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Preface

It is well-known that singular integrals is continuously regarded as a
central role in harmonic analysis. There are many nice books related to
singular integrals. In this book, there are at least two sides which differ from
the other books. One of them is to establish more perfect theory of singular
integrals. It includes not only the case of smooth kernels, but also the case
of rough kernels. In the same way, we deal with some related operators, such
as fractional integral operators and Littlewood-Paley operators. The other
is to introduce more new theory on some oscillatory singular integrals with
polynomial phases. This book is mainly provided to graduate students in
analysis field. However, it is also beneficial to researchers in mathematics.

This book consists of five chapters. Let us now illustrate the choice
of material in each chapter. Chapter 1 is devoted to the theory of the
Hardy-Littlewood maximal operator as the basis of singular integrals and
other related operators. It also includes the basic theory of the A, weights.
Chapter 2 is related to the theory of singular integrals. Since the theory
of singular integrals with Calderén-Zygmund kernel has been introduced in
many books, we will pay more attention to the singular integrals with homo-
geneous kernels. Specially, we will introduce more perfect theory of singular
integrals with rough kernels, for instance the LP boundedness of singular
integrals with kernels in certain Hardy space on the unit sphere will be fully
proved. In addition, the weighted L? boundedness of singular integrals with
rough kernels and their commutators will be also established. Chapter 3 is
devoted to fractional integrals. In the same way, we will pay more attention
to the case of rough kernels. It includes not only the A(p, ¢) weight theory of
fractional integrals with rough kernels, but also the theory of its commuta-
tors. Chapter 4 is to introduce a class of oscillatory singular integrals with
polynomial phases. Note that this oscillatory singular integral is neither
a Calderon-Zygmund operator nor a convolution operator. However there
exists certain link between this oscillatory singular integral and the corre-
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sponding singular integral. Therefore, the criterion on the LP boundedness
of oscillatory singular integrals will become a crucial role in this chapter.
It will discover an equivalent relation between the LP boundedness of the
oscillatory singular integral and that of the corresponding truncated singu-
lar integral. Chapter 5 is related to the Littlewood-Paley theory. In this
chapter, we will establish two kinds of the weakest conditions on the kernel
for the LP boundedness of Marcinkiewicz integral operator with rough ker-
nel. Finally, it is worth pointing out that as space is limited, the theory of
singular integrals and related operators in this book is only worked on the
Lebesgue spaces although there are many good results on other spaces such
as Hardy spaces and BMO space.

It should be pointed out that many results in the later three chapters of
this book reflect the research accomplishment by the authors of this book
and their cooperators. We would like to acknowledge to Jiecheng Chen,
Dashan Fan, Yongsheng Han, Yingsheng Jiang, Chin-Cheng Lin, Guozhen
Lu, Yibiao Pan, Fernando Soria and Kozo Yabuta for their effective cooper-
ates in the study of singular integrals. On this occasion, the authors deeply
cherish the memory of Minde Cheng and Yongsheng Sun for their constant
encourage. The first named author of this book, Shanzhen Lu, would like
to express his thanks to his former students Wengu Chen, Yong Ding, Zun-
wei Fu, Yiqing Gui, Guoen Hu, Junfeng Li, Guoquan Li, Xiaochun Li, Yan
Lin, Heping Liu, Mingju Liu, Zhixin Liu, Zongguang Liu, Bolin Ma, Huixia
Mo, Lin Tang, Shuangping Tao, Huoxiong Wu, Qiang Wu, Xia Xia, Jingshi
Xu, Qingying Xue, Dunyan Yan, Dachun Yang, Pu Zhang, and Yan Zhang
for their cooperations and contributions to the study of harmonic analysis
during the joint working period. Finally, Shanzhen Lu would like to express
his deep gratitude to Guido Weiss for his constant encourage and help.

Shanzhen Lu
Yong Ding
Dunyan Yan

December, 2006
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Chapter 1

HARDY-LITTLEWOOD MAXIMAL
OPERATOR

1.1 Hardy-Littlewood maximal operator

Let us begin with giving the definition of the Hardy-Littlewood maximal
function, which plays a very important role in harmonic analysis.

Definition 1.1.1 (Hardy-Littlewood maximal function) Suppose that
f is a locally integrable on R™, i.e., f € L} (R™). Then for any x € R™, the

loc

Hardy-Littlewood mazximal function M f(x) of f is defined by

M) =swp— [ |f@—y)ldy. (11.1)
r>0 T Sy <r

Moreover, M is also called as the Hardy-Littlewood maximal operator.

Sometimes we need to use the following maximal functions. For f €

L (R") and x € R",

loc

() = sup —
V@) = sup e | sy (112)

r>0

where and below, Q(x,r) denotes the cube with the center at z and with
side r and its sides parallel to the coordinate axes. Moreover, |E| denotes

1



2 Chapter 1. HARDY-LITTLEWOOD MAXIMAL OPERATOR

the Lebesgue measure of the set . More general,
M f(z) = sup / Fw)ldy, (1.1.3)
Q> |Q|

where the supremum is taken over all cubes or balls ) containing z.

For the Hardy-Littlewood maximal operator M, we would like to give
the following some remarks.

Remark 1.1.1 By (1.1.1)-(1.1.3), it is easy to see that there exist constants
C; (1=0,1,2,3) depending only on the dimension n such that

CoM f(x) < C1M'f(x) < CoM" f(x) < C3M f(x) (1.1.4)

for any x € R™. That s, the Hardy-Littlewood mazximal function M f of f
and the maximal functions M'f, M" f are pointwise equivalent each other.

Remark 1.1.2 For f € L} (R"), the Hardy-Littlewood mazimal function
M f(x) is a lower semi-continuous function on R™, and is then a measurable
function on R™.

By (1.1.4), we only need to show it for M'f(x). In fact, it is sufficient to
show that for any A\ € R, the set E = {x € R™ : M'f(x) > A} is an open set.
However, by the definition of M’ f(x) it suffices to show that E is open for all
A > 0. Equivalently, we only need to show that E€ := {x € R" : M' f(z) < A}
is a closed set for all A > 0.

Suppose that {xy} C E° satisfying x — x as k — oco. We only need to
show that for any r >0

)|d A 1.1.
|Q T, T | / (z,r) | V= ( 5)
Denote Qi = Q($k,7") and fk(y) = f(y)XQ(r,r)AQk(y) Jor allk =1,2,---,

where
Qa,1)AQk = (Q(z,m)\Qx) | J (@1\Q(x,7)).
Thus,
) 1f@)] Jor all & and Jim fi(y) = 0.

Applying the Lebesgue dominated convergence theorem, we have

1
Jim Q@] Jown | fr(y)ldy = 0. (1.1.6)
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On the other hand, it is clear that

1

dy < X,
|Q| le (y)ldy <

Hence

<
'rr/mr |dy |Q$r/mrAQk (y)|dy

—_— d
T o, O
— dy + A

Let k — o0, by (1.1.6) we obtain (1.1.5).

Remark 1.1.3 The Hardy-Littlewood mazximal operator M is not a bounded
operator from L*(R™) to itself.

We only consider the case n = 1. Take f(x) = Xx[o,1)(z), then for any
x > 1, we have

- 2x 2z

/RMf(x)dxz/looMf(x)de/loo%da::oo

Although M is not a bounded operator on L'(R™), however, as its a re-
placement result we shall see that M is a bounded operator from L*(R™) to
LY (R™), i.e., the weak L'(R™) space (see Definition 1.1.2 below).

2x
zww>iéu@m=i

Hence

Lemma 1.1.1 (Vitali type covering lemma) Let E be a measurable
subset of R™ and let B be a collection of balls B with bounded diameter d(B)
covering E in Vitali’s sense, i.e. for any x € E there exist a ball B, € B
such that x € B,. Then there exist a 8 > 0 depending only on n, and disjoint
countable balls B1, By, -+ ,Bg,--- in B such that

S 1Bl = AIE.

k
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In fact, it will be seen from the proof below that it suffices to take 3 = 57".
Proof.  Denote ¢y = sup{d(B) : B € B} < oo. Take B; € B so that
d(B1) > ily. Again denote By = {B : B € B and BN By = §} and
ty = sup{d(B) : B € By}, then we choose By € By such that d(Bs) > 1¢;.

Suppose that By, Bs, -+ , By have been chosen from B according to the
above way, then we denote

k
B,=(B:BeB with B[ ||| JB;| =0
j=1

and
¢, = sup{d(B) : B € By}.

Next we choose By € By such that d(Bgy1) > %Ek. Thus we may choose
a sequence By, By, .-+, from B such that

(i) By, B2, , By, - are disjoint;
(i) d(Bg+1) > 3sup{d(B): B € By}, and

k
Br={B:BeB and B[ ||| JB;] =1
j=1

fork=1,2,---.

If this process stops at some By, then it shows that By = (). In this case, for
any = € E there exists a ball B, € B such that € B, and B, N By, # 0
with some 1 < ky < k. Without loss of generality, we may assume that
B,NBj=0for j=1,2,--- kg — 1. So, d(By,) > £d(B;), and this implies
B, C 5By,, where 5By, expresses the five times extension of By, with the
same center. Thus, we have EF C U?Zl 5Bj, and it leads to

k k k
Bl <|{J5B;| <D 5B <5"> |Bj|.
j=1 j=1 j=1

On the other hand, it is trivial when 3772, [Bg| = oo. So, we may assume
that 372, [Bg| < co. Denote B}, = 5B). We will claim that

Ec B (1.1.7)
k=1
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In fact, it suffices to prove that B C |J;—; B; for any B € B. Since
> 521 |Bx| < oo, we have d(By) — 0 as k — oo. Thus there exists ko

such that d(By,) < 1d(B). Of course, we may think that the index ko is
the smallest with the above property. In this case, B, must intersect with
some B; for 1 < j < kg — 1. Otherwise, d(By,) > 1d(B,). As before, we get
B, C5B; = Bj and (1.1.7) follows. Thus

o0 o0 o0
UBi <> 1Bl <5" Y |Bl
k=1 k=1 k=1

This completes the proof. [ |

1B <

Definition 1.1.2 (Weak L? spaces) Suppose that 1 < p < oo and f is a
measurable function on R™. The function f is said to belong to the weak LP
spaces on R™, if there is a constant C' > 0 such that

sup A\[{z € R : |f(z)] > \}'P < C < .
A>0
In other words, the weak LP(R™) is defined by
LPRRY) = {f: [Ifllpoc < o0},

where
[ £llp,00 == iulg/\\{w ER": [f(z)| > A}MP
>

denotes the seminorm of f in the weak LP(R™).
Remark 1.1.4 It is easy to verify that for 1 < p < oo, LP(R") & LP*>°(R").

Definition 1.1.3 (Operator of type (p, q)) Suppose that T is a sublinear
operator and 1 < p, q < oo. T is said to be of weak type (p,q) if T is a
bounded operator from LP(R™) to L9°°(R™). That is, there exists a constant
C > 0 such that for any A > 0 and f € LP(R™)

q
o e R ITs@I > M < (Sl ) (1.18)

T is said to be of type (p,q) if T is a bounded operator from LP(R™) to
Li(R™). That is, there exists a constant C > 0 such that for any f € LP(R™)

ITfllq < Cllf s (1.1.9)
where and below, || fll, = ||f||Lrrn) denotes the LP norm of f(x).
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When p = ¢ and the operator T satisfies (1.1.8) or (1.1.9), T is also said
to be of weak type (p,p), respectively. Moreover, It is easy to see that an
operator of type (p,q) is also of weak type (p,q), but its reverse is not hold
generally.

Below we shall prove that the Hardy-Littlewood maximal operator M is
of weak type (1,1) and type (p,p) for 1 < p < oo, respectively.

Theorem 1.1.1 Let f be a measurable function on R™.

(a) If f € LP(R™) for 1 < p < o0, then M f(z) < oo a.e. © € R™.

(b) There exists a constant C' = C(n) > 0 such that for any X > 0 and
feL'(R)

n C
{z € R": Mf(z) > A} < [ fllr.

(c) There exists a constant C = C(n,p) > 0 such that for any f €

LP(R™) 1 <p < oo, [Mfllp < Clfllp

Proof. Obviously, the conclusion (a) is a direct result of the conclusions
(b) and (c). Hence we only give the proof of (b) and (c).
Let us first consider (b). For any A > 0, by Remark 1.1.1 the set

Ey:={zeR": Mf(x) > A}

is an open set, and is then a measurable set. By Definition 1.1.1, for any
x € FE), there exists a ball B, with the center at x such that

1
B ), s>

Thus ) .
IB,| < —/ Fldy < L1l < 0o forall e By,
X s, \

Therefore, if we denote B = {B, : x € E\}, then B covers E) in Vitali’s
sense. By Lemma 1.1.1, we may choose disjoint countable balls B, Bs, - - ,
Bg, -+ in B such that

> Bkl = BIE|.

k
1
aE <318 <33 [ 1swldy
k |k Bk

5 /U Gl
<317l

Hence
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Let us now turn to the proof of (c). Clearly, the conclusion (c) holds for
p = 00, we only consider the case 1 < p < oo. Let f € LP(R™) (1 < p < o0).
For any A > 0, write f = f; 4+ f2, where

[ f@), for 1f(@)] = A2
fl(w)_{ 0, for |f(z)] < A/2.

It is easy to see that f; € L*(R™). Thus we have

F@I<IA@l+5 ad Mf@)< Mfi@)+ . (1.1.10)

Hence, by (1.1.10) and the weak (1,1) boundedness of M (i.e. the conclusion
(b)), we have
|Ex| = [{z € R" : M f(z) > \}|
< |{:r eR": Mfi(x) > )\/2}‘
2
<2 [ p@dr
R”
_26
A J{zern: |f(@)2/2}
where 3 is the constant in Lemma 1.1.1. Therefore

[ us@ypas

) / NPLE, | dA
0

< W(% / |f<w>rda:>dA
0 A Jizern: |f(z)[>2/2}

2|f ()]
<o [ 1pl([ )

_ 26p. p
-2 | i@ e

Thus we finish the proof of Theorem 1.1.1. [ |

Immediately, by the weak (1,1) boundedness of the Hardy-Littlewood
maximal operator M we may get the Lebesgue differentiation theorem.

|f ()| dz,

Theorem 1.1.2 (Lebesgue differentiation theorem ) Suppose that f €
L (R"™). Then

loc
1

lim ——— fy)dy=f(x) ae x€eR",

r—0 |B($,’l“)‘ B(z,r) ( ) ( )
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where B(x,r) denotes the ball with the center at x and radius r.

Proof.  Since for any R > 0, fxpo,r) € L'(R"), we may assume that
f € LY(R™). Denote

Lo(f)(a) = |/ ) dy.
and let

A()(@) = TR L (/)(@) = lim L () (z).
Then

A(f)(z) < 2sup |L,(f)(2)] = 2M f ().

r>0
Let us first show that for any A > 0

IEx(AS)| = |{z € R" : A(f)(z) > A}| = 0. (1.1.11)

In fact, for any € > 0 we may decompose f = g+ h, where g is a continuous
function with compact support set and ||h|; < e. Thus

A(f) (@) < Ag)(z) + A(R) () = A(h)(2),

and it leads to
|EXAS)| < |EX(AR)| < [Eyj2(MA)].

By Theorem 1.1.1 (b), we have

2C 2Ce
E\(A < — —_—
BAAS)] < bl < =

Thus, by the arbitrariness of ¢ we know (1.1.11) holds, and (1.1.11) shows
that the limit liII(l) L.(f)(z) exists for a.e. z € R™.
r—

On the other hand, by the integral continuity, we have
lim || Ly (f) = fllx
r—0
1
|B($ ’l“)‘ B(z,r)

. 1
:LO/RRW/B(OTU(QC—@/) f(@)]dy
—MO|BOT/0T/W (z —y) = f(z)ldzdy = 0.

= lim
r—0 Rn

fy)dy — f(z)|dx

dx
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Hence there exists a subsequence {rj} satisfying r, — 0 as k — oo, such
that

klim L, (f)(x)= f(z) forae zeR"

—00

Because lin%) L,(f)(z) exists for a.e. € R"™, thus

1
lim ——— fly)dy = f(z) ae. xeR",
r—0 |B($7 7,)| B(z,r)

which is the desired conclusion. |
Remark 1.1.5 Clearly, by the equivalence of (1.1.1) - (1.1.3), it is easy

to see that the conclusion of Theorem 1.1.2 still holds if we replace the ball
B(x,r) by cube Q(z,1), even more generally, by a cube Q containing x.

1.2 Calderén-Zygmund decomposition

Applying Lebesgue differentiation theorem, we may give a decomposition of
R™, called as Calderén-Zygmund decomposition, which is extremely useful
in harmonic analysis.

Theorem 1.2.1 (Calderén-Zygmund decomposition of R™) Suppose
that f is nonnegative integrable on R™. Then for any fixed X > 0, there
ezists a sequence {Q;} of disjoint dyadic cubes (here by disjoint we mean
that their interiors are disjoint) such that

(1) f(z) < X for a.e. x ¢ Uj Q;;
@ |Jes| <510

() A< — [ fl@)de <27
‘Q]‘ Qj

Proof. By f € L'(R"), we may decompose R" into a net of equal cubes
with whose interiors are disjoint such that for every @) in the net

1
@/Qf(x)da: <A\
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Let Q' be any fixed cube in the net. We divide it into 2" equal cubes, and
denote Q" is one of these cubes. Then there are the follwing two cases.

Case (i)

1
x)dxr > A
‘Q”‘ o f( )
Case (ii)
1
- x)dr <\
Q@] S T =
In the case (i) we have
< 2 p@dr<—t [ f@)de<20a
— z)dr < ——— x)dz .
Q" Jor —27Q' Jo -

Hence, we do not sub-divide Q" any further, and Q" is chosen as one of the

sequence {Q;}.

For the case (ii) we continuously sub-divide Q" into 2" equal subcubes,
and repeat this process until we are forced into the case (i). Thus we get a
sequence {Q;} of cubes obtained from the case (i). By Theorem 1.1.2,

f(x):églgi |Q|/f Ydr < X\ for ae. m¢UQ]

This proves the theorem. [ |

Remark 1.2.1 In place of R™ by a fized cube Qy, we may similarly discuss
the Calderén-Zygmund decomposition on Qq for f € LY(Qo) and A > 0.
Moreover, we also may obtain the similar decomposition for f € LP(R™) (p >

1).

An application of the Calderén-Zygmund decomposition on R™ is that it
may be used to give the L' boundedness of the Hardy-Littlewood maximal
operator M in some sense. More precisely, we have the following conclusion.

Theorem 1.2.2 Suppose that f € L*(R").

(i) 1
[ @0 1 @)de < .

then M f € L (R™).
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(i3) If f is supported in a ball B and M f € LY(B), then

/ (@) log* | f(2)|dx < oo,
B

where

log|f(x)], for [f(z)] >1

log+|f<x>|={ 0 for Lol < 1

Proof. We first give two estimates on the maximal operator.

