
s,
(
1 − s2

) 1
2 ỹ
)
dσ(ỹ),

and when n = 2, set

ea(s, ξ
′) =

(
1 − s2

)− 1
2 χ(−1,1)(s)

[
a
(
s,
(
1 − s2

) 1
2

)
+ a

(
s,−

(
1 − s2

) 1
2

)]
.

Lemma 5.3.1 There exists a constant c > 0, independent of a, such that
cEa(s, ξ

′) is an ∞-atom on R. That is, cEα satisfies

‖cEα‖∞ ≤ 1/r(ξ′), supp(Eα) ⊂
(
ξ′1 − 2r(ξ′), ξ′1 + 2r(ξ′)

)

and ∫

R

Ea(s, ξ
′)ds = 0,

where r(ξ′) = |ξ|−1|Aρξ| and Aρ(ξ) = (ρ2ξ1, ρξ2, · · · , ρξn).
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Lemma 5.3.2 For 1 < q < 2, there exists a constant c > 0, independent of
a, such that cea(s, ξ

′) is a q-atom on R, the center of whose support is ξ ′1
and the radius

r(ξ′) = |ξ|−1(ρ4ξ21 + ρ2ξ22)1/2.

Lemma 5.3.3 Suppose that a is a regular ∞-atom. Set

σ2t(x) = 2−ta

(
x

|x|

)
|x|−n+1χ{|x|≤2t}(x)

and
σ∗f(x) = sup

t∈R

||σ2t | ∗ f(x)| .

Then there exists a constant C > 0, independent of t, a and f , such that

‖σ2t‖1 ≤ 1

and
‖σ∗f‖p ≤ C‖f‖p

for 1 < p ≤ ∞.

Proof. Clearly we have ‖σ2t‖1 ≤ 1. On the other hand, it is easy to see
σ∗f(x) ≤ CMaf(x), where Ma is the maximal operator defined by (2.3.1)
and C depends only on n. Since a ∈ L1(Sn−1), ‖σ∗f‖p ≤ C‖f‖p follows
from Theorem 2.3.3, where C is independent of t, a and f .

Now we turn to the proof of Theorem 5.3.1. Since Ω ∈ H 1(Sn−1) satisfies
(5.3.2), by Lemma 2.3.1 we can write

Ω(x′) =
∑

j

λjaj(x
′),

where every aj is a regular ∞-atom and

∑

j

|λj | ≤ c‖Ω‖H1(Sn−1).

Thus we merely need to show that there exists a constant c > 0, for each
regular ∞-atom a, such that

‖µaf‖p =

∥∥∥∥∥∥∥



∫ ∞

0

∣∣∣∣∣

∫

|x−y|≤t

a(x− y)

|x− y|n−1
f(y)dy

∣∣∣∣∣

2
dt

t3




1/2
∥∥∥∥∥∥∥

p

≤ C‖f‖p (5.3.3)
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for 1 < p ≤ ∞. Without loss of generality, we may assume

supp(a) ⊂ Sn−1
⋂
B(`, ρ),

where ` = (1, 0, · · · , 0). Consider the case n ≥ 3 first. Chooose a nonnegative
and radial C∞

0 function ψ such that

0 ≤ ψ ≤ 1, supp(ψ) ⊂
{
x ∈ Rn :

1

2
≤ |x| ≤ 2

}

and ∫ ∞

0

ψ(t)

t
dt = 1.

We define Φ and ∆ by
Φ̂(ξ) = ψ(Aρξ)

and
∆̂(ξ) = ψ(ξ),

respectively. (Here Aρξ = (ρ2ξ1, ρξ2, · · · , ρξn), see Lemma 5.3.1). Write

Φt(x) =
1

tn
Φ
(x
t

)
, ∆t(x) =

1

tn
∆
(x
t

)
.

Then it is easy to see that

Φ̂t(ξ) = ψ(tAρξ), ∆̂t(ξ) = ψ(tξ)

and

Φt(x) =
1

ρn+1
t−n∆

(
A 1

ρ
x

t

)
.

Clearly for any f ∈ S (Rn), we have that

f(x) ∼
∫ ∞

0

Φt ∗ f(x)

t
dt ∼

∫ ∞

−∞
Φ2t ∗ f(x)dt. (5.3.4)

Set

gΦ(f)(x) =

(∫ ∞

−∞
|Φ2t ∗ f(x)|2dt

)1/2

∼
(∫ ∞

0
|Φt ∗ f(x)|2dt

t

)1/2

.