Hz e R" : M f(z) > 2\}| < %/ |f(z)|dx, (1.2.1)
{z: [f(2)[>A}
and
C
Hz € R" : M" f(z) > \}| > X/ |f(z)|dx. (1.2.2)
{z: [f(2)[>A}

The constant C' appearing in (1.2.1) and (1.2.2) depends only on the dimen-
sion n. In fact, (1.2.1) has appeared in the proof of Theorem 1.1.1. As for
(1.2.2), using the Calderén-Zygmund decomposition on R™ (Theorem 1.2.1)
for X > 0, we get the sequence {Q;} of cubes to satisfy

1
A< — |f(z)|dz <27,
Q] Jo,

and f(x) < A for ae. 2 ¢ |J; Q;. Thus for x € Q;, M"f(z) > A and
{o eR™: M"f(x) > N} = > |Q)]
J

zﬁz/Q (o)l do

S
2N S f(2) >0

\Y]

()| dz.



12 Chapter 1. HARDY-LITTLEWOOD MAXIMAL OPERATOR

Let us return to the proof of Theorem 1.2.2. First we consider (i). For any
compact set K C R"™, it follows from (1.2.1) that

/Mf(x)dx:/ooneK:Mf(a:)>)\}|d)\
K 0

= /OO 21{z € K : Mf(z) > 2X\}dA
0

< 2{ /01 K|d)+ /100 {z e R": Mf(x) > 2/\}\d)\}

o C
o+ [7S /w M}If(w)ldffdk}
|f(x)]
2{\K!+C’ |/ dA }

—2{\Kr+c/ o) log* |z >rd:c}

IN

Thus we obtain the conclusion (i).

As for (ii), without loss of generality, we may assume that the radius of
B is R. we denote by B’ the ball with center as one of B and the radius 2R.
For any 2’ € B’ \ B, we take x € B such that x is the point symmetric to
2/ with respect to the boundary of B. Then it is easy to check that for any
r >0, B(:z:’,r) N B C B(z,10r). Thus,

1
Ndy = ——— f(y)ldy
JI T | / (z',r) ’ |B(JI,,T)’ B(z’,r)ﬂB‘ ( )|
<Cnimr—en f()ldy
B 10 Jigoaon) )
< CpM f(z).
Hence M f(2') < C,M f(z) for any 2’ € B’ \ B. By the estimates above, it

is easy to see that M f € L'(B’). On the other hand, for any z € R" \ B’,
when r < R we have
1
B Jown |f(y)ldy =0
by the support set condition. Thus M f is bounded on R™ \ B’; since

Mf(x) € ————||f[1, forany o€R"\ B

IB( R)|
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It is also clear that
Mf(x) —0, as |z|]— oo.

Thus, for any Ag > 0 the set {x € R" : M f(x) > Ao} must be contained in
some ball. So

I:/ M f(z)dr < oo.
{z€R™: M f(z)>Xo}

Now, if we take \g = C},, then we have
I> / {z € R™: Mf(z) > A\}|dA.
Chn

On the other hand, by (1.1.4) M f(z) > C,M" f(z) for any € R™. If we
denote N = \/C},, then by (1.2.2)

Hzx e R" : Mf(z) > A} > |[{z e R" : M" f(x) > \'}|

> g, x)|dx
N s | f(@) >N
C,C
= |f(z)|d.

A S Culf(@)>N)

By two inequalities above we have

= e / |F()|dz dA
W A M calf@)[>A)
enl F(@)] g\

=0 [ W@l [T S
—ch’/ z)|log™ | f()|dx.

The proof of Theorem 1.2.2 is finished. [ |

Another important application of the Calderén-Zygmund decomposition
on R is that it may be used to deduce the Calderén-Zygmund decomposition
on function. The later is a very important tool in harmonic analysis.

Theorem 1.2.3 (Calderén-Zygmund decomposition for function)
Let f be nonnegative integrable on R™. Then for any fired A > 0, there
ezists a sequence {Q;} of disjoint dyadic cubes and the functions g, b such
that
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(i) f(z) =g(x) + b(x);
(ii) |g(z)| < 2"\ for a.e. x € R™;

(iii) Nlgllp < CNP=H|f[l1 for 1 <p < oo

(iv) b(x) =0, a.e. z € R”\UQj;

(v) /Q'b(x)dxzo, j=12,---.

Proof. Applying the Calderén-Zygmund decomposition on R™ for f and
A > 0, we obtain a sequence {Q;} of disjoint dyadic cubes such that

flx) <A forae =z ER”\UQj;

J

1
105 < SlIflhs
J
and
de < 2"\, f ) =1,2,---.
|Q]\ ij( z)dr <2"X, for j=1,2,
Now we define g(x) and b(x) as follows.
f(z) reR"\|JQ;
g(x) =
‘Q_lj| Q]f(x)dx7 er]aj:1727a
and
0 reR"\ | JQ;
b(r) = 1 J
f(ill’) f() xz, erjvj:1727"'-

|Q]| Q]

Thus f(x) = g(x) + b(z), and by the definition of b, both (iv) and (v) hold.
Moreover, by the definition of g, (ii) holds. Finally, if denote F' = R™\J ;i Qjs
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then
Il = 3 / D)o+ [ oy gla) da
< 2(2"»?—1 / g(z)de + N1 / g(z) dx
j @ F
(2" NP~ 12 f ) da 4+ AP~ 1/ fz
< C)\p_1||f||1-
This is just (iii), and the proof of Theorem 1.2.3 is finished. |

1.3 Marcinkiewicz interpolation theorem

Notice that in the proof of LP boundedness of the Hardy-Littlewood max-
imal operator M, we only use the weak L! and L boundedness of M.
This inspires us to consider the similar problem for more general sublinear
operator.

Theorem 1.3.1 (Marcinkiewicz interpolation theorem) Let (X, X, 1)
and (X,Y,v) be two measure spaces, and let the sublinear operator T be both

of weak type (po,po) and weak type (p1,p1) for 1 < py < p1 < oo. That is,
there exist the constants Cy,Cy > 0 such that for any A > 0 and f

po
() vite € X 5] > 0D < (L)

g C P
(i) vt € X [T1@1> W) < (Sl ) Jorim <.
If p1 = oo, then the weak type and strong type coincide by definition:

1T flloo.r < Crllflloo.p-

Then T is also of type (p,p) for all pg < p < p1, i.e. there exist a constants
C > 0 such that for any f € LP(X, )

(f |Tf<m>rpdu)l/psc( / If(w)lpdu>1/p-
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Proof. For f € LP(X,p) and A > 0, write f(z) = f*(z) + fa(x), where

vy [ 1), or 1) > A
f()_{ 0, for |f(z)] <A

Thus, f* € LP°(X, u) and f\ € LP*(X, u). Moreover,

T ()| < |Tf@)] + |T ().

Case I: p; < co. By the weak type (p;,p;) of T (i = 1,2), we have

v({z € X : |Tf(x) > \)) < 1/({3: e X |Tfx)| > )\/2})
+1/({:17 € X |Th(z)] > )\/2})

20 Po 20 p1
< (B )+ ()

(1.3.1)
By (1.3.1), we have that

/ T f(z)[Pdv = p/oo Nz e X |Tf(z)] > A})dA
X 0
< 2P0 M\P—po—1 f pog d\
Op/o /{mEX:|f(z)|>>\} @) dp()

+ oM Chp / P11 / ()P dpa ()N
0 {zeX:|f(z)|<A}

[f(z)]
<2cop [ 1 [T ()
X 0
+20p [ 1r@p [ e i)
X |f ()]
2

PO D1
_ PCop Crp / \f (@) Pdu
P1—DP Jx

p
e /X\f(x)l di+
yes /X (@) Pdp.

Case II: p1 = oo. In this case, if we denote v = 1/(2C), then

v({z € X |Tf(2)| > \) < vl{e € X : [Tf )] > A/2))
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and

| rr@pdy < 2mc [Tt | | F@)P dpu(w)dn
X 0 {zeX:|f(z)|>ar}
|f(z)]/a
=2mcup [ A [T e indu(a)
X 0
=¢, [ 1#@)Pdp.
X

This completes the proof of Theorem 1.3.1. [ |

As an application of the Marcinkiewicz interpolation theorem, below we
will prove the Fefferman-Stein inequality on the Hardy-Littlewood maximal
operator M.

Theorem 1.3.2 (Fefferman-Stein inequality) Let 1 < p < co. Then
there exists a constant C = C\,;, such that for any nonnegative measurable
function p(x) on R™ and f,

L atr@ye@ar<c [ if@pMpdr. (132

Proof. Without loss of generality, we may assume that M(x) < oo a.e.
x € R" and My(x) > 0. If denote

du(z) = Mp(x)de and dv(z) = p(x)dx,

then by the Marcinkiewicz interpolation theorem in order to get (1.3.2), it
suffices to prove that M is both of type (L*°(u), L*°(v)) and of weak type
(L (), L' ().

Let us first show that M is of type (L>(u), L*°(v)). In fact, if || f||oo,n <
a, then

/ M(z)dz = p({z € R" : |f(z)| > a}) = 0.
{zeR": |f(z)|>a}

Since Mp(x) > 0 for any = € R"™, we have |{x € R" : |f(z)|] > a}| = 0,
equivalently, |f(z)| < a a.e. on R™. Thus M f(z) < a a.e. on R™ and this
follows || M f|oo,y < a. Therefore, ||M flloo,y < |flloo,u-

Before proving that M is also of weak type (L'(u), L'(v)), we give the
following lemma.
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Lemma 1.3.1 Let f € LY(R") and A > 0. If the sequence {Qy} of cubes is
chosen from the Calderon-Zygmund decomposition on R™ for f and \ > 0,
then
{zeR": M'f(x)>72 | @k,
k

where Q). = 2Qy. Then we have

{z eR™: M'f(z) > 7"A} < 2" |Qxl.
k

Proof. Suppose that = ¢ |J, Q;. Then there are two cases for any cube
@ with the center z. If @ C R™\ |, Qk, then

1
o /Q f(@)ldz < A

If Q N Qg # 0 for some k, then it is easy to check that Q; C 3Q, and
(@ QenQ #0} c3Q.
k

Hence, for F' = R"\ |J,, Qk, we have

/Q f(@)ldz < /Q e > 1fa)ds

QrNQ#D
<AQI+ Y 2"AQ4l
QrNQ#AD
< AQ[+ 2" A[3Q)

<7"NQI

Thus we know that M'f(x) < 7"\ for any x ¢ |J,, Q5. and it yields that

Jai| =2 Y1k
k k

{z €R™: M'f(z) > T"\}| <

Let us return to the proof of weak type (L*(u), L*(v)). We need to prove
that there exists a constant C' such that for any A > 0 and f € L'(p)

o(x)dr =v({x eR": Mf(x) > \})

<S [ r@IMp(a)n.
Rn

/{zeRn: M f(z)>A} (1.3.3)
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We may assume that f € LY(R"). In fact, if take fp = |fIxB(0,k), then
fr € LY(R™), 0 < fr(z) < fer1(x) for z € R® and k = 1,2,--- . Moreover,
T fi(x) = /()]

By (1.1.4), there exists ¢, > 0 such that M f(x) < ¢, M'f(z) for all
x € R™. Applying the Calderén-Zygmund decomposition on R™ for f and

N = ooy We get a sequence {Qx} of cubes satisfying

1
k

By Lemma 1.3.1, we have that

/ p(z)dx S/ o(x)dxw
{z€R™: M f(z)>\} {z€R™: M’ f(x)>7" N}

< /UkQ;g o(z)dr < Z/Q p(z)dx
<3 (g [, wtoe) (5 [ i)
:CnA Z/ W) <|Qk/ dw>dy

n14
<® Z/ )| M" o(y)dy

= |f ()| Mp(y)dy.
]Rn

Thus, M is of weak type (L'(u), L'(v)), and the Fefferman-Stein inequality
can be obtained by applying Theorem 1.3.1 with pg = 1 and p; = oo.
|

The Marcinkiewicz interpolation theorem shows that if a sublinear oper-
ator T is the weak boundedness of at two ”"ends” of indexes, then T is also
the strong boundedness for all index point between the two ends. The fol-
lowing conclusion shows that the weak boundedness of a sublinear operator
T at an index point is equivalent to its strong boundedness in some sense
for all index which are less than this point.

Theorem 1.3.3 (Kolmogorov inequality) Suppose that T is a sublinear
operator from LP(R™) to measurable function spaces and 1 < p < oco. Then
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(a) If T is of weak type (p,p), then for all 0 < r < p and all set E with
finite measure, there exists a constant C' > 0 such that

/EITf(fE)de < CIEI"P|I£1I5- (1.3.4)

(b) If there exists 0 < r < p and constant C > 0, such that (1.3.4) holds
for all set E with finite measure and f € LP(R™), then T is of weak
type (p,p).

Proof of (a). Since T is of weak type (p,p), for any A > 0

C
{z € R": [Tf(2)] > AH < -

Thus for any set E with |E| < oo

. C
{z e E: [Tf(x)|>AH <HzeR": [Tf(z) > A} < ﬁllﬂli-
Hence for any 0 < r < p, we have
[ 1rr@rds
E
= r/ Nz e B |Tf(z)| > AYdA
0
<r Oo)\’"_lmin{]E| ngHp}d)\
CllfllplEI~/P o0
<r / NUBldA + Cr / P A
0 Clfllp|E|=1/P

< CIE|"" | £

Proof of (b). For any A > 0, take £ = {x € R" : |T'f(z)| > A}, then FE
is a measurable set and |E| < co. Otherwise, there is a sequence {Ej} of
measurable sets such that Fy C E and |Ex| =k for k = 1,2,--- . Thus for
every k, we have

Ak = N[ Eg| < /E T f(x)|"dz < C|EW|""/P| f|l, = CE' /7| f1].
k
However, it is not true. Thus by (1.3.4), we obtain

NE| < / T f (@) de < CIEI""7| £},
{zeR": |Tf(x)|>\}
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From this it follows
zeR": |T A =FE < —O p

Hence T is of weak type (p,p). [ |

1.4 Weighted norm inequalities

In this section we shall extend the conclusions of Theorem 1.1.1 to a general
measure spaces (R", w(x)dz), where w is called a weight function, which is
a nonnegative locally integrable function on R".

For the sake of convenience, in this section we shall use (1.1.3) as the
definition of the Hardy-Littlewood maximal operator M. Indeed, by (1.1.4)
the maximal operator M" is essentially the same as the operator M. Now
we give the definition of A, weight.

Definition 1.4.1 (A4, weights (1 < p < o0)) Let w(z) > 0 and w(z) €
L} (R"). We say that w € A, for 1 < p < oo if there is a constant C > 0

loc

such that

s <|Q|/ () dx) (ﬁ/czw(x)l—ﬂ dx)p_l <c, (1.4.1)

where and below, 1/p+ 1/p" = 1. We say that w € Ay if there is a constant
C > 0 such that

Mw(z) < Cw(z). (1.4.2)

The smallest constant appearing in (1.4.1) or (1.4.2) is called the A, con-
stant of w.

Remark 1.4.1 Clearly, w € A1 if and only if there is a constant C > 0
such that for any cube Q

Ql / x)dxr < Cleelgw( x), (1.4.3)

where and below, inf is the essential infimum. Moreover, it is easy to see
that for 1 <p < oo and any w € A,, its A, constant C > 1. In fact, for any
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cube (Q, we have that

1/10 w( l/pdx
- @

= {(IQI/ w(x )d‘f)(‘é,/w(x)l-pfdxy—l}l/p

<\,

Let us now give some elementary properties of A, weights.
Proposition 1.4.1 (Properties (I) of A, weights)
(i) Ap G Ay, if 1<p<gq<oo.
(it) For 1 <p < oo, w € A, if and only ifw(x) P e Ay
(i11) If wy, wy € Ay, then wow%_p € Ay forl<p< .
() If we A, (1 <p<oo), then for any 0 <e <1, w® € Ap.
(v) Ifw e A, (1 <p<o0), then for any f € L} (R"),

(ﬁ/cg‘f(x”dm)p'”(@ < C/Q |/ (@) Pw(z)de. (1.4.4)

(vi) If w € Ay, (1 < p < 0), then for any 6 > 1 there exists a constant
C(n,p,d) such that for any cube @, w(6Q) < C(n,p,0)w(Q). In par-
ticular, the case taking 0 = 2 shows that A, weights satisfy double
condition.

(vii) If w € Ap (1 < p < 00), then for any 0 < a < 1 there exists 0 < f < 1
such that for any measurable subset E C Q, |E| < a|Q| and w(E) <

Bw(Q).

Proof. (i) For p > 1, this is a direct consequence of Definition 1.4.1 and
Holder’s inequality. If p = 1, then by (1.4.3)

-1
(& )" s

- (gggw(aj))_l

<C<|22|/Qw(x)dx>_l.
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On the other hand, since |z|* € A, if and only if —n < o < n(p — 1) (see
Proposition 1.4.4 in this chapter), we have A, # A,.

(ii) Since (p — 1)(p’ — 1) = 1, for any cube @ we have

/

(1 fer o) (s fterrae)
' p—1yp'~1
— {(ﬁ/@w(ﬂf) d:n> <ﬁ /Qw(:r)l—P d$> }

<o,

(iii) For any @, by w; € A; (i = 1,2) and (1.4.3) we have

(2) 7 < supw;i(z) ! inf w;(z)) " wi(@) B
wi(z) Sxeg i() S(weé i(2)) §O< 0 > : (1.4.5)

From (1.4.5), it immediately follows that

(& | oty @) (o | ot d) <c.

(iv) For p = 1, by Hélder’s inequality and (1.4.3)

IQI/ 7)< (ﬁ /Qw@)dw)ES(C inf w(z))” = C inf w(a)".

Similarly, we can get the conclusion (iv) for 1 < p < oo by Definition 1.4.1
and Holder’s inequality.

(v) For p =1, by (1.4.3), we have that

1
@/Qlf(w)ldw-w /|f )ldz |Q| w(z)da
<c /Q F(@)lda - inf (o)

<c /Q (@) w(x)da
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When 1 < p < 0o, by Holder’s inequality

ol /Q 1/ (@)lda
- ﬁ /Q (@) |w(@) Pew(z) " Pda

< (7 [ rate)) e [ strra) e

<o / |f<w>|%<x>dx)l/p<ﬁ / w(w)d:c)_l/p.

Thus, (1.4.4) follows from this.

(vi) If we replace @ by 6Q and f(z) by xg(z) in (1.4.4), respectively,
then this is just the conclusion of (vi).

(vii) Let S =Q \ E and f(x) = xs(z) in (1.4.3). Then

(%)pw(@ < C’/Sw(a:)dx.
Thus

(1 - a)Pw(Q) < < - %)pw(@ < c( /Q (@) — /E w(:r)d:n).

Notice that C' > 1 (see Remark 1.4.1),

C—(1-a)p
wp) < 7Y )
So, we get the conclusion of (vii) with 8 = (C — (1 — «)?)/C. |

The following theorem gives a very important and useful property of A,
weights.

Theorem 1.4.1 (Reverse Hoélder inequality) Let w € A,, 1 < p < oo.
Then there exist a constant C' and € > 0 depending only on p and the A,
constant of w, such that for any cube @

1/(1+e)
<ﬁ/@w(m)l+eda:> < % Qw(x)dx. (1.4.6)
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Proof. Fix a cube @, by Remark 1.2.1 we apply the Calderén-Zygmund
decomposition with respect to @ for w and the increasing sequence

{W(Q)”Q‘:)\0<)\1<'--<)\k<...}

For each A;, we may get a sequence {Q};} of disjoint cubes such that
wx) <A, for z¢Ap= UQ’W"
i

and
1

|Qk77'| Qk,i

Ak < w(z)dr < 2"\

Since A\py1 > A, for every Q1 ; it is either to equal some Q). ; or a subcube
of Qi for some i. Thus

1
Quirgl <1 [ wla)ds
k41 JQri1,5
i1
_ |Qk,l| W(Qf)dx
Akt Qil Jpyn
i1
< Qi w(x)dx
Akt @il Ja,.

Ak
< 2n)\—|Qk,i|'
k+1
From this, it follows

Ak
|Qk,i N Ak—i—1| < 2n>\—|Qk,z|
k+1

For fixed o < 1, we choose {\;} such that 2"\t /Axyr1 = . Equivalently,
A = (2%/a)*Ng. Thus

|Qr,i N Apr1| < |Qpil-
By Proposition 1.4.1 (vii), there exists 0 < # < 1 such that

W(Qk,i N Apt1) < Pw(Qpi)-

Summing up with respect to the index ¢, we obtain w(Ag41) < fw(Ag), and
it yields
w(Apr1) < BFw(Ag).
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Similarly, we also have [A; 1| < a|Agx| and [Apy 1] < aF|Ag|. Hence

)
k=0

= kh_)nolo |Ax| = 0.

Thus

[e.e]

/w(:n)lJrada::/ w(:r)”ada:—{—Z/ w(z) e dx
Q Q\Ao =0 Y A \Ak41

< AGw(Q\ Ag) + Z N1 WAk \ Agpa)
k=0

< 25(w@\ B0) + 3 ) B u(0))

k=0
<X <w(Q \ Ag) + (2" /) S[(2" /@85]%(%)) .
k=0

Let € > 0 be small enough such that (2"/«)°8 < 1. Then the series con-
verges. Therefore we have

/Qw(a;)lﬁdx < OXG(w(@Q \ Ao) +w(Ag)))

ofi ) (i o)

Thus we get (1.4.6) and the proof of Theorem 1.4.1 is finished. [ |

As a corollary of Theorem 1.4.1, we get some further properties of A,
weights.

Proposition 1.4.2 (Properties (II) of A, weights)

(viii) If w € Ay (1 < p < 00), then there is an € > 0 such that p—e > 1 and
w(z) € Ap_e.

(ir) Ap =U,cpAg, if 1 <p<oo.
(x) Ifw € A, (1 <p < o0), then there is an e > 0 such that w(x)'Te € A,,.

(i) If w € Ap (1 < p < 00),then there is 6 > 0 and C > 0 such that for
any cube Q) and a measurable subset E C Q)

w(E) [2h%
2Q) = C<|@|> | (147)
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Proof. (viii) Let w € A,, then wi=? e A,y by the property (ii). Applying
the Reverse Holder inequality (Theorem 1.4.1) for w!=?" then

1 (=g} (146) (p—1)/(1+9) 1 - p—1
— | w(x)" 7P da:) < CP~ ( / w(z) P d:r) ,
(@ [y Q1 Jo

where 6 > 0. Now multiplying the factor

ﬁ /Q w(z)dx

on two sides of the above inequality, we have

1 s >(p—1>/<1+9)
<|@|/ wie )dx><|62|/”(x) dz <C.

Denote (1 —p')(14+0) =1—¢, then 1 < ¢ < p and w € A;. Thus we get
the property (viii) with e =p —q.

(ix) The property (ix) is a direct corollary of the properties (i) and (viii).
Indeed, we know that A, D |J,_, A4 by the property (i). On the other hand,

by (viii), Ap C U, 4g
(x) Suppose that w € Al, then by (1.4.6)

1+¢
|61|/ w(x)ede < <%/ W(:r)dff> <C-w(@)'" ae zeR™
Q Q

Hence w(z)! € Aj;.
Ifw e Ay, p>1, then w(z)' " € Ay by (ii). Using Theorem 1.3.3, it is
clear that there exists an € > 0 such that

L e < >1+€
|Q|/Qw(:r) dx < Cy |Q|/ w(x)dx
1+e
)a=p)(1+e) 1—p/
i fy o dm<cz<\@!/ o) )

hold at the same time. Thus,

() (g 2
<C { <ﬁ /Qw(:c)dx> (ﬁ /Qw(x)l_p,dmy_l}ua »

q<p

and
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This shows that w!™® € A,
(xi) Since w(z) € A, (1 < p < 00), using Holder’s inequality for 1+ ¢
and (1 +¢)/e, where ¢ is fixed by (1.4.6), we have

1/(14e)
/w(aj)daz < </ w(a;)l+5dg;> | B|E/ ()
E E

1 1/(1+¢)
_ <_/ w(:E)H_ad:E) |Q|1/(1+e)|E|e/(1+s)
QI Je

<& / w(a)dz| Q[+ | B/ (+)
Q| Jo

|E|>E/(1+£)
=Cw(Q <—
Dl
Thus we have showed that w satisfies (1.4.7) if taking 6 =¢/(1+¢). [ |

Remark 1.4.2 Let w be a nonnegative locally integrable function on R™.
We say that w € Ao if w satisfies (1.4.7). The property (zi) shows that
U1§p<oo A, C As. However, it can be proved that the above containing
relationship may be reversed. So, we have indeed Ao = U1§p<oo Ap.

In this section, we shall see that A, weights give a characterization of
weighted weak LP and strong LP boundedness for the Hardy-Littlewood
maximal operator M.

Theorem 1.4.2 (Characterization of the weighted weak type (p,p))
Suppose that 1 < p < co. Then the Hardy-Littlewood mazximal operator M
is of weak type (LP(wdzx), LP (wdx)) if and only if w € A,.

That is, there exists a constant C > 0 such that for any A > 0 and
f(z) € LP(wdzx) (1 <p < o0)

/ w(x)dxr < — |f(z)[Pw(x)dx (1.4.8)
{z€R™: M f(z)>\}

if and only if w € A,.

Proof. Let us first prove that w € A, is the necessary condition of (1.4.8).

For p =1, let @) be any cube and @1 C Q. If denote f = xq,, then for any
0 <A< |Q1]/]1Q|, we have Q C {x € R": M f(z) > A}. By (1.4.8)

)\/ w(z)dr < /\/ w(z)der <C | w(z)d.
Q {zeR™: Mf(z)>\} Q1
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By the arbitrariness of A < |Q1]/|Q|, we get

C
ﬁ/Qw(:r)d:E < o 0 w(x)dx.

Applying Lebesgue differentiation theorem (Theorem 1.1.2), we have that

\Q!/ y)dy < Cw(z) ae z€Q.

By the arbitrariness of cube ) again, we have
Mw(z) < Cw(xz) ae. xe€R™

Thus w € A;.
For p > 1, let @ be any cube. If we take f = wl_p'XQ, then for any
0<A<w(Q)/Q|, QC {reR": Mf(zx)>\}. By (1.4.8)

AP

dr < a d
Ql Qw(az) r < — w(x)dx

|Q| {zeR™: M f(z)>\}
< % /R o) xo(@)Pw(a)de

= %/@w(x)l_p,dw.

Hence by arbitrariness of A, we get

1 1 1—p! >1_p
_|Q| / w(z)dr < C<_|Q| / w(x) dx .
Sow € Ap.

Below we will prove that w € A, is also a sufficient condition of (1.4.8).
When p =1, (1.4.8) is just a direct corollary of (1.3.3). Now let us consider
the case p > 1. By Holder’s inequality and the condition w € A,, we have

(37 [ ctwie) (7 [ o)

B (ﬁ/@mwm) <|712|/Q|f(f”>|w(fv)l/pw(:r)—l/l’dx>p

= (ﬁ / w<x>dz> (ﬁ / |f(33)!pw(:z:)dx> (ﬁ /Q w(@l—p/dx)p‘l
Crgp J, e
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Thus, this shows that if f € LP(wdz) then f € L} (R"), and

loc

/ oy < O / ) ( / @), (149

So without loss of generality, we may assume that f > 0 and f € L!(R").
Applying the Calderén-Zygmund decomposition (Theorem 1.2.1) for f at
height 77"\, we get a cube sequence {Qy} such that

A< f(z)dz  for all Q. (1.4.10)
|Qk| QO

By Lemma 1.3.1, we have that

{z eR": Mf(z) >} c Qi
k

where Q; = 2Qj. Thus by the property (vi) of A, weights and (1.4.9) and
(1.4.10), we conclude that

w(z)dx

/{meRn Mf(x)>\}

< Z/ z)dr < 02"7’2/
<oy (0 A slas) /Q k If(w)lpw(:r)dfc>

4mp

< ClAp / f @) Pee)da.

This shows that the Hardy-Littlewood maximal operator M is of weak type
(LP(wdzx), LP(wdz)). Hence we finish the proof of Theorem 1.4.2. [ |

Theorem 1.4.3 (Characterization of the weighted strong type (p, p))
Suppose that 1 < p < oco. Then the Hardy-Littlewood mazximal operator M
is of strong type (LP(wdx), LP (wdx)) if and only if w € A,,.

Proof. The necessity is a corollary of Theorem 1.4.2. In fact, since M is of
strong type (LP(wdx), LP(wdz)), and is also weak type (LP(wdz), LP (wdz)).
Then by Theorem 1.4.2, w € A,.
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On the other hand, if w € A, for 1 < p < oo, then by the property (viii)
there exists 1 < ¢ < p such that w € A;. By Theorem 1.4.2, M is of weak
type (LP(wdz), LP (wdx)). That is,

¢ g
/{xGR": Mf(z)>A} wiz)de < )\q/ |f(@)]*w(@)dz. (1.4.11)

Notice that if w € A, then for any measurable set £ € R" w(E) = 0 if
and only if |E| = 0. So, L>®(wdz) = L in the sense of equality of norms.
Hence by the L*°(R"™)-boundedness of M (Theorem 1.1.1), we have

1M flloow < 1 lloow-

Using the Marcinkiewicz interpolation theorem (Theorem 1.3.1) between
this and (1.4.11) we obtain

Mf(x)Pw(x)de < C |f(2)|Pw(x)dz.
R” R”

In other words, M is of strong type (LP(wdx), LP(wdx)). ]

In this section, we shall discuss further some important properties of A1
weights, such as the construction of A; weights, the relationship between A
weights and A, weights and its some application, etc.

Theorem 1.4.4 (Constructive characterization of A; weights)

(a) If f(z) € L} (R™) and Mf(z) < oo, a.e. © € R", where M is the

loc

Hardy-Littlewood maximal operator. Then for any 0 < e < 1, w(zx) =
€
<Mf(a;)) € Ay and whose Ay constant depends only on ¢.

(b) If w(z) € Ay, then there ewists f(x) € L}

R, 0 < e <1 anda
function b(x) such that

(i) 0 < Cy <b(x) <Cy, ae. x € R™;

(ii) (Mf(:n))6 <00, a.e. v €R";

(iii) w(z) = b(z) (M f(:n))g.
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Proof of (a). By Remark 1.4.1, we need to show that for any 0 < ¢ < 1,
there exists a constant C' such that for any cube @ in R"

€
M <C(M for a.e. z € Q.
ol / 1) dy < ¢(Mf()) Q
Fix @ and 0 < e < 1, we denote f = fx2q + fXrn\2¢ := f1 + f2. Then

(Mf@) < (MA@) + (M)

By the weak (1, 1) boundedness of M and Kolmogorov’s inequality (Theorem
1.3.3)

1
— | Mfi(z)°de < —|Q|'"¢
‘Q,/Q fi() x<‘Q,|@| 1l

(IQI/ i)

< o2 (M f(x))g
for any z € Q.
Now we give the estimate of (M fg(a:)) . Clearly, if y € @ and a cube
@' > y such that Q"N (R™\ 2Q) # 0, then 4Q’ D Q. Hence if x € Q

1 qn )
Q7 /Q, |fa(y)ldy < 07 /4@ | fa(y)|dy < 4"M f(z).

This shows that M fo(y) < 4" M f(x) for any y € Q, and so is
1 5 ne €
o1, (ew) v <4 (1)

Proof of (b). Since w(x) € Aj, then by the Reverse Holder inequality
(Theorem 1.4.1) there exists n > 0 such that for any cube Q

<ﬁ/¢2w($)1+nd$>l/(l+n) < ﬁ/cgw(x)d:c < Cw(z).

This implies that
M (") ()Y < Cw(z) for ae. x€R™
On the other hand, by the Lebesgue differentiation theorem (Theorem 1.1.2)

(@) < M(w')(2).
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Therefore, if let ¢ = 1/(1+17), f(z) = w(x)™ and b(z) = w(x)/(Mf(a;))e,
then we obtain the conclusions of (b). Thus we finish the proof of Theorem
1.4.4. [ |

Below we shall turn to discuss the relationship between A; weights and
A, weights.
By Remark 1.4.1, if w € Ay, then we have the following equivalent form
of (1.4.2)
o | wle)ds -suplet) ) < €
|Q| Q T€Q
where and below, sup is the essential supremun. On the other hand, it is
easy to see that when p — 1

p—1
(ﬁ /Q w<x>1—f’/dx> ~ o o0 = sup(e(e) )

Therefore, the A; weights can be seen as the limit of A, weights when p — 1.

By the property (iii) of A, weights, we have known that if wi,ws €
Aq then wq - w;_p € A,. A very deep result is that the converse of above
conclusion is also true.

Theorem 1.4.5 (Jones decomposition of A, weights) Let w be non-
negative locally integrable function. Then for 1 < p < oo, w € A, if and
only if there are wi,ws € Ay such that w(z) = wi(z) - we(x)!7P.

Proof. we only consider the necessity. Since w € A, by the property (ii)
w(z)P € Ay.

First let 1 < p < 2, then s = p’ — 1 > 1. Take a nonnegative function
up(z) € L (R™,wdz), let us construct a function sequence {u;(x)} by the
Hardy-Littlewood maximal operator M as follows.

wjs(z) = [M(u$)(@)]V* + w(@) ' M(ujw)(z), for j=0,1,--.
Then we have the following two conclusions.

(a) There exists a constant C' such that [|uji1]y, wde < Cllujlpy, wde, for
J=01,---.

(b) For the constant C' appearing in (a), take § > C and denote
U(QZ‘) = Z(S_juj(x)v
j=0

then Uw € A1 and U® € A;.
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In fact, by Theorem 1.4.3, we have that

/
||u‘]"l‘1||§’7 wdx

<o [ @ et [
—c( [ mrp@rawis + [ M) v )

n

<o [ e [ P w7 o)

n

[w(w)—1M<ujw><x>1p’w<x>dx)

<C - uf (2)w(z)dz.

So the conclusion (a) holds and it is easy to check that the constant C' is
independent of u; for all j > 0. Now let us verify (b). By the definition of
uj4+1, we have that

M(Uw)(z) <Y 67 M(ujw)()
j=0
<D0 un(@)w()
j=0

=9 Z 6 Iuj(z)w(z)
j=1

<O(U(z)w(z)).
Hence Uw € A;. On the other hand, we have that

MU @)Y < 35 M) @)Y < 35T up (@) < 6U@).
j=0 §=0

So U® € Ay too. Thus, if denote wi = Uw and wy = U?, then wi,ws € Ag

and
w=(Uw)- (U)™Y = (Uuw) - (U'"P =w;-wy .

Hence the necessity of theorem holds for 1 < p < 2.
If 2 < p < ooandw € Ay, then w!' ™ ¢ Ay and 1 < p’ < 2. Thus by
the above proof process, there are v1,v9 € Ay such that wi P =y 1/21_” .

Equivalently, w = vy - V% “P. Thus we complete the proof of Theorem 1.4.5.
|

Below we give a sharp result about A; weights.
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Proposition 1.4.3 Let x € R"™. Then |z|* € Ay if and only if —n < a < 0.

Proof. If [z|* € Ay. Then |z|* € Lj, (R"), hence the condition o > —n
is necessary. On the other hand, if & > 0 and |z|* € A;, we take 1 <
p < 14 a/n, then |z|* € A, by the property (i) of A, weights. However,
x|*0=P) ¢ L] (R™) for the choice of p.

Conversely, suppose that —n < a < 0, we will show that |z|* € A;.
Indeed, for any fixed cube @, we denote Qg is the translation of () with the
center at origin.

The case (i): 2Qo N Q # (. In this case, we have 4Qy D @, and

1 / 1
— [ |z|%dz < —/ |z|%dx < C|Q|Y™ < C inf |z|*.
QI Jg Q[ Jao, 2€Q

The case (ii): 2Qo N Q = (). Notice that if z,y € @, then
2] < | =yl + [yl < CIQIM" + |yl < (C+ Dyl

Thus )

—/ |z|“dx < C inf |z|®.

Ql Jo 2€Q
It is easy to see that the constants C' in the cases both (i) and (ii) depend
only on n. Therefore, we have proved that |z|* € A;. ]

By the property (iii) of A, weights, we get immediately the following
sharp result for A, weights.

Proposition 1.4.4 Let x € R". Then for 1 < p < oo, |z|* € A, if and
only if —n < a < n(p —1).

1.5 Notes and references

Theorem 1.1.1 was first proved by Hardy and Littlewood [HaL] for n =1
and then by Wiener [Wi| for n > 1. The idea of proof given here was taken
from Stein [St4] which is one of the most important monograph in harmonic
analysis.

The Calderén-Zygmund decomposition (Theorems 1.2.1 and 1.2.3) first
appeared in Calderén and Zygmund [CaZl] which is regarded as the foun-
dation of several variables singular integrals theory.
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Theorem 1.2.2 is due to Stein [St2]. The idea of proof given here was
taken from Garcia-Cuerva and Rubia de Francia [GaR], which is a nice
monograph on the topic of weighted norm inequalities.

The Marcinkiewicz interpolation theorem was first announced by
Marcinkiewicz [Ma]. Its complete proof can be found in Zygmund [Zy].
Theorem 1.3.1 in this chapter is general form of the Marcinkiewicz interpo-
lation theorem, whose proof was taken from Duoandikoetxea [Du2].