Then there exists a constant C > 0, independent of ρ and f , such that

‖gΦ(f)‖p ≤ C‖f‖p. (5.3.5)
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In fact, we see that

Φt ∗ f(x) ∼
∫

Rn

t−n∆
(y
t

)
f
(
Aρ

(
A 1

ρ
x− y

))
dy = ∆t ∗ h

(
A 1

ρ
x
)
,

where h(x) = f(Aρx). Note that
∫

Rn

∆(x)dx = ∆̂(0) = ψ(0) = 0.

Applying Theorem 5.1.3 implies that

‖gΦ(f)‖p ≤ c

(∫

Rn

(∫ ∞

0

∣∣∣∆t ∗ h
(
A 1

ρ
x
)∣∣∣

2 dt

t

)p/2

dx

)1/p

= cρ
n+1

p

∥∥∥∥∥

(∫ ∞

0

∣∣∣∆t ∗ h
(
A 1

ρ
x
)∣∣∣

2 dt

t

)1/2
∥∥∥∥∥

p

≤ cρ
n+1

p ‖h‖p = c‖f‖p.

Notice that

µaf(x) =



∫ ∞

0

∣∣∣∣∣

∫

|x−y|≤t

a(x− y)

|x− y|n f(y)dy

∣∣∣∣∣

2
dt

t3




1/2

≤ c

(∫ ∞

−∞
|σ2t ∗ f(x)|2dt

)1/2

.

By (5.3.4) and Minkowski’s inequality, we conclude that

µaf(x) ≤ c

∫ ∞

−∞

(∫ ∞

−∞
|Φ2s+t ∗ σ2t ∗ f(x)|2dt

)1/2

ds

:= c

∫ ∞

−∞
Hsf(x)ds.

By Minkowski’s inequality again, we have

‖µaf‖p ≤ c

∫ ∞

−∞
‖Hsf‖pds. (5.3.6)

Under the condition of the theorem, if we can illustrate that there exist
constants c > 0 (independent of s, f and a), θ, η > 0, such that

‖Hsf‖p ≤
{
c2−θs‖f‖p when s > 0,

c2ηs‖f‖p when s < 0,
(5.3.7)
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then (5.3.3) follows from (5.3.6) and (5.3.7). Therefore, the proof of Theorem
5.3.1 can be reduced to the proof of (5.3.7), which is a direct consequence of
two estimates below and the Riesz-Thörin interpolation theorem of sublinear
operators (see Calderón-Zygmund [CaZ2]):

‖Hsf‖p ≤ c‖f‖p (5.3.8)

‖Hsf‖2 ≤
{
c · 2−2s‖f‖2 when s > 0,

c · 2s/4‖f‖2 when s < 0.
(5.3.9)

In the above two formulas, c > 0 is independent on s, a and f.

Let us first prove (5.3.8). For 1 < p < 2, since a is an ∞-atom, it follows
that ‖σ2t‖1 ≤ 1 from Lemma 5.3.3. Set

Gs+t(x) = Φ2s+t ∗ f(x).

Then we have
∥∥∥∥
∫ ∞

−∞
σ2t ∗Gs+t(·)dt

∥∥∥∥
1

≤
∥∥∥∥
∫ ∞

−∞
|Gt(·)|dt

∥∥∥∥
1

. (5.3.10)

On the other hand, applying Lemma 5.3.3 yields that

∥∥∥∥sup
t∈R

|σ2t ∗Gs+t|
∥∥∥∥

q

≤
∥∥∥∥σ∗

(
sup
t∈R

|Gt|
)∥∥∥∥

q

≤ c

∥∥∥∥sup
t∈R

|Gt|
∥∥∥∥

q

(5.3.11)

for 1 < q <∞. If we set

TGs+t(x) = σ2t ∗Gs+t(x),

then (5.3.10) and (5.3.11) show that T is bounded on L1
(
L1(R),Rn

)
and

Lq (L∞(R),Rn), respectively. For 1 < p < 2, take

1

q
=

2

p
− 1.