Theorem 1.3.2 is due to Fefferman and Stein [FeS1].

The Reverse Holder inequality (Theorem 1.4.1) first was proved by Coif-
man and Fefferman [CoiF].

Theorem 1.4.2 and Theorem 1.4.3 were first proved by Muckenhoupt
[Mu] for n = 1. So, the A, weights are also called as Muckenhoupt A,
weights. Precisely, a function w is called to satisfy Muckenhoupt A, condi-
tion if w € A,. The idea of proving Theorems 1.4.2 and 1.4.3 given here was
taken from Journé [Jou].

Theorem 1.4.4 is due to Coifman and Rochberg [CoiR].

Theorem 1.4.5 was first proved by Jones [Jon]. The proof of Theo-
rems 1.4.5 given here was taken from Coifman, Jones and Rubia de Francia
[CoiJR].



Chapter 2

SINGULAR INTEGRAL
OPERATORS

Calderéon-Zygmund singular integral operator is a direct generalization of
the Hilbert transform and the Riesz transform. The former is originated
from researches of boundary value of conjugate harmonic functions on the
upper half-plane, and the latter is tightly associated to the regularity of
solution of second order elliptic equation.

Now we will introduce their backgrounds briefly.

Suppose f € LP(R) (1 < p < 00). Consider the Cauchy integral on R:

Fy - L [ 10

27 gt —z

dt,

where z = z +iy,y > 0. It is clear to see that F'(z) is analytic on R%. Note
that

B 1 Y 1 T —1
P =3 e O o e O
=3[P D@ +i(Q, < Nia)].

where

1y
Bl =2y

is called the Poisson kernel, and
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is called the conjugate Poisson kernel. Correspondingly, Py x f is called the
Poisson integral of f, and @, * f is called the conjugate Poisson integral of
f. From the property of boundary values of harmonic functions, it follows
that Py« f — f,ae asy — 0and Qux f — Hf, ae asy — 0. Hf is
called the Hilbert transform of f.

F®) 4
Hf(z) =p.v.— i (2.0.1)
It can be proved that if f € L?(R), then
HF(€) = —isgné f(€). (2.0.2)

Let K(z) = p.vé, then Hf = (K * f).

Now suppose that f € L?(R") and give the Poisson equation Au = f,
where

is the Laplacian operator on R". By taking the Fourier transform on both
sides of the equation we have that

F(&) = —ax|EPPag).
This is equivalent to

N 1 2

a(§) = —Wf(§)~

Thus, for 1 < 5,k < n,

<8fj;xk><s> = —ar6.0(6) = LR fic).
If we define the operator
R;J(€) = —@% F€), =12 ,n, (2.0.3)
then it implies that
2N .
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The operator R; defined by (2.0.3) is called the Riesz transform. Thus
the problem of regularity of solution for the Poisson equation is transfered
to that of boundedness of the Riesz transform. By comparing (2.0.2) with
(2.0.3), it is evident to see that the Riesz transform is a generalization of the
Hilbert transform from one dimension to n dimension. If f € LP(R™) (1 <
p < o0), then the Riesz transform of f has the following form:

T —y; '
R;f(z) =pv.C, Wf(y)dy, 1<j<n (2.0.4)
Re [T —
L
=bp.V. [+

If we let K;(x) (j=1,2,--- ,n), then

Let us now see another background of singular integral operator. We know,
when n > 3, the basic solution of the Laplacian operator A is
1 1

T(z) = 2 — n)wn_1 Jz|"2

Thus when f has good properties, for example f € Z(R"), I'« f is a solution
of the Poisson equation Au = f, that is

fy)

dy.

Formally, by taking partial derivatives of second order of u, we obtain that

2u(z [z — AC
07u( ):/R L@ = 9) iy = tim A o

ax? " |x_y|n e=0F J|z—y|>e ‘m_y’n

where Q;(y) = Cp(1 — n|y|_2yj2) It is not difficult to prove that §2; satisfies
the following properties:

(a) Q;(A\y) = Q;(y), YA>0;

o) [ 2W)doty) =0

(c) Q; € LY(S" ).

Oz —
Put T f(z) = lim ](xig)f(y)dy, then LP regularity of so-
e—0F |z—y|>e |$_y|
lution of equation Au = f is converted to the LP boundedness of operator

T;.
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Suppose that a function ) satisfies above three conditions (a), (b) and
(c), then for f € LP(R™)(1 < p < 00), define an integral operator T by

Tof(@) = p. [ =Y

rn |7 —y|"

f(y)dy. (2.0.5)

If we take Q(z) = |$—j|, then To becomes the Riesz transform R;(j =
x

1,2,---,n). If we take n =1 and Q(z) = sgnz, then T is just the Hilbert
transform H. The operator Tq defined by (2.0.5) is the object of study in
this chapter.

2.1 Calderon-Zygmund singular integral operators

Definition 2.1.1 Suppose that K(z) € L, (R"\{0}) and satisfies the fol-
lowing conditions:

|K(x)| < Blz|™, Vax#0; (2.1.1)
/ K(zx)de =0, V0<r<R<o; (2.1.2)
r<|z|<R
/ |[K(x —y) — K(x)|de < B, Vy#0. (2.1.3)
|| >2]y|

Then K 1is called the Calderon-Zygmund kernel, where B is a constant in-
dependent of x and y. And the condition (2.1.3) is called as Homander’s
condition.

Theorem 2.1.1 Suppose that K is the Calderéon-Zygmund kernel. For e >
0 and f € LP(R™)(1 < p < 00), let

T.f(z) = y flz —y)K(y)dy,
ylze

then the following statements hold.
(1) |T:fllp < Apllfllp, where Ay is independent of € and f.
(ii) For any f € LP(R™), lin%) T.f exists in the sense of LP norm. That
E—

18, these exists a T' such that
Tf(z)=p.v. A [z —y)K(y)dy.

(@i) T fllp < Apll fllp-
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Remark 2.1.1 The linear operator T' defined by Theorem 2.1.1 (i) is called
the Calderén-Zygmund singular integral operator. T, is also called the trun-
cated operator of T'.

Proof. For e >0, let Kc(z) = K (%)X {jz|>¢}(®), then T f(x) = K¢ * f(x).
First we will prove that 7. is of type (2,2), and {7} is uniformly bounded
on L2(R™). Tt is clear to check that K. satisfies (2.1.1) and (2.1.2) uniformly
in . Next we will show that K. also satisfies (2.1.3) uniformly. Actually, for
any =,y € R" with y # 0 and |z| > 2|y|, if both x and z — y are in B(0,¢),
then K.(x) = K.(x —y) = 0; If both  and = — y are in (B(0,¢))¢, then
K. (z) = K(z),K:(x —y) = K(z — y). In this case, K. satisfies (2.1.3). If
|x| > e and |x — y| < &, then we have |z|/2 < |[r —y| < e and € < |z| < 2¢.
Therefore, we have that

/ |Ke(x —y) — Ko (2)|dx < / |K.(z)|de < CB,
lz[>2]y] e<|z|<2e

where C' is independent of . By similar way we can prove, when |z| < &
and |r — y| > ¢, K, satisfies (2.1.3) uniformly in €.

Next we will show that {T.} is uniformly bounded in e on L?(R"). Ac-
tually, for any € > 0, K. € L?(R™), so by the Plancherel Theorem, it suffices
to prove that there exists a constant C' > 0 such that, for any € > 0,

sup |K.(£)] < CB. (2.1.4)
£eR™
In fact, for € € R,
K.(€) = lim e LK (x)da
R—o0 |z|<R
= lim (/ _Qﬂix.EKe(iﬂ)diﬂ—F/ 6_27”'96{[(6(33)(1:1})
R—oo |x|§% %<‘I‘SR

= 1i I+ 15).
Rl—I>noo( 1+ 2)

From condition (2.1.1) and (2.1.2), it follows that

= |[ (@ DK e
lz|<rg

<clg [l
—?

< CaB.
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Now consider 1. Take y = then e2™¢ = —1. Thus

2[¢[*°
I, = / e EVEK (1 — y)da
e <lz—yl<R
= — / e_Q”ix'éKg(x —y)dx
e <lz—yl<R

T / 2l<R e MK (2 — y)da + J,
‘< x

J = (/ —/ ) e LK (2 — y)d.
e<lal<k J g <ley<h

where

Hence we have

1 ; J
b=y [ [Ke) - Ko y)le st
‘£‘<\x\<R
As |yl = L and a > 1, we have that

2[¢]

[Ko(z) — K (x — y)]e_2”x'5da:

‘%‘<|x|§R
<[ |Kuda) - Kula - y)ido < OB,
|z|>2]y|
where C, B are independent of ¢, €.

On the other hand, if we let FE be the symmetric difference of both sets
{z: g < || < R} and {x : |£| < |z —y| < R}, then

1< [ IKele - y)ide
E
Noting that |y| = 5% and a > 1, it follows that

2[¢]

2 R
EC{x:%§|x|§§}U{x:§§|x|§2R}.

Thus by (2.1.1), it implies that

1| g/ |K5(a:—y)|dx+/ |Ke(z —y)|da
S <lal<2 H<pel<2R
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where C, B are independent of £, . Sum up all above we get (2.1.4), therefore
{T.} is uniformly bounded in & on L?(R"™).

Now we show that 7% is of weak type (1, 1), and the bound is independent
of e.

For every f € LY(R™) and A > 0, by the Calderén-Zygmund decom-
positin of a function (Theorem 1.2.3) we can get a series of non-overlapping
cubes {Q;} and two functions g,b, such that f = g + b which satisfy the
following properties:

@) gl < CAlfll, (@)l <2"A,  ae.z €RY

) A< _/ x)|dz < 2"\, for every Qj;
Q5

(c Z|Qj| < —||f||1;
j
(d) b(z) = ij(l“)’/ | bj(x)dz = 0,suppb; C Q; and [|bj[1 < 2/ | |f (z)|dz.
Since T, f(x) = T.g(x )+T b(x), we have that J
[{z e R": [T- f(z)] > A}
< Ha; eR": |T.g(x)| > %H +
=1+ 1.

{a: eR": |T.b(x)| > %}'

The first step and (a) imply that

22 4C ) 4C
< | = < < — .
ns(3) [ me@pe <5 [ la@ra < Tl

To estimate I, let Q = 2y/nQ; be a cube whose center is the same as Q;
and side is 2y/n times that of ;. Let E* = Uj @j, then (c) implies that

* * Oﬂ
B <Y 1Q5] < ~ Il
J

Thus

L < |E*| +

{og 5 o> 3|

C, 2
<Oph 2 / IT2b(x)|da.
Rn\ E*
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Notice that |T.b(x)| < Z |T:b;(z)|, it suffices to prove that

> [ mb@lds <Ot (2.1.5)
= Jrm\ B
Denote the center of Q; by y;, then by (2.1.3) we have that
[ b [ / K. (x — y) — K.(z — y5)1b; (9)|dyda
R\ B RM\Q:
< [ Wl [ K =) = Kela = y)ldady
Qj R™M\Q7
<cs [ pldy <208 [ 17wl
Qj Qj

which, together with (b) and (c), yields (2.1.5). It follows that 7% is of weak
type (1, 1) and its bound is independent of € or f.

Now we will show that T; is of type (p,p) (1 < p < o0). Applying the
Marcinkiewiz Interpolation Theorem (Theorem 1.3.1) we know that T is
of type (p,p) (1 < p < 2), and its bound is independent of £ or f. Now
suppose 2 < p < oo, and %—i—l% =1, then 1 < p/ < 2. If we let T. be

the dual operator of T, then 1. f(z) = K. f(x), where Iz(x) = K.(—x).
Clearly, K. satisfies all the conditions of K.. Thus 7. is of type (p/,p’).
Thus for any f € LP(R™), we have that

ITeflly = sup / T.f(x)g(x)dx
llgll,r <1 "
= sup f(@)Teg(x)dz
lgll,r <1 |/Rn
<l sup ||Tog|
llgll,r <1 p
< A/l -

Here A, is independent of € or f. This finishes the proof of (i).
Next we will illustrate that for any f € LP(R") (1 < p < o0), T'f exists

and is the limit of {7, f} in LP. First suppose that f € C§°(R"). For any y
(y # 0) we wish to obtain

</n |f(x —y) — f(a:)|Pda:>% < Clyl. (2.1.6)
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Actually, from

d

/@ —ty) =V, —y)(z —ty),
it follows that

1
fa=)=f@) = [ Ffa—wa
1
- [t e —emar
|yl
= [V = sy

where ' = |—Z‘ Thus

([ 10~ s@pa)’ ( pd$>%
/ ( / (Vf, )~ sy'>|pdx)% ds

§Iy|-z

j=1

Iy\
(Vf, =y )(x = sy')ds

Ox;

p

Now assume 0 < 7 < ¢, then (2.1.6) and (2.1.1) implies that

-l < [ 1K) ( [ 15—~ fpas) ay

< C’/ K(y)|dy
<|y|<6

<CBe —0 (as m,e — 0).

This shows that for every function f in C§°(R"™), {T.f} is a Cauchy sequence
in LP(R™), therefore there exists T f € LP such that

lim ||T.f — Tf||, = 0.
51 o || ef ||p 0
It immediately follows that

ITfllp < ITf = Tefllp + NTefllp < ITF = Tefllp + Apll fllp,

SO

1T Fllp < Apllfllp-
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For any f € LP(R™) and 6 > 0, there exists g € C§°(R") such that f =g+h
and ||h||, < 6. Thus, for 0 < n <e,

110 f = Tefllp < Ty (f = Dllp + Thg — Tegllp + 1 T(g — )l
< Apllf = gllp + 119 — Tegllp + Apllg = fllp
— 24,0, as n,e — 0.

Since ¢ is arbitrary, we conclude that {7T.f} is still a Cauchy sequence in
LP(R™) for any f € LP(R™). Thus there exists T'f € LP, such that

lim |7 ~ 7. £, = 0

and
1T fllp < Apll fllp-
This completes the proof of Theorem 2.1.1. |

Let us now consider a dilation ¢, in R™. Define d.f(z) = f(ex) fore >0
and x € R™. Suppose that Tf = K x f, and T' commute with dilation, i.e.,
T6. = 6.T. Then the kernel K (x) of T satisfies:

K(ex) = "K(x). (2.1.7)

The formula (2.1.7) shows that K is homogeneous of degree —n. Thus we
can rewrite K (z) as %, where () satisfies the homogeneous condition of
degree zero, i.e., Q(Ax) = Q(x) for every A > 0 and x # 0. In this case, due
to the conditions (2 1.1) and (2.1.3), ©(z') should satisfy:

(a) |[K(x)] < |:c|” < |Q(2')] < B, for every 2’ € S 1;

(b) / K(z)dz =0 < Q(2')do(z") = 0; where o is a mea-
<|z|<R Sn—1
sure on S"! induced by the Lebesgue measure.
(c) The condition (2.1.3) will be changed to a stronger Dini’s condition:

1
/ Woo(9) ———=dj < o0,
0

1)
where
woo(0) = sup 2(z) — Q).
' y'eSn—1 |z —y'|<§
The condition (b) is derived from the following equality.

/ d‘”“/ / e @Y Z10e B [ @i,
r<|:c|§R Sn—1 T T Jgn—1
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Remark 2.1.2 The condition mentioned above is called L°°-Dini condition.

Theorem 2.1.2 Suppose that Q(x) is a homogeneous bounded function of
degree 0 on R™, with

Q(z")do(2') =0 (2.1.8)
Snfl
and )
/ “ool0) 45 < o6 (2.1.9)
0 1)
Let

7.5 = [ QW) 1,y

y|>e |y|n

for f € LP(R™), 1 < p < co. Then the following three statements hold:

1) there exists a constant A, independent of f,e such that |1 f|, <
P p

Ap|l fllps
(ii) there exists T f such that lir% T.f(x) =Tf(x) in LP norm;
£—

(i) | T fllp < Apl| flp-

Proof. By Theorem 2.1.1, we merely need to show that K(x) = S|2:c(|:fl)
satisfies the condition (2.1.3).
Qxz —y) — Q=) < 1 1 >
K(x—y)— K(z) = + Q)| ————— | =1 + L.
e S A\ I P
when |z| > 2|y| with 0 < # < 1, we have that
3
& = by| < Jz[ + ]yl < 52|
and
1
@ =yl = fal = lyl = Slal.
Thus 1
— n—
[z —y* [z |z —y|"|z[" [+
On the other hand, when |z| > 2|y|,
-y x| Ll (2.111)
[z =yl Jzl] T |zl
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Therefore from (2.1.10) and (2.1.11) it follows that

/ K(z —y) — K(x)|de < / Lde + / A
|z|>2]y| |z|>2]y] |z|>2]y|

lz|>2ly] |z —y lz[ /| |2 —yl
dx
Qoo _—
+ C||9 0oyl P

|z|>2y|

<C Woo < M) —n—l-C,HQHOO
\z|>2ly] lz| /||

—o [T e ( 'y'> do(@) ™ 1 00
2\y| sn— 1 T

go/ ©oe(0) 45 4 1
A

Remark 2.1.3 If K(z) = f‘lx(ffz), where €0 is homogeneous of degree zero,
then Tq defined by

Taf(z) =p.v. /Rn ?y(ﬁl)f(x —y)dy (2.1.12)

18 also called a singular integral operator with homogeneous kernel.

Both Theorem 2.1.1 and Theorem 2.1.2 show that the LP-norm limit of
Calderén-Zygmund singular integral operator and singular integral opera-
tor with homogeneous kernel exist while considering them as the truncated
operator family, and they are both operators of type (p,p)(1 < p < 00). A
natural question is whether the limit of {7 f(x)} in pointwise sense exist
for any f € LP(R™)(1 < p < 00). In the following we will give an affirmative
answer by introducing the maximal operator of singular integral operator,
meanwhile we will show the weak (1, 1) boundedness of Tq,.

Suppose that Tq is a singular integral operator defined by (2.1.12). Let
2 be a homogeneous of degree 0 on R™ and satisfy (2.1.8) and (2.1.9). For
f e DPRM)(1 < p < o0),

Tof(x) = sup [Toe f(2)|
e>0
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is called the maximal singular integral operator, where T, . is the truncated
operator of T defined by

Tocf@) = [ 2y, <>o

|>e |y|n

Next we will formulate a pointwise inequality of T¢3.

Lemma 2.1.1 (Cotlar inequality) There exist two constant Ci,co > 0
such that
T f(x) < Oy M(To f)(x) + CaM f(z), (2.1.13)

for every f € LP(R™) (1 < p < o0) and x € R™, where M is the Hardy-
Littlewood maximal operator.

Proof. Let K.(z) = |z|7"Q(2)x{|z/>c}(*). Choose nonnegative, compact
supported, radial function ¢ € .#(R™) such that supp(y) C {z : |z| < 1}

and
/ o(x)dx = 1.