Then by applying the interpolation theorem mentioned above, we have that
T is bounded on Lp(L2(R),Rn). That is,

∥∥∥∥∥

(∫ ∞

−∞
|σ2t ∗Gs+t(·)|2dt

)1/2
∥∥∥∥∥

p

≤ C

∥∥∥∥∥

(∫ ∞

−∞
|Gt(·)|2dt

)1/2
∥∥∥∥∥

p

,
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where C is independent of s, a and f . This inequality together with (5.3.5)

implies that (5.3.8) holds for 1 < p < 2. If p > 2, set q =
(p

2

)′
, then there

exists ω ∈ Lq with ‖ω‖q ≤ 1, such that

‖Hsf‖2
p =

∣∣∣∣
∫

Rn

∫ ∞

−∞
|Φ2s+t ∗ σ2t ∗ f(x)|2ω(x)dtdx

∣∣∣∣ .

By Hölder’s inequality, Lemma 5.3.3 and (5.3.5), we have that

‖Hsf‖2
p ≤ ‖gΦ(f)‖2

p‖σ∗(|ω|)‖q ≤ C‖f‖2
p.

This formula implies that (5.3.8) holds for p > 2, and C is independent of
s, a and f .

Now we estimate (5.3.9). By the Plancherel theorem, we have that

‖Hsf‖2
2 ≤

∫ ∞

−∞

∫

Rn

|f̂(ξ)|2ψ(2s+tAρξ)
22−2t|Jt(ξ)|2dξdt,

where

Jt(ξ) =

∫

|y|≤2t

a(y′)
|y|n−1

e−2πiξ·ydy.

For ξ 6= 0, choose a rotation O such that O(ξ) = |ξ| · ` = |ξ|(1, 0, · · · , 0). Set
y′ = (u, y′2, · · · , y′n), then

Jt(ξ) =

∫ 2t

0

∫

Sn−1

a(O−1y′)e−2πir|ξ|udσ(y′)dr,

where O−1 denotes the reverse rotation of O. Clearly, a(O−1y′) is a regular
∞-atom whose support lies in Sn−1

⋂
B(ξ′, ρ). Thus

Jt(ξ) =

∫ 2t

0

∫

R

Ea(u, ξ
′)e−2πir|ξ|ududr.

By Lemma 5.3.1, we have that

|Jt(ξ)| ≤ c22t|ξ|
∫

R

|Ea(u, ξ
′)||u− ξ′1|du ≤ c22t|Aρξ|. (5.3.12)

On the other hand, we obtain that

|Jt(ξ)| ≤ C

∫ 2t|ξ|

2

∣∣∣∣
∫

R

Ea(u, ξ
′)e−2πirudu

∣∣∣∣
dr

|ξ|

≤ C

∫ 2t|ξ|

2

∣∣∣Êa(r)
∣∣∣ dr|ξ| .
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Applying Hölder’s inequality, Hausdorff-Young’s inequality and Lemma 5.3.1,
we know that

|Jt(ξ)| ≤ C|ξ|−1
(
2t|ξ|

)3/4 ‖En‖
L

4
3 (R)

≤ c23t/4|Aρξ|−1/4.

This inequality together with (5.3.12) implies

|Jt(ξ)| ≤ Cmin
{

23t/4|Aρξ|−1/4, 22t|Aρξ|
}
. (5.3.13)

It is clear that the constant C in (5.3.13) is independent of s, a and f. By
(5.3.13), when s > 0, we have

‖Hsf‖2
2 ≤ C

∫ ∞

−∞

∫

2−s−t−1≤|Aρξ|≤2−s−t+1

∣∣∣f̂(ξ)
∣∣∣
2
22t|Aρξ|2dξdt

≤ C2−2s‖f‖2
2.

When s < 0, by applying (5.3.13) we obtain that

‖Hsf‖2
2 ≤ c2s/2‖f‖2

2.

Thus we get (5.3.9), and finish the proof of Theorem 5.3.1 when n ≥ 3. For
n = 2, we just need to replace Lemma 5.3.1 by Lemma 5.3.2.

Remark 5.3.1
(i) Since L(log+ L)(Sn−1) ( H1(Sn−1), the conclusion of Theorem 5.3.1

still holds for Ω ∈ L(log+ L)(Sn−1).
(ii) When Ω ∈ H1(Sn−1) satisfies (5.3.1) and (5.3.2), whether µΩ is of

weak type (1, 1) is still a question.

The following theorem will give another result on Lp boundedness of
Marcinkiewicz integral with rough kernel.

Theorem 5.3.2 Suppose that Ω satisfies (5.3.1) and (5.3.2). If

Ω ∈ L(log+ L)1/2(Sn−1),

then µΩ is of type (p, p) (1 < p <∞).

First we state a lemma, which essentially is the continuous form of Theorem
5.1.5. Its proof will be put off after the proof of Theorem 5.3.2. Suppose
τ = {τt : t ∈ R} is a family of measures on Rn. Define operators ∆τ and τ∗

by

∆τ (f)(x) =

(∫

R

|τt ∗ f(x)|2dt
)1/2

, (5.3.14)

τ∗(f)(x) = sup
t∈R

(|τt| ∗ |f |) (x). (5.3.15)
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Lemma 5.3.4 Suppose that a ≥ 2, A > 0, γ > 0, q > 1 and Cq > 0. Let
a family of measures {τt : t ∈ R} on Rn satisfy

(i) ‖τt‖ ≤ A, t ∈ R;

(ii) |τ̂t(ξ)| ≤ A
(
min

{
at|ξ|,

(
at|ξ|

)−1
})γ/ log a

, for every ξ ∈ Rn and

t ∈ R;
(iii) ‖τ ∗(f)‖q ≤ CqA‖f‖q, for every f ∈ Lq(Rn).

Then for p satisfying ∣∣∣∣
1

p
− 1

2

∣∣∣∣ <
1

2q
,

there exists a constant Cp, independent of f and a, such that

‖∆τ (f)‖p ≤ Cp‖f‖p

for f ∈ Lp(Rn).

The proof of Theorem 5.3.2. For k ∈ N, Set

Ek =
{
y′ ∈ Sn−1 : 2k−1 ≤ |Ω(y′)| < 2k

}

and

Ωk(y
′) = Ω(y′)χEk

(y′) −
∫

Ek

Ω(x′)dσ(x′).

Then ∫

Sn−1

Ωk(x
′)dσ(x′) = 0 (5.3.16)

for all k ∈ N. Let ∧
=
{
x ∈ N : |Ek| > 2−4k

}
,

where |Ek| represents the measure of Ek on Sn−1 induced by Lebesgue mea-
sure. Set

Ω0 = Ω −
∑

k∈∧
Ωk,

then it is easy to verify that Ω0 ∈ L2(Sn−1) and

∫

Sn−1

Ω0(x
′)dσ(x′) = 0.

For k ∈ ∧, define a family of measures τ (k) = {τk,t : t ∈ R} on Rn by

∫

Rn

fdτk,t = 2−kt

∫

|y|≤2kt

Ωk(y)

|y|n−1
f(y)dy.
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Now set

ak = 2k, Ak = 2

∫

Ek

|Ω(y′)|dσ(y′), γ =
log 2

6
.

Then for t ∈ R, ξ ∈ Rn and p > 1, we have the following results:

(i) ‖τk,t‖ ≤ Ak,

(ii) |τ̂k,t(ξ)| ≤ Ak

(
at

k|ξ|
)γ/ log ak ,

(iii) |τ̂k,t(ξ)| ≤ CAk

(
at

k|ξ|
)γ/ log ak ,

(iv)
∥∥∥
(
τ (k)

)∗∥∥∥
Lp→Lp

≤ CpAk.

(5.3.17)

In fact, (5.3.17) (i) is obvious. It follows from (5.3.16) that

|τ̂k,t(ξ)| ≤ Ak

(
at

k|ξ|
)
.

This formula together with |τ̂k,t(ξ)| ≤ ‖τk,t‖ ≤ Ak implies (5.3.17) (ii) (Note
that γ/ log ak < 1). Since

(
τ (k)

)∗
(f)(x) ≤

∫

Sn−1

∣∣Ωk

(
y′
)∣∣My′f(x)dσ(y′),

where My′ is the Hardy-Littlewood maximal operator along y ′, we have
that (5.3.17) (iv) holds. Next we will show (5.3.17) (iii), and the method is
analogous to that in the proof of (2.2.4). By Hölder’s inequality, we obtain
that

|τ̂k,t(ξ)|2 ≤ 2−kt

∫ 2kt

0

∣∣∣∣
∫

Sn−1

Ωk(y
′)e−2πir〈y′,ξ〉dσ(y′)

∣∣∣∣
2

dr

≤ C

∫∫

Sn−1×Sn−1

Ωk(y
′)Ωk(x′)

×




0∑

j=−∞
2j

∫ 2kt+j

2kt+j−1

e−2πir〈y′−x′,ξ〉dr
r


 dσ(y′)dσ(x′).