Without loss of generality, we may assume that ¢(|z|) decrease in |z|. Thus
lim K. x o = K %@
e—0

holds pointwisely.
Now denote ®(z) = K xp(x) — K1 (x). Since K is homogeneous of degree
—n, we have for € > 0 that

O () = pe * K(x) — K (2), (2.1.14)
T ewe S minin- b2
@) =@ () andge(z) = S0 ().
By (2.1.14), for any f € LP(R™), we have
Tocf(z) = Ke* f(x) = (pe * K) * f(x) — P f (). (2.1.15)
On the other hand, for every n > 0 and x € R", it follows that
(pe * Ky) * f(2) = @e x (Ky x [) (@) = @ * (Tay f)(2)-

Assume @, € LY. Then e * K converges to ¢. * K in LP as n — 0, (see the
proof of Theorem 2.1.1), meanwhile T , f converges to T f in L* . Thus

(pe x K) x f(z) = e * (Taf)(x).
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This formula together with (2.1.15) implies that

Tocf(x) = e x (Taf)(x) — e * f(x). (2.1.16)

Next we will prove that ® can be dominated by a radial integrable function.
When |z| < 1,

n

B(r) = o+ K(z) = / (e —y) — p(@)K (y)dy.

Note that K(y) = |y| " y), ¢ € C§°(R™) and suppp C {z : |z] < 1}.
Clearly ® is bounded when |z| < 1. Also, when 1 < |z| < 2, ® is still
bounded. When |x| > 2, we have that

P(x) = . K(x —y)e(y)dy — K(x)
- / K= 0) K@y

Since

1z —y) — Q)]
|z —y|"

1 1
[z =yl fxf”

[K(z —y) — K(z)| <

+[Q(z)]

9

The proof of Theorem 2.1.2 implies that
2
Ko=)~ K@) < Clol ™o ().
x

Thus when |z| > 2, |®(z)] < C'|z| "weo (%) Since € satisfies (2.1.10), the
minimum radical dominated function of ®, denoted by

U(x) = sup [®(y)],

ly|>]x]

must be integrable. Thus by (2.1.16) and the properties of the Hardy-
Littlewood maximal operator we obtain that there exist Cq,Cy > 0, such
that

THf(x) = Sup T f(z)|
< sup [pe * (Taf)(z)| + sup |@c * f(x)]

e>0 e>0
< CiM(Tof)(x) + CoM f ().
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This implies (2.1.13). ]

Since M and T\, are both operators of (p, p) type (see Theorem 1.1.1 and
Theorem 2.1.2), it immediately follows that T, is of type (p,p).

Theorem 2.1.3 Suppose that ) is a homogeneous bounded function of de-
gree 0 and satisfies (2.1.8) and (2.1.9). Then T is of type (p,p) (1 <p <
o0) and weak type (1,1).

Proof. It suffices to show that T is of weak type (1, 1). The idea in
the proof is the same as that of Theorem 2.1.1. For any f € L'(R") and
A > 0, using the Calderén-Zygmund decomposition, we have f = g + b and
a sequence of non-overlapping cubes {Q;}. Thus

{z: Tof(z) > A} <

{x:ng(x)>%}‘+

{:13  Tib(z) > %}' . (21.17)

Since ||g||3 < CA||f]l1 and Tg, is of type (2,2), we have

* A - * 1
{o: T0) > 3} < ox 3013 < 50,

Now denote the center of @); by y; and the side-length of @; by d;. Let
Sj=+/nQj and E =J; S;. Thus

Cn
Bl <Y _18i1 =2 CulQ;| < SFI £l
J J

It follows that

{x:Tﬁb(w)>%}‘ <|E|+

A
{x € E°: Tob(x) > 5}‘ . (2.1.18)
Fix x € E° and € > 0, then
Tob(o) = Y [ Kol = p)b(w)d.
i Qj
We consider the following three cases of Q;:

(i) for any y € Qj, |z — y| < &
(ii) for any y € Qj, |z —y| > &
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(iii) there exists y € @, such that |z —y| =«.

For the first case, K.(z —y) = 0, thus T b(z) = 0. For the second case,
K.(z —y) = K(z — y), thus

K. (z —y)bj(y)dy| =

[ 1 =) = Ko = ) 0)dy

J

Qj
< / K (z —y) — K (2 — ;)b (v)|dy.

i
As to the third case, notice that z € E° C 57, there exist two constants
Cy, and C), only depending on n such that Q; C S(z,r), where S(z,r) is

a closed ball with the center at x and radius r = Cyhe. If y € @, then
|z —y| > C}e. Thus, for y € Q;,

Qlx—y n
Kea =)l < S < alicre

Therefore

K. (z —y)bj(y)dy

< / |K-(z — )|[b(y)|dy
QjﬂS(z,r)

< O™ / Ib(y)|dy

< / y)|dy.
xr| CC’I“

Taking the sum of all cubes yields that

Q@

i

(To.cb(z r<Z / K(z—y)|Ib;@)ldy+ e [ Jo(y)ldy.

| ( )‘ S(z,r)

Thus

Tob(x) < Z/ [K (2 —y) = K(z = y;)||b(y)ldy + CMb().
j J
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Hence

A
{x € E°: Tob(x) > 5}‘

<jrer X [ e - K-l > 3
7 J

_l’_

{x € E°:CMb(z) > 2}'

By (2.1.5) and the weak (1, 1) boundedness of the Hardy-Littlewood maxi-
mal operator we have

A c’
{eer z0> 3] < Sisin

This inequality together with (2.1.17) and (2.1.18) shows that T, is operator
of weak type (1, 1). |

Corollary 2.1.1 Suppose that ) satisfies the conditions in Theorem 2.1.3.
Then, for f € LP(R™) (1 < p < o), we have that

lin%TQ@f(:r) =Taf(z), a.e xzeR™
E—
Proof. For f € LP(R") (1 <p < o0), let
A(f)(x) = lin%)supTQ,Ef(x) — lin%)infTQ,Ef(x) , xR,

then A(f)(x) < 273 f(x). For any § > 0, let f = g + h such that g €
C3°(R™) and ||hl|, < 0. Since § satisfies (2.1.8) and g is a smooth function
with compact support, T g converges to Tog uniformly as ¢ — 0. So
A(g)(z) = 0. Then, for 1 < p < oo,

ANl < AR |p < 24, [l < 24,0,

Since 0 is arbitrary, it follows that A(f)(z) =0 a.e. x € R" for 1 < p < 0.
Thus the limit of Tq . f(z) exists for a.e. x € R™.
When p =1, for any A > 0, we also have

s AP > 0 < 2ol < 252

Therefore we still have A(f)(x) = 0 a.e. € R™. Thus the limit of Tq . f(z)
exists for a.e. x € R™ with f € LY(R"). ]
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Corollary 2.1.2 Suppose that Q) satisfies the conditions in Theorem 2.1.3.
Then Tq is of weak type (1, 1).

Remark 2.1.4 The Riesz transforms R; (j =1,2,--- ,n) are defined by
Tj — Yy
Rif(z) =pu.C, | —L1—1-f(y)dy,
if(x) an T — y[n T ()

n+1

where Cp, =T (%) /72,

It is clear that the kernels Q;(z) = Cn%(j =1,2,--- ,n) satisfies the con-
ditions in Theorem 2.1.2. So we have

Theorem 2.1.4 The Riesz transforms R;(j =1,2,--- ,n) are of type (p,p)
(1 <p<o0) and of weak type (1, 1).

Since the Hilbert transform H is the Riesz transform of dimension 1, i.e.,

f

X

Hf(z) = p.V.% /_OO (_y)ydy,

of course we have

Theorem 2.1.5 The Hilbert transform H is operator of type (p,p) (1 <
p < o0) and of weak type (1, 1).

Remark 2.1.5 Similarly, we can also define the maximal Hilbert transform
H* and the mazimal Riesz transforms R, where

]7
On/ flx—y) dy
ly|>e 4

Cy /| s = )y

y|>e |y

H” f(z) = sup
e>0

I

R;f($)zsup ) (J=1,2,---,n).

e>0

Theorem 2.1.3 implies H* and R} (j = 1,2,--- ,n) are all of type (p,p) (1 <
p < o0) and of weak type (1, 1).

In the following we will give the weighed boundedness of the Calderén-
Zygmund singular integral operator and its maximal operator. First we will
formulate the definition of sharp maximal function.
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Suppose f € Li (R"). The sharp maximal function M¥f(z) of f is
defined by

M f(z) = sup — / |f(y) — foldy, z e R™
Q> |Q|

Here the supremum is taken over all the cubes () in R™ which contain x,

and )
fo= 157 /Q f(t)t

is the average of f on ). An obvious fact is that, for every a € C and
Q CR",

1 1 5
i1 19 = falds < o0 [ 1700 =alaz 1o gol < 35 [ f(x)(—adx).
2.1.19

Lemma 2.1.2 Suppose that € is a homogeneous bounded function of degree
0 in R™ and satisfies (2.1.8) and (2.1.9). Then

M¥(Tao f)(x) < C(n,s) (M (|f]°) (x)), © € R
holds for every s > 1, where M is the Hardy-Littlewood maximal operator.

Proof. For any fixed s > 1 and x € R", suppose @ is cube containing x,
and let B be a ball of the same center and radius as Q). Let f1 = fxisp and
f2= fxuep)e, then f = f1 + f2. By (2.1.19) we only need to show that

0 =

7., o) = Tapa@ldy < € O (111 () (2.1.20)

Since

ﬁ /Q Taf (y) — Tofo(x)|dy

1 1
<o /Q Ty + 5 /Q Tafoly) — Tofs(@)|dy

and s > 1, applying Theorem 2.1.2 we have

1 1 o\
el /Q Tofldy < (@ /Q Tofi() dy)

<c <ﬁ | \f(y)lsdyf (2.1.21)

< C(n,s)(M(f1")(@)) "

W =
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On the other hand, let d be the radius of B, then

ﬁ /Q Tofaly) — Tofa(a)ldy

1 Qy — 2) Q@—zq
10l — 2)dz| d
|Q| /R"\lﬁB [ ly — z|® |z — 2| f(2) Y
/ / Wy—z) Do-2) (2)|dzdy.
‘Q’ Q j—y / 2Fd<|z—z|<2k+1d ly — z|™ |z — z|"
(2.1.22)
Note that |z — z| ~ |y — z|, thus
—2) Q-2 _ Q- ) w—yl 100 —2) -z —2)|
\y—z|n |aj—2;’" ‘:ZI—Z|”+1 ‘ZL’—Z’” .

And when 2¥d < |z — 2| < 2k+1q,

|z — |

[z —yl
‘Q(aj—z)|7 ”QHooW

| |n+l -

In addition, the homogeneity of degree 0 of ) yields that

-0 -o1- () -0 (555
(=== 2 (=3)|

Note |z — z| > 2|z — y|, so (2.1.11) implies that

\Q@—zy—g@—zngww<ﬂx_w>.

|z — 2|

Since ws(6) is nondecreasing on d, when 2%d < |z — z| < 28*1d, we have
that

2y —2) =z —2)] _ 1)nwoo <2Iw—y|>

< 1, <L>
= (2kd)n T\ 2k-14
1 1

B e <2k—> '



2.1 Calderén-Zygmund singular integral operators

Thus

AN e

ly—z"  fo—2

Z Lkd<|x—z<2k+1d
<OZ/ T I et TIPS
| z|n+1

2kd<|z—2z|<2k+1d

+CZL |Q(y_z)_9(x_z)’\f(z)|dz

— n
o J 2k d<|z—z|<2k+1d |z — 2|

Iy
<
o§ j||sz||oo G IO

1 1
+C kzzz (de)nwoo <2k—1> /z—z|<2k+1d | f(2)|d=

S C'Mf(x)+CMf(2) ) wao (%) .
k=2

However,

[e.e]

00 1
1 1 1 ok—2
;ww <2k—1> 10g2 Zw <2k 1>/1 5

k—1

d6
- log2 Z/ Woo 0

1 ! db
< il
< 10g2/0 Woo(6) 5 < 00

All estimates above imply that

mlH

ﬁ/Q|TQf2(y)—TQfg(a:)’dySCMf(x) C(M(If1*)(@))+,

which combining with (2.1.21) leads to (2.1.20).

o7

In order to formulate the next lemma, we first give definitions of dyadic
cubes, the dyadic Hardy-Littlewood maximal function, and the dyadic sharp

maximal function.

Let Qo = [0,1)™ be the unit cube in R™, and Qy is the total of cubes
which are translated from Qg by one unit. That is, the length of the side of
the cubes in Qg are all 1 and they are nonoverlapping whose union is R".
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Similarly, for k € Z, let Qx = |0, ok )", and Qj are the total cubes which are
translated from Qj by 2¥ units. That is, the length of the side of the cubes
in Qy, are all 2 and they are nonoverlapping whose union is R™. Thus we
have the following properties.

(i) For any fixed x € R™ and k € Z, there is only one cube Qj > .

(ii) For any given two dyadic cubes, either their intersection is empty, or
one lies in the other.

(iii) Any one cube in Q must contain 2" cubes in Q.

(iv) When k < j, any cube in Qj must lie in a unique cube in Q.

Lemma 2.1.3 Suppose w € A, and there exists 0 < pg < oo such that
Mf e LPo(w). Then

p

/ Mf@)y e <0 [ (M) vy (2.1.23)

R

holds for pg < p < oo.

Proof. Since M*(|f|)(z) < 2M* f(x), without loss of generality, we may
assume that f > 0. For any A > 0, we use the Calderén-Zygmund decom-
position. By the property (ii) of dyadic cubes, if there exists a sequence
of dyadic cubes satisfying Q1 C Q2 C --- and fg, > A, then {w(Qx)} is
uniformly bounded about k. In fact, for any = € Q, we have

t< 2 [ fdy < Mf).
1Qkl Jo,
Thus
o(Qu) = / w(e)de < — [ (Mf(@)Pu(@)de
M Qrk R Qrk
1
< t}TO”Mf”]Z%O(w)‘

Since w(x)dz is a double measure and w € Ao, thus {|Qk|} is uniformly
bounded. Therefore all the dyadic cubes @ satisfying fo > t are definitely
included in a dyadic cube, which is called the maximal dyadic cube. Suppose
that {Q;} is the set of all maximal dyadic cubes, then any @; must satisfy

1
t<— [ [fly)dy <2"t.
Q] Jo,
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Since {Q;} depend on A, without loss of generality we denote it by {@x;}.
Note that when A < p, for any @), ;, there must be a k such that Q, ; C Q-
Now for any A > 0, let Qo = Q3-n-1y 4, and A > 0. If

Qo C {x:Mﬁf(x)>%},

then

Y w(@y) Sw ({x : MEf(2) > %}) . (2.1.24)

{J:Qx,;CQo}

If Qo € {x: Mbf(x) > %}, then

1 A
_ _ < Z
Qo o ) = Fanldy < 5
and
1 A
t)dt < 2m2 iy =2,
fQO ‘QO‘ QO f( ) — 2
Thus

> (r-3)l-

{J:Qx,;CQo}

[ (5)w
G QAJCQO} Qs

< > 1w oy
{7:Qx,;CQo} * O

< f _f od
/QO| () — fauldy
< A7\ |Qol,

which gives

ST lQal <2471Q-
{7:Qx,;CQo}

On the other hand, since

U Qxj C Qo
{7:Qx,;CQo}
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and w € Ay, there exist § > 0 and C' > 0, such that

w( U QA,j) Z Qx;
C .

{7:Qx,;CQo} {7:@x,;CQo}
w(Qo) B |Qol
Thus we get
_1\O
> w(@ay) £C (2471 w(Qo). (2.1.25)
{7:Qx,;CQo}

By (2.1.24) and (2.1.25) we have
A —1\6
Z w(@x,;) Sw <{aj : Mﬁf(a:) > Z}) +C (2A 1) w(Qo)-
{7:Qx,;CQo}
Now taking over all the (), this inequality yields

ZW(Q/\,j)Sw<{$1Mﬁf($) 2})‘1'0 (247! JZW (Qa—n-1x1)
k

’ (2.1.26)
Let a(A) = >, w(Qx;) and B(A) = w({z : M f(z) > A}), then (J; Qxr; C

{z : M f(x) > A} and the disjoint of {@ ;} imply
a(N) < B(N). (2.1.27)
Next we wish to obtain that

A
) < Z (3Q4-n»;) < Crax <02> (2.1.28)

Put Ey = {x : M f(z) > A}, where 3Q is the cube whose side length is 3
times that of @ with the center at the same as that of (). If we can show

Ex | 3Quny (2.1.29)

then the left inequality of (2.1.28) naturally holds. Therefore (2.1.28) holds,
since the second one is clear. Now for any given x € E), R is a cube which

contains z and satisfies 1
— [ fly)dy > A
|R| /R
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If we denote d as the side length of R, then there exists the unique integer
k such that 281 < d < 2%, Thus in Qj, there are at most 2" dyadic cubes
that intersect with R, and there are at most one dyadic cube () such that

[ 1wy > 52
RNQ

Since |R| < |Q| < 2"|R)|, we have that

AR A
| wwlay =20 > 2l
RNQ

This is equivalent to

1 A
o1 1l > 5

Consequently there exists j such that the maximal dyadic cube Q4 ; D Q.
Since QN R # ¢ and |R| < |Q|, then R C 3Q) C 3Q4-n) j, which establishes
(2.1.29). It follows from (2.1.26) that

a(N) <w <{x c MEf(z) > %}) +C (2A_1)6a (277N (2.1.30)
For N > 0, by (2.1.27), applying the following equality
| isan= [ st
0 n
we conclude that
N
Iy = / PP La(N)dA
0
N
< [ v iaay
0
N
< ppo_le_pO/O PoN T B(N)dA

< ppy NP0 / (M [ ()P ()

n

< 00.
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On the other hand, (2.1.30) implies that
A
Iy < p)\p L {x MAf( A}> d\

C (2471 / pAP (27N dA

oo 3]

N A
< / pAP 1y <{x : Mﬁf(:lj) > Z}) d\ 4+ 2t (QA—1)5 In.
0
Now we take A > 0 such that C2(*tDP(24-1)0 = %, then

In < Z/Np)\p_lw ({m c MEf(x) > %}) d.
0

As N tends to oo, we have

/OoopAp_la()\)d)\ < Q/OOOpAp_lw ({x c MFf(z) > %}) d.

This together with (2.1.28) implies that
[ parapes = [ ptsoni
n 0

> A
< r—1y
Cl/ PA <C2> d\

=C / PP (N)dA
< C/O PP ({2 MPf(z) > A})dA
=C (Mﬁf(a:))pw(:n)d:n.

R
|

Theorem 2.1.6 Suppose that ) is a homogeneous bounded function of de-
gree 0 and satisfies (2.1.8) and (2.1.9). Then there exists a constant C
independent of f, for 1 <p < oo and w € A,(R™), such that

/ Tof@)Pw@ds < C [ |f@)Pw()d. (2.1.31)
Rn Rn
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Proof. Since w € A, there exists 1 < s < p such that w € Ap. First we
will prove (2.1.31) under the condition that f is a bounded function with
compact support. To the end, we will first illustrate M (Tqf)(z) € LP(w).
It suffices to prove T f € LP(w). Without loss of generality we may assume
that supp(f) C {y: |y| < R}. If |x| > 2R, then

o=yl > Jol ~Iy) > 2.
It follows that
Q) c
Ty < —_— 77 dy < — 00- 2.1.32
Tos@ls [ Wl < i) (2132
Set
/|nﬁmwqux=/‘ |nﬁuwmex+/ Taf () Pe(z)dz
R™ |z|<2R |z|>2R

=11 + Is.

For some £ > 0, Holder’s inequality implies that

I < (/ |Tgf(m)]p(1+€)/€dx> (/ w(w)1+€dm> _
lz|<2R lz[<2R

Then the LY—boundedness of T (to see Theorem 2.1.2) implies that the
first part of right side of the above inequality is bounded. Since w satisfies
the inverse Holder inequality, as € is small enough, we deduce that the
second part of right side of above inequality is also bounded. In order to
illustrate that I is bounded, we need the following property of A, weight.
If we A, (1 <p < o0), then for any cube @Q C R™ and a > 1 we have

w(aQ) < Ca™w(Q), (2.1.33)

where C only depends on w but not on a. In fact, for any f € LP(w) and
A > 0, Theorem 1.4.2 implies that

C

w{r e R": M f(x) > \}) < 7 /]R" |f(z)Pw(x)dx.

Now we take f > 0 and cube @ such that

/f@My>&
Q
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Thus for all 0 < XA < fg, we have Q C {x : M(fxq)(x) > A}, which implies

that
)P
_)\p/\f )Pw(z

W@ < C /Q ()P (x)da

So

Now let A — fq, then

w(@Q) (fo) < C /Q 1 (@) Pola)da

If we take f = yxg with S C @ being measurable set, then the above in-
equality becomes

“(Q) (%) < Cw(S).

Replacing @ by a@ and S by @ in the above formula will yield (2.1.33).
Clearly if we replace cube @ by a ball in (2.1.33), the inequality still holds.

Now we turn our attention to the estimate of I>. For w € A, there exists
1 < ¢ < p such that w € A,. From (2.1.32) and (2.1.33), it follows that

oo

IQSCZ/ ()

e~ Jokpejz)<arig |2|"P
kR np k+1
<C’Z(2 ) w(B(O,Q + R))

< ( )" (2k+1R) W(B(0,1))

C(n,R,w) < 0.

IN /\
w

We have proved that Tof € LP(w), therefore M (Tqf) € LP(w). If f is a
bounded function with compact support, then applying Lemma 2.1.2 and
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Lemma 2.1.3 we have

/ Tof (2) Puo(ar)die < / (M(To ) (2))” w()de

RTL n
<C (&ﬂﬂbfﬂ))ﬂdmﬂx
<C’/ M| fI1°)( w(z)dx

<C [ |f(@)Pw(z)dr.
R

Finally, since the set of bounded functions with compact support is dense
in LP(w), T can be extended to LP(w) continuously. |

Theorem 2.1.7 Suppose that § satisfies the conditions of Theorem 2.1.6
and w € Ay. Then there exists a constant C, for any A > 0 and f € L1 (w),
such that

oo € B [Taf@)] > M) < 5 [ If@)le@ds

n

Proof. The proof is similar to that of truncated operator T, being of weak
type (1,1) in Theorem 2.1.1. Using the Calderén-Zygmund decomposition
of f and A\, we have f = g+ b and a series of nonoverlapping cubes {Q}.
Clearly

w({z : [Taf(x)| > \}) <w ({az HTag(x)] > %}) tw ({f’f  [Tabla)] > %})
=1 + I,

We will give the estimate of I7 and Is respectively. Since w € Ay C Ay and
Tq is bounded on L?(w), we have

h< s | Mgl
<% | lo@Putz)ds
<5 | o@letad.
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Noting the definition of g in the Calderén-Zygmund decomposition, then

C
L < — w(x)dx + / dyw(z)dx
LS5 L g, @l AZ o1 Qk (9)ldyo(2)

w(x)dx + / dy
/n\UQk )l AZ |Qk|
¢ £ (2)|w(z)dz + = /

A JRM\U Qs Z

< © |f(z)|w(x)dz.

Rn

To estimate Is, we will use some ideas from the proof of Lemma 2.1.2. For
every i, let B} be the ball of which the center is the same as )}, and the
diameter is 16 times of that of Q. Then by (2.1.33), we obtain that

. (U Bz) <Y wB)
k k
< CZW(Qk)

Finally, we will give the estimate of

w <{x e R"\|J B} : |Tob(x)| > %}) .
k

Denote the center of Q; by ci. Since fQ bi(x)dx = 0 for every k, we have
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that

w ({x e R"\J B} : [Tab(z)| > %})

k

oy
< — Tobr(x)|w(x)dx
_)\zk: RH\B;|QI£( )w(z)

= %;/M\BZ /Qk [Q(x —y) _ Qw - C'“)} bk(y)dy‘ w(x)dx

T —yr ol
5 /
<¢ Ibe(y) ( /
A zk: Qk R\ B

Using the method in the proof of (2.1.22) and the property of A;. it is not
hard to get that

/ Uz —y) Oz —c)
R™\B;

e —y[* o -l
for any y € Q. Thus by (2.1.34), we obtain that

w ({aj € R”\UB,’; | Tab(z)| > %}) < %Z/ bk (y)|w(y)dy
k Y Qk

C
< —

<9 1wy
.

Az —y)  Qz—c)
e

w(:z:)dx) dy.

w(z)dr < CMw(y) < Cw(y)  (2.1.34)

(F @)+ lg(w)Dw(y)dy

Using the Cotlar inequality (Lemma 2.1.1), the weighed norm inequality of
the Hardy-Littlewood maximal operator M (Theorem 1.4.2 and Theorem
1.4.3) as well as the weighed norm inequality of the Calderén-Zygmund
singular integral operator Tq, we can immediately obtain the weighed norm
inequality of the maximal singular integral operator. [ |

Theorem 2.1.8 Suppose that € is a homogeneous bounded function of de-
gree 0 and satisfies (2.1.8) and (2.1.9). Then T¢ is bounded on LP(w) for
1 <p<ooandw € Ay, and T is bounded from L*(w) to LY (w) with
w e Aj.

Corollary 2.1.3 Let 1 <p < oo and w € A,(R™). Then

(i) H and H* are both bounded from LP(w) to LP(w) for 1 < p < oo;
(ii) H and H* are both bounded from L'(w) to LY (w).
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Corollary 2.1.4 Let 1 <p < oo and w € Ap(R"™), R; and R; be the Riesz
transform and the mazimal Riesz transform respectively (j = 1,2,---). Then
(i) R; and R are both bounded operator from LP(w) to LP(w) for 1 < p < oo;
(i) Rj and R} are both bounded operators from LY(w) to LM (w).

Next we are going to investigate the vector-valued singular integral op-
erator and its applications. Suppose that B is a separable Banach space and
B* is the dual space of B. The mapping f : R® — B is called a B-value
function. A B-value function f is called measurable, if for any b’ € B*, the
mapping x — (f(x),b’) is measurable. If a B-value function f is measurable,
then the function x — || f(z)| g is also measurable. For 1 < p < oo, define

LM(B) = {f Ml = ([ @) < oo} d1<p<o,

L=(B) = {f : () =sup {|fllp: x € R"} < oo}
LP(B)(1 < p < o) are all Banach spaces.

Similarly, weak LP(B) (1 < p < 00) spaces are defined by
o0 n 1
2 = {1 Wl = suptlfe € B 11 @)la > 0} < oc .

We now formulate a dense subspace of LP(B). If f € LP(R") is a real-
valued function and b € B, then the function (f - b) € LP(B), where (f -
b)(x) := f(x)b. The set of all the finite linear combination of all the vector-
valued functions of this form is a dense subspace of LP(B), and we denote
it by L” ® B.

For

F=) fibjeL'(X)B,
J

its integral is defined by

/ F(z)de =) ( fj(x)dx> b; € B.
Thus since L' @ B is dense in L!(B), the above definition can be contin-

uously extended to L'(B). And for F' € LY(B), its integral on R" is the
unique member in B satisfying the following equation

</ F(:r)d:n,b'> _ /H(F(:U),b’>da:
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for every b’ € B*. Suppose that F(z) € LP(B),G € L¥ (B*), then (F(x), G(z))
is an integrable function on R™ and

| (F@),Gla)da

NGl ey = S“p{ HE e sy < 1}.

Especially, when 1 < p < oo and B is a reflexible space, L¥ (B*) = (L?(B))*.

Suppose that both A and B are two Banach spaces. Denote .Z (A, B) to
be the set of all bounded linear operators from A to B. Suppose that K is
a Z(A, B)-valued function defined on R™\{0}. Let f € L*°(A) be A-valued

function and be compactly supported. Then the operator T associated to
K is defined by

Tf(x) = - K(z —y)f(y)dy, ¢ suppf.

This operator T is called vector-valued singular integral operator.

To obtain the LP boundedness of vector-valued singular integral opera-
tor, we first introduce a lemma.
Lemma 2.1.4 Suppose that T is a linear operator on L°°(A) defined above

with compact support.

(i) There exists 1 < pg < oo such that

EATAN < oo 1250y

where X\ >0 and Ex(Tf) ={z e R": |Tf(z)||p > A};

(ii) Let U = U(xg,7) be the ball with the center at x¢ and radius r and
2U be the twice expansion of U at the same center. For all functions f in
LY(A) satisfying supp(f) C U and Jgn f(z)dz =0, we have

[ rs@lsde < Clll (2.1.35)
R\2U

If both (i) and (ii) hold, then ||Tf| r»5y < C||fllzra) holds for 1 < p < po,
where C' is independent of f.
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Proof. We will first prove that, for any A > 0,

C
IEXT I < S l1F 1z a)- (2.1.36)

For A > 0, using the Calderén-Zygmund decomposition to real-valued func-
tion || f(z)|| 4, we get a seguence {Q;} with nonoverlapping cubes. Now we
define A-value functions g and h such that f = g + h with

f(:IZ), T ¢ UQ]';
g(z) = 1 ’
|Q—j| 0 fx)dr x €@y,

h(z)dz =0, for every j.
Qj

Thus it follows that
lglla <27"A,

lgllrrcay < IFIlLcay
and

Al cay < 201 flnray-
Thus from the condition (i) it follows that

2P0}
(Tg)| < S 19l

2P0 (0 I
< L@ lg@)lade

C ipo—
<32 o120 1 gl 11 ()

‘E

o[>

C2n(po—1)+po
< foHLI(A)-

Let S; be a ball with the same center and radius as @Q;, S; = 25; and

N

Dy = U; S;. Put hj = hxgq,. Then Zhj converges to h in LPO(A). It
j=1

follows from condition (i) that

N
T Zhj — Th, as N — o0
j=1
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in the sense of measure. Thus

1Tz <> ITh;l 5.
j=1

Consequently, it follows from the condition (ii) that

/ IThlpde <3 / | Th; || pdz
Rn\Dl j=1 Rn\Dl

<O hyllza

j=1
< ' fllzr(ay-
On the other hand, we have

x n 1 Cn
DIYISI<Cr VIR < G Yy [ Ihade < Sl
J J J J
Thus
2 C
By@n| <D+ 5 [ IThleds < Sl
2 R7\ Dy

From above it follows (2.1.36). By (2.1.36) and the condition (i) as well as
using the Marcinkiewicz interpolation theorem, it follows that

ITflle5y < Cllfllzra)
for 1 < p < pg. [ |
Theorem 2.1.9 Let A and B be two reflexive Banach spaces. Suppose that
there exists a pg, 1 < pg < 00, such that T is a bounded operator from LPo(A)
to LP°(B) and K (x) satisfies
[ 1= = K@ syt < €, (2..37)
z|>2]y

Then T is bounded from LP(A) to LP(B) with 1 < p < oo and T is of weak
type (1,1), i.e., there is C > 0 such that, for any A > 0 and f € L'(A),

C
|EXTf)l =Rz € R* [T f()l[z > A < S lIFllz1a)-
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Proof. By the given condition we can easily deduce that T is of weak
(po,po) type, i.e., for any A > 0,

BT < ol 7y

Next we will show that T satisfies the condition (ii) in Lemma 2.1.4 by
(2.1.37). Actually, suppose that a function f satisfies that supp(f) C
U(zo,r) and its mean value is zero. From (2.1.37) it follows that

/ ITf ()| pde = /
Rm\2U Rm\2U
_/x|>2r
:/ dx
|| >2r B

= /Iy<r 7y = o) /z>2r 1Kz = y) = K(2)ll.2 (1.5

X dxdy
< Ol fllr(ay

dx
B

K(z —y)f(y — wo)dy
-

[ 1 =) = K@)y - zo)dy

K(z —y)f(y)dy
on

dzx
B

Thus applying Lemma 2.1.4 we have
1T fllLes) < ClIfILe(a) (2.1.38)

for 1 < p < po.

Now let K* be the conjugate operator of K. K™ is a function from
R" — Z(B*,A*). For any function g in L°°(B) with compact support,
define linear operator

Ty(x) = - K*(y — x)g(y)dy,
then T is the conjugate operator of T. It is easy to see that, for 1 < p <
00,2 + 4 =1,

p oy _

ITall o (aey < Cllall o 5y (2.1.39)
if and only if
1T fllzes) < Cllfllzra)-

It follows that T is a bounded operator from LP0(B*) to LPo(A*). Clearly
(2.1.37) implies that K* satisfies

/ 157 (y — ) — K7 (2)|] (e ey < C.
|z|>2]y]
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Thus, for 1 < g < pj,, we have

ITgllLaca=y < CligllLacse)-
This, together with (2.1.39), yields that

T fllrB) < CllfllLray,  po<p<oo.

Thus we have proved that T' is a bounded linear operator from LP(A) to
LP(B) (1 < p < o0). Thus Lemma 2.1.4 implies that T is of weak type
(1,1). ]

Remark 2.1.6 For simplicity of the proof, we add a condition on reflexivite
i Theorem 2.1.9. Howewver, it should be pointed out that the condition on
the reflexivite of A and B in Theorem 2.1.9 can be removed (see [RuRT]).

Next we will give some application of Theorem 2.1.9.

Theorem 2.1.10 Suppose that K satisfies the Hormander condition (2.1.3)
and T is a convolution operator generated by K. If T is of type (2, 2), then
for any r,p,1 < p,r < 00, we have

1

ST <Cpr || DOIRI
i

J
p p

When p =1, we have

1

S =

n r CT s
zeR": (D THE)I] > A < > 1Al
J J
1

Proof. It is clear that T is operator of type (p,p) (1 < p < 0o) under the
given conditions. Take A = B =1" and let f = (f1, fa,--+) € LP(I"). Then
T is bounded from L"(I") to L"(I"), where T'f = (T f1,T fa,---). The kernel
corresponding to 7" is K Q) I, where I is the identity operator on [". Thus,

/ 1K (2 = y) = K@) g gy do = / K(z —y) - K(@)de < C.
|z[>2[y| |z]>2]y|
Thus Theorem 2.1.10 holds. [ ]

Another application of Theorem 2.1.9 is to show the boundedness of the
Littlewood-Paley operator.
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Theorem 2.1.11 Suppose that p(z) € LY(R"™) satisfies the following
conditions:

(1) | p(x)de =0;
R

(ii) lp(@)| < C(L+ o)™, zeR";
(iii) / o(x + ) — p(@)ldz < Clhl®,  heR,
Rn
for some C' > 0 and o > 0. Then the Littlewood-Paley operators

1

2

Gf(z)=| Y leai* f(@)]?

j=—o00

8t = ([ e 1@ %)

are of type (p,p) (1 < p < o0) and of weak type (1, 1), where

o2 (2) = o (=)

and

and 1
pr(r) = t—n@ (%) .

Proof. For the operator G, let A =C,B =1? and K(z) = {4 (z)}32

j=—00"
then by the Plancherel Theorem and Theorem 2.1.9, if we can prove , there
exists C' > 0 such that

Y EmEP<c,  ¢er” (2.1.40)
j

and
1
2
[ | Zee-n-w@r| @<e  yer, @La
lz[>2ly| \ 75
then the operator G is of type (p,p) and of weak type (1,1) (1 < p < o0).

Similarly, for the operator A, take B = L2 (R+, %), then if we can prove
that there exists C' > 0 such that

/Ooo B(t)I % <C, £ER" (2.1.42)
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and

> dt\ 2
/>2| | </(; ‘¢t(m_y)_¢t(m)|27> dr < C, y € R™,  (2.1.43)
T|Z4y

then A is operator of type (p,p) (1 < p < oc0) and of weak type (1,1).

Since validations of the former and the latter are essentially the same, it
suffices to prove (2.1.42) and (2.1.43). When 0 < [{| < 1, from the vanishing
condition (i) of ¢, it follows that

2O =

o(x) (6_2’”1'5 — 1) dx

<[ we@leriaalare [ et
lz|<|¢]72 |lz|>|¢]" 2

1 o0 dt
<27 2 + C/ —
el €] -1 T
< ClglP,

where 3 = inf {2, 5
When [£| > 1, note that

[+ 1) = 0](€) = 8() (< ~ 1),

Taking h = %, from the above equality and the condition (iii) it follows
that

2[@(8)] < /Rn p(x + h) = p(z)|de < ClA|* < CE"

For any & # 0, denote ¢’ = 3. Then

R dt * N2 d th
/ \so(ts>|27=/0 aele) 5 = [ laee)

The above estimates implies that

/ |B(te’ | /th 1dt+/ Ct~'%dt < Cy < o0,
0

Next we will validate (2.1.43). It is easy to see that the left side of (2.1.43) is
dilation invariant with respect to y. Thus we merely need to prove (2.1.43)
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in the case |y| = 1. The Schwarz inequality implies that

00 dt %
L ([oe-n-a@rs) e
|z|>2 0
1 1
—n—< ? o 2 n+gdt ’
< o] " F da rle —y) = pul@)Plal" 5 da
|| >2 |z|>2 J0
e} o _g B 2 nto ﬁ 2
[ (Lo -safsa) o

t
I(t) = /|x|>f

If |z| > 2 and |y| = 1, then we have

< Cq

Now let

o (2= Y) — @) a3

S EE Ly lal
‘z 2=y =5
When 0 < ¢t < 1, the condition (ii) yields
d 3a
It <c L <t
o[> 2 ||t

On the other hand, take 0 < e < §, by (ii) we have

c
8 (2= %) 0@ < e < (1+yi|)n+e : \xﬁ%'

When ¢ > 1, the condition (ii) gives, noting that |z| > %,

o (2=2) —p@)| - lo]"*% < Clalf = < 05,

Therefore applying the condition (iii) we have

I(t) < Ctg—‘%/

2
|z|>$

® (m - %) - gp(x)‘ de < Ct5 5 .