Set

I =

∫ 2kt+j

2kt+j−1

e−2πir〈y′−x′,ξ〉 dr
r
,

then clearly we have |I| ≤ log 2. On the other hand, we see that

|I| ≤ C
(
2kt+j−1|ξ|

)−1 ∣∣〈y′ − x′, ξ′
〉∣∣−1

,
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where C is independent of k, i, j, x′, y′ and ξ. Thus

|I| ≤ C
(
2kt+j−1|ξ|

)−α ∣∣〈y′ − x′, ξ′
〉∣∣−α

(5.3.18)

for 0 < α < 1. Note that
∫∫

Sn−1×Sn−1

1

| 〈y′ − x′, ξ′〉 |α dσ(y′)dσ(x′) ≤ C1.

Thus from (5.3.18) it follows that (5.3.17) (iii) holds.
By Minkowski’s inequality, we have

µΩ(f) ≤ µΩ0(f) +
∑

k∈∧
(k log 2)1/24τ (k)(f).

Since Theorem 5.3.1 implies that µΩ0 is of type (p, p) (1 < p < ∞), by
(5.3.17) and Lemma 5.3.4 we obtain that

‖µΩ(f)‖p ≤ Cp


1 +

∑

k∈∧

√
kAk


 ‖f‖p

≤ Cp

(
1 + ‖Ω‖L(log+ L)1/2

)
‖f‖p.

Thus we finish the proof of Theorem 5.3.2.
Next we give the proof of Lemma 5.3.4. The idea is analogous to that

of (5.3.6). Here we merely give the main steps.
First take a nonnegative radial function ψ in S (Rn), which satisfies

0 ≤ ψ ≤ 1, supp(ψ) ⊂
{
x ∈ Rn :

4

5a
≤ |x| ≤ 5a

4

}

and ∫ ∞

0
ψ(t)

dt

t
= 2 log a.

Set Ψ̂(ξ) = ψ(|ξ|2). Then for t > 0, Ψ̂t(ξ) = ψ(|tξ|2) and

f(x) =

∫ ∞

−∞
Ψat ∗ f(x)dt

for f ∈ S (Rn). By Minkowski’s inequality, we have

∆τ (f)(x) ≤
∫

R

(∫

R

|Ψas+t ∗ τt ∗ f(x)|2dt
)1/2

ds.
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If we set

Hs(f)(x) =

(∫

R

|Ψas+t ∗ τt ∗ f(x)|2dt
)1/2

,

then it suffices to prove that there exist constants C > 0, γ and θ > 0,
independent of s and f , such that

‖Hsf‖p ≤
{
CAe−sγ‖f‖p if s > 0

CAesθ‖f‖p if s < 0.

In order to prove this, we merely need to show

‖Hsf‖p ≤ CA‖f‖p (5.3.19)

and

‖Hsf‖2 ≤
{
CAe−sγ‖f‖2 if s > 0

CAesθ‖f‖2 if s < 0.
(5.3.20)

Applying the condition (i) and (iii) of Lemma 5.3.4, as well as the idea in
the proof of (5.3.8), we can obtain (5.3.19). The proof of (5.3.20) can be
completed by using the Plancherel theorem and the condition (ii).

Remark 5.3.2

H1(Sn−1) and L(log+ L)1/2(Sn−1) both contain L log+ L(Sn−1) as a sub-
space. However, there are examples showing that, neither H 1(Sn−1) nor
L(log+ L)1/2(Sn−1) contains the other.

Finally, we state a result on the weighted Lp boundedness of Marcinkiewicz
integral with rough kernel.

Theorem 5.3.3 Suppose that Ω ∈ Lq(Sn−1) (q > 1) satisfies (5.3.1) and
(5.3.2). If p, q, ω satisfy one of the following conditions

(a) q′ < p <∞ and ω ∈ Ap/q′;

(b) 1 < p < q and ω1−p′ ∈ Ap′/q′ ;

(c) 1 < p <∞ and ωq′ ∈ Ap,

then there exists a constant C, independent of f , such that ‖µΩf‖p,ω ≤
C‖f‖p,ω.
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5.4 Notes and references

The Littlewood-Paley g function in one dimension was first introduced by
Littlewood and Paley [LiP] in studying the dyadic decomposition of Fourier
series. And this theory in high dimension was established by Stein [St1].
Theorem 5.1.1 is due to Stein.