Consequently

o0 e dt 1 a+3a 1 o0 e 3a+ 1
/ tgf(t)T S/ Ct27z2 " dt—{—/ Ct2~ 2 ™57 dt < oo,
0 0 1

which proves (2.1.43). |
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Remark 2.1.7 (1) Clearly, if ¢ € /(R"™), then ¢ satisfies (i) and (iii).

(2) The conditions (ii) and (iii) can be weakened. Later we will see that
there exists a class of functions in L'(R™), which only satisfies the
vanishing condition (i) and weaker conditions on size, such that the
Littlewood-Paley operators G and /A are both of type (p,p)(1 < p < o0)
and weak type (1,1).

The next consequence is a corollary of Theorem 2.1.9 and Theorem
2.1.11, and it is very useful in our following discussion.

Co_r)ollary 2.1.5 Suppose that ¢ satisfies the conditions of Theorem 2.1.11.
If f =(--,f 1, fo, f1,--) € LP(I?)(R™) for 1 < p < oo, then we have that

1

2 2

oDl fiOP <G ||| 2o1HOP (2.1.44)

JEL kEL JEZ
p p

and

% d
/Z|90t*fj(‘)’27t <G| Do IHOP . (2.1.45)
0 jez JEZ
p p

Proof. Let us now give the proof of (2.1.44). Let A =12, B = [*(1?). we
assert

{ajn)Sheoo € (),
provided that

%
(Z |ajk|2> e’

keZ jez
Now for 7 € L?(1%)(R™), define an operator T as follows:

77 (2) = <Z oo * fj<x>|2>

keZ jez



78 Chapter 2. SINGULAR INTEGRAL OPERATORS

Then when p = 2, Theorem 2.1.11 shows that

HT7‘ ;(B) - /Rn XJ:ZI; ok * f](w)]2 dx
<C% [, M

|7

Let K(z) be the kernel of T. Then K(z) : R" — 2(i2,12(12)). On the
other hand, let K(z) = {@or(7)},cz. Then for any xz € R", we have

HI?(QL‘)H : < [|[K(2)|l #(c,a)- Thus, we have that

L2(A)

Z(AB

/z>2y| Hf{(x —Y) - K(x)H,Ef(A,B) da

< / 1K (@ — ) — K@)l pcnde
|z|>2]y|

o (Z (e =) - W@)p) do

k
<,

NI

for every y € R™. The last inequality is derived from Theorem 2.1.11.
Theorem 2.1.9 tells us that 7" is bounded operator from L?(A) to LP(B), i.e.
(2.1.44) holds. [ |

Remark 2.1.8 (i) The conclusion of Theorem 2.1.9 shows that the corre-
sponding inequality of weak type still holds under the condition of Corollary
2.1.5.

(i) The conclusion of Corollary 2.1.5 is still valid for ¢ € ./ (R™) and

/n p(x)dx = 0.

2.2 Singular integral operators with homogeneous
kernels

In the first section of this chapter, we have studied the LP boundedness
(1 < p< o) and weak (1,1) boundedness of the Calderén-Zygmund singu-
lar integral operators. However, it is noticed that under the condition on
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the kernel K, we require that K satisfies the size-condition (2.1.1) and the
smooth condition (2.1.3) (i.e., Hérmander condition) besides the vanishing
condition (2.1.2). As to singular integral operators with homogeneous ker-
nel (for its definition, see (2.1.12)), besides vanishing condition (2.1.8), we
still require that €2 satisfies L°°-Dini condition (2.1.9). Then a natural ques-
tion is raised up: can we weaken the condition of 2 but still ensure the LP
boundedness (1 < p < 0o) and weak (1, 1) boundedness of the corresponding
singular integral operator Tn? In this section, we will discuss this problem.

Note that the operator T commutes with dilation 6. (¢ > 0), so Q
should satisfy the homogeneous condition of degree 0, that is

Q(\z) = Q(z) (2.2.1)

holds for any A > 0 and every x € R". In addition, from the discussion before

Theorem 2.1.2, we know that Q(z’) must satisfy the vanishing condition on
St e,

/S Qa)do(a) = 0. (2.2.2)

Thus we can only weaken the size-condition and smooth condition on Q.

Let us now pay attention to investigating the L? boundedness and weak
type (1,1). Since L>(S"71) & LI(S"1) (1 < ¢ < o0), we first consider
L4%-Dini condition instead of L*°-Dini condition. Now we give the following
definition.

Definition 2.2.1 (L4-Dini condition) We say a function Q(z') on S**
satisfies L1-Dini condition if

(i) Qe LIS" (1 < g < o0),

(ii) /01 “’qé‘s) ds < oo,

where wq(9) is called integral continuous modulus of Q of degree q. Its defi-
nition is, for § > 0,

wq(6) = sup ( [ \mpx')—Q(w’)!qdau'))l/q,

lloll<é

where p is a rotation in R™. ||p|| = sup {|pz’ — /| : 2/ € 5"} .
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Remark 2.2.1

1. If Q(2') satisfies Lipschitz condition on S™~1, that is, there exists a
constant M > 0, such that Vz',y' € S"71 |Q(2") — Q)| < M|z’ — /|, then
Q must satisfy L9-Dini condition (1 < q < 00).

2. If 1 <r < q < oo, then Q satisfies L"-Dini condition whenever it
satisfies LY-Dini condition.

Suppose 2 is a homogeneous function of degree 0 on R". Put K(x) =
Q(x)|x|™™, = € R™. The following theorem gives some important relations.

Theorem 2.2.1 (a) If Q satisfies L'-Dini condition, then Q € L(log™ L)
(S*=Y) and K satisfies Hormander condition, that is

/ |K(x —y) — K(x)|de <C, VyeR" (2.2.3)
|z >2]y|

(b) If K satisfies Hérmander condition (2.2.3), then Q € L(log™ L)(S"~1)
and Q satisfies L*-Dini condition.

The proof of Theorem 2.2.1 can be found in Calderén- Weiss- Zygmund
[CaWZ] and Calderén- Zygmund [CaZ4)].
The following consequence improves Theorem 2.1.2.

Theorem 2.2.2 Suppose that Q) satisfies (2.2.1), (2.2.2) and L'-Dini con-

dition. Let
Tof(@) =pv /I:v yl”

for f € LP(R™) (1 < p < ). Then
(i) T is of type (p,p) (1 <p < o0);
(ii) Tq is of weak type (1,1).

First we formulate a lemma which will be used in the proof of Theorem
2.2.2.

Lemma 2.2.1 Suppose that Q € L>(S"1). Then, for any e, 0 < e < 1/2,
there exists a constant C' > 0 such that

2i+1

/,

holds for every j € N and z' € S"~1.

oy d
/ Qy)e >V do(y)| = < Ol Q)27 (224)
S§n—1
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Proof. By Holder’s inequality, the left side of (2.2.4) is dominated by
27+1

1
2 2
1 dr
log 2)2 -
(1og2) ( | )
2J+1
(/ / / e—27’ri7”x (y' )deO'( /)dO'(U/))
§n—1 J§n—1 27

27+1
I— / o—2miral-(y/—u) 4T
27 T

Clearly, we have |I| <log2. On the other hand, we obtain

/ Qy)e 2V do (y)
Snfl

m\»—‘
=

= (log 2)

Set

|I]<C‘23 y—u|_

where C' is independent of j,z’,3" and /. Hence, for any o, 0 < a < 1, it
follows that

|| <Cm1n{1 ‘2] (v —u)|” }<C"23 (y —u)|_a. (2.2.5)

Since 0 < a < 1, there exists a constant C independent of z’, such that

1 , )
T 7 N < .
/Snl /gnl |- (v — u’)|ada(y )do(u') < Cq

Now let ¢ = §, then the above inequality together with (2.2.5) implies
(2.2.4). ]

Next we turn to the proof of Theorem 2.2.2. First consider the case
p = 2. Set K(z) = Q(x)|z|™". Then Tof = p.v. K * f. We now give the
estimate of K (£). Let ¢ € .(R™). Then it follows that

(K,p) = (K, )

= lim / K(x) / e” MY p(y)dyda
e—0,N—oo <|z|<N n

= lim / / 2Ty dydy
e—0,N—o0 n <|:c|<N

N/lyl dr
= lim / o(y / / Q(z)e 2" Y 4o dy.
e—0,N—o00 n ( ) e/lyl sn—1 ) ( )7“
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Clearly, if we can show that there exists a constant C' independent of y’,

such that
o
I

then the dominated convergence theorem implies \I? (y)| < C for every y €
R™). Consequently T is an operator of type (2,2). Now set

Q") e Y do (o) % <C, (2.2.6)

S§n—1

Eo= {2’ e S" 1. |Q(z)| < 2}
Ep={2 es" 12" <|Q()| < 2"},  keN

and

QU (2') = Q@)xg, (") (k=0).

Since € satisfies the vanishing condition, it implies that

r

dr

Q(m') (e_Q”iml'yl — 1) dU(wl) s < C”QHLl(S”—l)‘

S§n—1

While

= = ; dr
S [0S e i) &
= 27 =0 §n—1 r
o0 2J+1
;. o/ d
_ Z/ / QO(:E/)E—QMT:L‘ Y dO’(QS‘,) _T
= 27 §n—1 T
oo 0 27+1 ' dr
> 0, (@)oY do(a!)|
=1 k=1 27 §n—1 T
=L+ 1

Thus applying (2.2.4) leads to

I gica—j&ga

j=1



2.2 Singular integral operators with homogeneous kernels 83

Now take [ € N such that le > 1. We have that

dr
.

/ o (x/)e—Qﬂir:c/~y’dO_(x/)
S§n—1

o] 27+1

dr
.

/ o (x/)e—Qﬂir:c/~y’dO_(x/)
S§n—1

=1Io1 + I9.

Applying (2.2.4), we obtain

oo
Iy < CZ Z HQkHLoo(Sn—l)2_j€ < 00,
k=1 5>k

while

o0
In < Z Z 251 By | - log 2 < C|Q| ot (gn-1y < 00
k=11<;<lk

Thus from the estimates of I1, I3; and Isg, it follows (2.2.6). Therefore Tq
is an operator of type (2,2).

Now we illustrate that T, is of weak type (1, 1). In fact, by the condition
(a) in Theorem 2.2.1, we know that K (z) = Q(x)|z|~™ satisfies Hormander
condition (2.2.3). This, together with that Tq is of type (2,2), concludes
that Tq is of weak type (1,1) (See the proof of Theorem 2.1.1). Finally,
applying the Marcinkiewicz interpolation theorem and dual method yields
that Tq is of type (p,p) (1 < p < 0).

Remark 2.2.2 As stated above, when 2 € Llog™L(S"™!) and satisfies the
vanishing condition, we can get L?-boundedness of T, without requiring that
Q satisfies L'-Dini condition. In fact, later we will obtain that Tq is of type
(p,p)(1 < p < 00) and weak type(1, 1), provided that Q € LlogT™L(S"™1) and
satisfies the vanishing condition (2.2.2). (See Theorem 2.3.4 and Remark
2.5.1).

Now we start to discuss the weighted LP-boundedness of T. By Theorem
2.1.6, if Q satisfies the homogeneity of degree 0 as well as the vanishing
condition, then L°°-Dini condition (2.1.9) can ensure Tq is bounded from
LP(w) to LP(w) for 1 < p < oo and w € Ap,. As to the conclusion of Theorem
2.2.2, a natural question is: if we weaken the L>°-Dini condition to L'-Dini
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condition with 1 < p < oo and w € A,, can we still ensure Tq is bounded
from LP(w) to LP(w)? However, there are counterexamples to illustrate that
conclusion would not hold even w € Ay. So in the following we consider the
L%-Dini condition (1 < ¢ < o0) instead of the smooth condition of 2. We
will also discuss the weighted LP-boundedness of the corresponding singular
integral operator Tq. Obviously we may predict that, in this situation, the
weight function w will depend not only on p, but also on gq.
We have the following statement.

Theorem 2.2.3 Suppose that Q satisfies (2.2.1),(2.2.2) and L?-Dini con-
dition (1 < g < 00). When either of the following two conditions (i) or (ii)
holds, Tq is bounded from LP(w) to LP(w).

(i) ¢ <p<ooandw€ Ay y;

(i) 1 <p<qandw /P ¢ Ap g

In addition, if w? € Ay, then Tq is bounded from L' (w) to LY (w), i.e.,
there exits a constant C > 0 such that

w({r eR": [Tof(z)] > A}) < <[l w)

> Q

for every A >0 and f € L'(w).

The proof of Theorem 2.2.3 will be obtained by applying the idea in the
proof of Theorem 2.1.6. We first give some lemmas.

Lemma 2.2.2 Suppose that Q2 satisfies (2.2.1) and L9-Dini condition (1 <
q < o0). Then for any R > 0 and © € R™, when |x| < R/2, there exists a
constant C > 0 such that

(/R<|y|<2R

Proof. Since |z — y| ~ |y|, we have

Qy—=z) Q)
lz—y™ [y

2|z|

1 |
¢ \@ = [ |z| 7 wy(d)
< 7 q
dy> < CR7 {_R+/,ﬂ;| = ds
(2.2.7)

Qy-—z) Q)
lz—yl™ |yl

2l 0%y — 1) - 0)
SC{'”(”WH* "R }
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a \ e
/ ay
R<|y|<2R
1/q
<o jewl
N R<|y|<2R |y|(ntL)a

Q0 —2) -\
+C / i — i dy
R<|y|<2R |ly|m

=11 + Is.
Since € L4(S"1), it follows that

Hence

Qy—=z) Qy)
lz —y[™  y”

I < C|Q| pagn-1)|x| R+ pn/a — o gp—/d" . % _

On the other hand, we have that

L<C ( [T [ - - Q(y'ﬂqda(y’)dt)

e ([ Jo(2s) o)

where a = %. Applying a result of Calderon- Weiss-Zygmund (see [CaWZ])

1/q

lrl

< % and 1 < g < oo, we conclude that

o (=ar) 00|

to |a| =

/Snl

do(y') < C sup /S 19(p') — Qo ()

lloll<er

< Cwi <‘f—’>
< Cuwf <%> .

Here we use the property that w(d) is nondecreasing in §. Thus,

I, <CR™7 .o (' |> (log 2)'/4

, 2lal/R g5
SC”R_”/‘I W <@> /
‘\R) Jayr 0

, 2|z|/R
< C'R~M1 / Wq_@d(;
o/ 0
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So (2.2.7) follows. [ |

Lemma 2.2.3 Suppose that Q satisfies (2.2.1) and L9-Dini condition (1 <
q < 00). Then there exists a constant C' > 0 such that

Oz —y) _ Qzo—y)
‘\/y xo|>4t |«73 — y[" |g;0 _ y’n > f(y)dy
(2.2.8)

for any xog € R™,t > 0 and every = with |x — x| < t, where M is the
Hardy-Littlewood mazximal function.

}l/q’

<O M (1f17) (o)

Proof. From Holder’s inequality and (2.2.7) it follows that
(] Qc—y)  Qa-y)
— \Jit<ly—ao|<zi+ie | l2—y["  |zo —y["
1/q
> (1 lwo—l/271E ) (5) 1 ,
<C —.+/ AN ) . / f)|*dy
Z (2] wo—alj2it 0 (2741 |y—ro|§27“t| )
/ 1/ !
Yo" (1 [ 2570
0

ly—zo| >4t |$_y|n |$0 _y|n
q 1/q
dy)
j=
1/q
7q
» ( [ y>
M
/ /
a (1717 (o)) "

—
=

Lemma 2.2.4 Suppose that Q satisfies (2.2.1) and L9-Dini condition (1 <
q < 00). Then there exists a constant C' = C(n,q) such that

M (Tof) () < Clng) (M (171) @) wern (229

where M* is the sharp mazimal function defined in the section 2.1.

Proof. The idea of proof is similar to that of Lemma 2.1.2. Choose
xz € R™ and a cube @ containing z. Let B be a ball with the same center
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and diameter as that of Q). Set f = f1 + fo, where fi = f - x165. Theorem
2.2.2 yields that

 Jymni = (g [, 1 roar)” <o (i) )"

On the other hand, denote the diameter of B by d. Then applying (2.2.8)
implies that

ﬁ /Q T faly) — Tofolx)ldy

= Qy —2) _Q(:z:—z)} ey
@l Jq /R"\16B [ ly — 2| |z — 2| f(z)dz| dy
’ 1/ /
<c[m (i) @] "
From (2.1.19), Lemma 2.2.4 follows. ]

To prove Theorem 2.2.3, we still need a celebrated interpolation theorem.

Lemma 2.2.5 (Stein-Weiss interpolation theorem with change of
measure) Suppose that ug,vo,u1,v1 are positive weight functions and 1 <
po, p1 < 0o. Assume sublinear operator S satisfies :

1S £l zro (o) < Coll £l zro (wo)
and
1S Fllzer uy) < Crllfllzes(oy)-

Then
1S fll ey < CllfllLe(w)

holds for any 0 < 0 <1 and

10 1-06
b Po b1
where
p9/po p(l 0)/p1 p9/po p(l 0)/p1
U=uy Uy y V=T Y

and C < C§Ci=*.
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For the proof of Lemma 2.2.5, see Stein and Weiss [StW].

Proof of Theorem 2.2.3. First consider the case which the condition
(i) holds. Analogous to the proof of Theorem 2.1.6, we merely need to
discuss the bounded function with compact support. Assume f will be the
case. We need to show M (T f)(z) € LP(w), provided that ¢’ < p < oo and
w € Ap/q- By the LP-boundedness of M, it suffices to verify Tof € LP(w).
We may suppose supp(f) C {x € R": |z| < R} as well. Set

[ msepe@in= [ mos@peeie s [ mos@psts

|x|>2R
=1 + Is.

By the L"(1 < r < oo)-boundedness of T (Theorem 2.2.2) and the Reverse
Holder inequality, we see that I is finite. Thus we mainly consider Is. Note
that |y| < R and |z| > 2R. it implies that |x — y| ~ |z|. Consequently, it
follows that

p
L < C|f|E Qe —y)ldy ) L4
» < Cllf| /DQR(/M' (2~ )| y> L

p/q (@)
Sy Q0 - gy LD
je[>2R \Jjz—y|<2|z] |z [P

<c" / w(z)

o|>2R |z|PPP/

[e.e]

—ory | @) g,
o1 J2iR<|a|<2 R |z|mP/a

< C"Y (PR)T/7w(B(0,271 R)).

j=1
Since w € Ay, there exists 1 < s < p/q’ such that w € As. Hence applying
(2.1.33) yields that
w(B(0, 2 R)) < C- (2T R)™w(B(0,1)),

where C' is independent of j. So we obtain that

I, <C"Y (21R) P/ 9w(B(0,1)) < oo,
j=1



2.2 Singular integral operators with homogeneous kernels 89

which implies that M(Tqf) € LP(w). Applying Lemma 2.1.3, Lemma 2.2.4
and the weighted boundedness of M (Theorem 1.4.3), we conclude that, for
a bounded function f with compact support,

[ Tas@leds < [ MTaf) @) wl)ds
Rn n
<C [Mﬁ(TQf)( )Pw(x)dx
< C’/ M(|f]7)( ]p/q w(x)dx
< [ 1f@)eeis
When ¢’ < p < 00 and w € 4,,y, Tq is bounded from LP(w) to LP(w).