The conclusion of Theorem 5.2.1 under the condition (i) or (ii) comes
from Rubio de Francia, Ruiz and Torrea [RuRT]. The assumption ”both A
and B are reflexive spaces” in the theorem can be removed. The weighted
Littlewood-Paley theory was first studied by Kurtz [Ku]. The proof of The-
orem 5.2.3 can be found in Watson and Wheeden [WatW].

Theorem 5.3.1 and its proof are taken from Ding, Fan and Pan [DiFP2].
In 2003, Xu, Chen and Ying [XuCY] also gave the proof of Theorem 5.3.1
using another method. For the weak type (1,1) bounds of Marcinkiewicz
integrals with rough kernels µΩ, Fan and Sato [FaS] proved that if Ω ∈
L(log+L)(Sn−1) satisfies (5.3.1) and (5.3.2), then µΩ is of weak type (1,1).
The conclusion of Theorem 5.3.2 for p = 2 was first proved by Walsh [Wal],
and the proof for 1 < p < ∞ was given by Al-Salman, Al-Qassem, Cheng
and Pan [AACP]. And Walsh [Wal] showed that if Ω ∈ L(log+L)1/2−ε(Sn−1)
for 0 < ε < 1/2 and satisfies (5.3.2), then there exists an f ∈ L2(Rn) such
that µΩf /∈ L2(Rn). The weighted boundedness of Marcinkiewicz integral
was first studied by Torchinsky and Wang [ToW]. They proved that if Ω ∈
Lipα(Sn−1)(0 < α ≤ 1) and ω ∈ Ap(1 < p < ∞), then µΩ is bounded
on Lp(ω). Theorem 5.3.3 was obtained by Ding, Fan and Pan [DiFP1], and
independently by Duoandikoetxea and Seijo [DuS]. In this chapter, we do not
mention the boundedness of the commutator generated by Marcinkiewicz
integral µΩ and a BMO function b. Here we mere mention two results.
Torchinsky and Wang [ToW] proved Lp-boundedness of [µΩ, b] with 1 < p <
∞ if Ω ∈ Lipα(Sn−1)(0 < α ≤ 1). And Ding, Lu and Yabuta [DiLY] proved
Lp-boundedness of the commutator if Ω ∈ Lq(Sn−1)(1 < q ≤ ∞).

As space is limited, we do not mention the boundedness of Marcinkiewicz
integral with homogeneous kernels on Hardy spaces and Companato spaces.
For related results, we refer to Ding, Lu and Xue [DiLX1], [DiLX2].
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Hörmander condition, 79, 80, 83,
92

Hardy-Littlewood maximal function,
1, 2, 57, 86, 135

Hardy-Littlewood Maximal Oper-
ator, 1

Hardy-Littlewood maximal opera-
tor, v, 2, 3, 6, 7, 10, 15,
28, 30, 31, 33, 49, 50, 53,
67, 94, 95, 103, 106, 121,
136, 256

Hardy-Littlewood-Sobolev theorem,
136, 144, 159, 209

Hilbert transform, 37–39, 54, 94,
119, 263

homogeneous kernel, v, 48, 78, 79,
92, 94, 106, 144, 147–149,
166, 259, 264

271



272 INDEX

Jones decomposition, 33

Kolmogorov inequality, 19

Laplacian operator, 38, 39, 133,
134

Lebesgue differentiation theorem,
7, 9, 29, 32

Lipschitz function, 119, 127
Littlewood-Paley g function, 234,

247, 248
Littlewood-Paley Operator, 233
Littlewood-Paley operator, v, 73,

74, 77

Marcinkiewicz integral, vi, 247, 254,
258, 259, 263, 264, 268,
269

Marcinkiewicz interpolation theo-
rem, 15, 17, 19, 31, 36, 71,
83, 142, 147

Minkowski’s inequality, 129, 130,
164, 173, 189, 193, 195,
251, 257

multilinear oscillatory singular in-
tegral, 202, 203, 213

Oscillatory singular integral, 169
oscillatory singular integral, v, vi,

169, 186, 194, 197, 213,
231, 263–267

Poisson kernel, 37, 38
polynomial phases, v, 169

reflexive, 71, 242, 244, 259
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