Consider the case p = ¢/, clearly w € A;. Thus there exists p; > p = ¢’ such

that w?!/? € A C Ap1 /g Thus there exists € > 0 such that

wP1(+e)/p cA

p1/q'
Now set § = 13- and choose pg such that
1 6 1-0
P Dpo P

Clearly 1 < pg < p. First we have

I Taf | ro < Collf|lLro-

On the other hand, the above conclusion implies that

1T fllo1ur) < Crll Fllzer uy)s

where

uy = w1/ ¢ Ap g

It follows that Tq is bounded from LP(w) to LP(w) by applying Lemma 2.2.5
to ug = vo = 1 and ug = v; = WP/ Up to now, we have shown that
Tq is bounded from LP(w) to LP(w) under the condition (i).

Now we discuss the case which the condition (ii) holds. Let To be the
conjugate operator of T. Then we have

Tof(x) = Tsf(2),
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with Q(z) = Q(—z). Clearly Q satisfies all the conditions on €. Conse-
quently, for any f € LP(w)(1 < p < ¢q), we have

IToflisy = 00| | Taf@)-g(e)ds).

where the supremum is taken over all functions g € Lp/(w_l/ (r=1)) with
191l 1ot (=1/-1) < 1. Clearly ¢ < p' < oo follows from 1 < p < ¢q. By

w1 ¢ Ap g together with the above conclusion we know that T: Q is
bounded from L (w=/®=1) to L (w=/®=1). Thus

Tl = s | [ 1) Tag(o)as

< 1 fllzp () sup ||f99||Lp'(w—1/<p—1>)
< C|fllr(w)-

Therefore this completes the proof of Theorem 2.2.3 under the condition
(ii).

Finally we wish to show that Tq is bounded from L!(w) to L1 (w) as
w? € A;. Since the idea is similar to that of Theorem 2.1.7, we only give the
differentia. For any A > 0, we make the Calderén-Zygmund decomposition:
f = g+b, where g is the "good” function and b is the "bad” one. Ifw? € Ay,
then w € A;. The estimate of I; follows from applying the boundedness of
To on LY (w). The estimate of I, can be obtained by applying Lemma 2.2.3
and w? € A;. Here we omit the details. We have finished the proof of
Theorem 2.2.3.

In the proof of Theorem 2.2.3 we see that w? € A; implies that Ty is of
weighted weak type (1,1). The following conclusion shows that w? € Ayl <
p < 00) is also a sufficient condition for T to be of weighted type (p, p).

Theorem 2.2.4 Suppose that Q satisfies (2.2.1),(2.2.2) and L?-Dini con-
dition (1 < ¢ < 00). Ifw? € A,, then Tq is bounded from LP(w) to LP(w)
for 1 <p< 0.

Proof. We will use Theorem 2.2.3 and Lemma 2.2.5 to prove Theorem
2.2.4. For the purpose, we have to verify that there exist 6 (0 < 0 < 1),
po, p1 and weight function wg, wy satisfying the following conditions:

(i) £ =2+ L8 and 1 < py < min{g,p}, max{q’,p} < p1 < o0;

. - 1-p}
(i) w= wgg/powzf(l O/Pt and wy € Ay jqrs W1 € Ay
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Since w? € A, (1 < p < o0), applying the Jones decomposition theorem of
A, weight (Theorem 1.4.5), there exist u,v € Ay such that

_ . ’ _ /
Wl =u-v'7P e, w=ul/Ty(P)T

Set
W = (uavﬁ)S(uyvé)l—s’

then we have )
as+y(1—s) = 7 (2.2.10)

and
1-p
q

Put wy = u®v? and w; = uv’. First we illustrate that

Bs+0(1—s)= (2.2.11)

1—pj
Wo S Apé)/q’

if 1 <po <min{g, p} and o = [(po/q') —1]/(pp — 1), B=1/(1—pp). In fact,
since u,v € Ay, we have that

< ! / () 70d > < ! / ()~ Q=261 /a) 1 )“’B/q’)_l
— wolx) "Podx — wol(x) VPo /9 )™ Hdy
QI Jo ™" Ql Jo "

= <ﬁ/ u(:r)a(l—pé)U(:E)ﬁ(l—pé)dw)
Q

1 VA4 Nt (rh/d')—1
x (— / u(w)‘“(l—w/ﬂpo/q>—11U(x)—ﬁ<1—po>/[(po/q)—1]dm>
Q

<o(yf u@dx)““"’“ (o] v@dx)ﬁ“"’“
<

1 —BQ=ro) 1 4 R (Ph/a')~1
—/ v(:r)d:n) <_/ u(x)_a(l_Po)/[(Po/q)—1]d$>
Q Q| Q

Here C is independent of ). In the same way we can prove

w1 € Ay, /g

if max{q’,p} < p1 <ocand y=1,5 =1—p;1/q¢’. Thus the value of « and

v, together with the equality (2.2.10), imply s = 1/pg. Similarly, the value
of 8 and ¢, together with s = pio, lead to p1 = p{(p — 1) by invoking the
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equality (2.2.11). Set 6 = po(p1 — p)/p(p1 — po). Then we have 0 < 0 < 1
and s = pf/pg, 1 — s = p(1 —0)/p1. Thus by our choice of pg, p1, 0, wo, w1
we know both (i) and (ii) hold. Finally, we obtain Theorem 2.2.4. [ |

Remark 2.2.3

1. When q = oo, Theorem 2.2.3 and Theorem 2.2.4 are in accordance
with Theorem 2.1.6 and Theorem 2.1.7 respectively.

2. In Section 2.1 we call K is the Calderon-Zygmund kernel (see 2.1.1),
if K satisfies Hormander condition (2.1.8). Actually, we can also define L1-
Hérmander condition Hy (1 < ¢ < o0). If K € L} (R\{0}) and there exist

loc

C,Cy >0, such that for any y € R™ and R > Cly|, the following condition

o0 1/q
n/q
=) :(sz) ! (/ K (2 — y) —K(m)\%ia:) <C,
B 2k R<|z|<2++1R

=1

and

NE

(Ho) D(2R)"  swp  |K(z—y)— K(z)| < Cx

P 2k R<|z|<2F+1R B

hold. Sometimes (H,) and (Hw) are called L1-Hérmander conditions (1 <
q < 0). Clearly, (2.1.8) is just condition (Hy).

By the proof of Lemma 2.2.2 and (2.1.4) we know that if K(x) = ?ﬂflﬁ)
and Q satisfies (2.2.1) as well as LY-Dini condition (1 < q¢ < o0), then K
must satisfy the condition (Hy) (1 < g < 00). In this sense, the condition

(Hy) (1 < q < 00) is weaker than L2-Dini condition.

2.3 Singular integral operators with rough
kernels

In the last section we have seen, for the singular integral operator T with
homogeneous kernel, that  satisfies L!-Dini condition can ensure (p,p)
boundedness and weak (1,1) boundedness of T, whenever 2 has the ho-
mogeneity of degree 0 and satisfies the vanishing condition. The L!-Dini
condition is much weaker than L°°-Dini condition. However, the L'-Dini
condition still involves certain smoothness of {2 on the unit sphere. On the
other hand, from the proof of Theorem 2.2.2 we note that L'-Dini condition
was not used in the proof of the (2,2) boundedness of T (see Remark 2.2.2).
This fact suggests us whether or not we can still keep the (p, p) boundedness
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and weak (1,1) boundedness of Ty without any smoothness of 2 on the unit
sphere. It is just the question that we will discuss in this section.

We begin with discussing the rotation method and singular integral op-
erators with rough odd kernel. In 1956, Calderon and Zygmund [CaZ3] first
considered the above problem, and introduced ”rotation method” to deal
with the LP-boundedness (1 < p < o) of a class of singular integral op-
erators with rough odd kernels. In short, the rotation method, by sphere
coordinate transform, is to reduce the study of convolution operator on R"”
to the study of an operator in one dimension in some direction.

For any y € R,y # 0, we write y = ', where 0 < 7 < co and ¢/ € S~ 1.
Set Tf(x) = K * f(x), we have

15w = [ Kie-nay= [ [T K@@= ) drdn).

R’I’L

Set K (ry’) = w(y")h(r). We have
= w(y' Oor z —ry ) r" tdrdo(y
Tra) = [ o) [ hese =) drdoty)
= [ wT @),

Now for fixed 3/ € S"~1, let Y be the hyperplane through the origin orthog-
onal to y/. Then for all z € R", there exist s € R and z € Y, such that
x = z+ sy’. Hence

1,00 = [ TR £+ (s — )yl e = L(f)(s).

If L is of type (p,p) (1 < p < 00) on R!, then it follows that

/Rn Ty f ()] dz = /Y/_Z |L(fo)(5)|” dsdz
SC/y/_Z\f(Hsy’)\pdsdz
—c [ V@

where C is independent of z,y’ and f. Thus Minkowski’s inequality yields
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that

sl = | [ w1y oty

< [ )1 1Ty fldoty)

<Clly- [ Wldo))

p

Therefore when

| le)ldoty/) <
S’nfl

LP-boundedness of T follows immediately.
Now using the above idea, we will obtain the boundedness of a class of
singular integral operators with homogeneous kernels.

Theorem 2.3.1 Suppose that Q satisfies (2.2.1) and Q(—z') = —Q(2'), for
every ' € S*L If Q€ LY(S"Y), then Tq is of type (p,p) for 1 < p < oco.

Proof. Using the rotation method, we have that

Tofe) =pv. [ s~ )y

_ g/gl Q(y) <%p.v. /_Z M) do(y)

™

= 5 /n1 Q(y/)Hy/f(x)dU(y/)7

where H,, is the Hilbert transform along 3’ direction. With the above idea
and (p,p) boundedness of the Hilbert transform (Theorem 2.1.5), and also
noticing € LY(S"1), we immediately deduce that Tq is of type (p,p).

|

Similarly, we can define the maximal Hilbert transform H ;, and the
Hardy-Littlewood maximal operator M,  along y direction:

1 —ty
Hy f(z) = —sup Mdt ,
Te>0 [J)t)>e t
1 T
My f(x) = sup2— \f(x — ty')|dt.
r>0 4l

Using the rotation method we get the following result.
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Theorem 2.3.2 Suppose that Q satisfies (2.2.1) and Q(—z') = —Q('), for
every ¥’ € S"7L If Qe LY(S"Y), then T¢ is of type (p,p) for 1 < p < .

It follows that

T3 f(x) = sup

/ Q) pp )y
ly

>0 |>e ly|™
™ / % /
= / Q") [ () do(y).
Snfl

By the rotation method and Remark 2.1.5, Theorem 2.3.2 is easily proved.

Now define the maximal operator Mg with rough kernel by

Mof(@) =swp— [ 9@/ —)ldy. (2.3.1)

r>0 7" Jjy|<r

It is a very important tool in the study of singular integral operators. Since

Maf(@) < [ 100/)1M, f(@)do),
using the rotation method and (p, p)-boundedness of the Hardy-Littlewood
maximal operator (Theorem 1.1.1 (c)) we easily obtain the following theo-
rem.

Theorem 2.3.3 Suppose that Q satisfies (2.2.1) and Q € L*(S™1). Then
Mg is of type (p,p) for 1 < p < oco.

We have got LP-boundedness (1 < p < o0) of a class of singular integral
operators with odd rough kernel by the rotation method, where the kernel €2
is integrable on S"~! and is an odd function, but without any smoothness.
We know that any function £ on S?~! can always be decomposed into a
sum of an odd function and an even one on S®~!. Thus, to deal with the
boundedness of the corresponding singular integral operator with general
kernel, we just need to consider the case that 2 is an even function on
S*=1. Early in 1956, Calderén and Zygmund [CaZ3] considered the LP-
boundedness (1 < p < o0) of the corresponding singular integral operator
T as Q € Llogt L(S™!) is an even function. They obtained the following
result.

Theorem 2.3.4 Suppose that Q satisfies (2.2.1), (2.2.2) and Q(—z') =
Q(z') for every o' € S*7L. If Q € LlogTL(S"™1), then Tq is of type (p,p)
forl <p<oo.
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The basic idea of the proof is to turn the even kernel into the odd kernel
by the Riesz transform, then using Theorem 2.3.1 we can deduce the con-
clusion. However, here we do not give the detailed proof of Theorem 2.3.4.
Instead, we will discuss this problem in more general situation, and obtain
the same conclusion, where Theorem 2.3.4 is just a natural consequence.
In detail, since Llog™L(S™ 1) is a proper subspace of H!(S*"1) (under the
condition (2.2.2)), where H!'(S"~!) is Hardy space on S" ! we will show
Theorem 2.3.4 holds whenever Q € H!(S*1) is an even function. First we
give the definition of H(S"~!). Suppose that a(z’) € L}(S" 1), 2’ € S*~L.
Set

PTa(z") = sup

/S B @)aly)da(y)],

0<t<1
where
P, (/)_ 1_t2 IESn—l
t(E, y ‘y, t:I,’"”’ y
Now define
HY(S" M) ={a e L'(S") : [|PTallpign-1) < oo},
and write

el 1 (gn-1y = 1Pl L1 gn-1y.

An important property of H(S*1) is its atom decomposition. We first
give the definition of atom. We call a function a on S®! regular atom if
a € L®(S"!) and there exist £ € S*"! and 0 < r < 2 such that

(i) supp(a) C "' B(&,7), where B(¢,r) = {y € R": [y — & <r};
(i) lall poogn-1y < 77"
(iii) / a(z')do(z") = 0.
Sn—1
A function a on S*! is called exceptional atom, if a € L>(S""!) and

llall oo gn-1y < 1.

Lemma 2.3.1 For any o € H'(S"™1), there exist complex number \; and
atom a; (regular or exceptional) such that a =, Aja;, and

HOéHHl(swfl) ~ Z Al
J

Now we formulate main result.

Theorem 2.3.5 Suppose that Q0 satisfies (2.2.1), (2.2.2), and Q(—z') =
Q(z"), for every ' € S*L. If Q € HY(S™1), then Tq is of type (p,p) for
1 <p<oo.



2.3 Singular integral operators with rough kernels 97

We prove the following lemma first.

Lemma 2.3.2 Suppose that Q satisfies (2.2.1), (2.2.2) and Q € HY(S"71).

Then )
T n
WX{%<|J:|§2}($) € H'(R")
for every s € R. Here we denote by H'(R") the real Hardy space on R™.

Proof. By Lemma 2.3.1 and

/S 0@)de() =0,

we have

Q) =) Naj(a'), (2.3.2)
J

where {a;} is a regular atom sequence in H!(S""!). Assume, without loss
of generality, that

supp(a;) € B(&, pj) (8",

where & € sn—1,

First recall the definition of atom on real Hardy space H'!(R"). The
function b on R™ is called H'(R") atom, if

(i) there exist xg € R™ and r > 0 such that supp(b) C B(xg,7);

(ii) / b(x)dz = 0;

cee Rn
(iii) [|b]|pee < 7™,
Moreover,
fEH' R < f=> b, (2.3.3)
j=1

where b; is an atom in H'(R"™), and

[ee]
1F L ~ D gl < oo

j=1

For the above conclusion and other properties on real Hardy spaces, readers
can refer to Lu [Lul].

Now turn to the proof of Lemma 2.3.2. First extend a; to R™\{0} along
the radial direction, i.e., for x € R™\ {0}, put

aj(z) = a; <|i—|> :
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We split it into two cases.
Case I p; > %. Applying the assumption that a is a regular atom, we

have N ( )

a;(x

where b; is an atom in H I(R"), and C'is a constant depending only on n, s.
Case I1 0 < p; < %. Set

1 1 3
E, = R": =+ 2(k—1)p; < — 4+ 2kp; k=1,2,---,|—
k {.TE 2+ ( )P] <‘$’_ 2+ p]}a ) &y 7|:4p]:|

and

1 [3
Ey={zeR": = 2p; < |z <2
" {x 2" [4/)]} ki <l }

where [t] denotes the largest integer not exceeding ¢ (Ey may be an empty
set.) In this way, we have

|z]*

) creny ) = > L)\ (@), (2:3.5)

Applying the condition of a; being a regular atom together with the con-
struction of EY, it is easy to see that, there exists a constant C' depending
only on n and s, but independent of K and p;, such that

= Cp;b; k=0,1,---, | —
‘:1:’8 XE;C(:Z:) Cp] ]k(x)7 07 Y Y |:4p]:| Y

where bj; is an atom in H!(R™). Thus, by (2.3.2), (2.3.4) and (2.3.5) we

conclude that
Q(z)

|$|5 X{ <|:c|<2}( )

can be expressed as the sum of a sequence of atoms on H!(R"), the sum of
oo

whose coeflicients is dominated by C' Z |\j| < oco. By (2.3.3) we have

i=1
Q) .
EE s X{4 <Jaj<2}(®) € H'(R™)
and (z)
xr
< Q n—1y. 2.3.
' TP @] SOy (2:3.6)
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Lemma 2.3.3 Suppose that Q) satisfies the condition of Theorem 2.3.5 and
R; are the Riesz transform (j =1,2,--- ,n). Then

Kj(z) = R (Q(‘)> (@) =pv.Cy [ =Y QW)

|- ™ ge |2 —y[" L fy|n

with Cp, = F("TH)/wnTH, which satisfies the following properties:
(1) K;(x) is a homogeneous function of order —n on R™;

(1)) Kj(—x) = —Kj(z), =eR";

(i) [ 1K) dote!) < Cllnonr.

Proof. Properties (i) and (ii) are obvious, so it suffices to check (iii). For
3 <z < 2, set

-y Ay -y QUy)
K;(z) =p.v.Cy dy +C, d
! lyl<i \x— "y 1<yl<2 \x— "ty
Tj—Yj Qy)
+Cyp / dy
ly|>2 Iﬂs—yI"+1 ly|™

=Cp(l1 + Is + I3).

Since € satisfies (2.2.2), it implies that

Tj—Yj Lj Qy)
i< % ‘IL’ _ ’n-l—l ‘myn-‘rl |y|n

_ / L9 () @ = /a0 o)
v ()

IN

§HQ”LI(STL—1) - Inax

1<|2<%

= Cl|IQ| L1 (sn-1y,

where t, .., € [0,1].
Note that the Riesz transform is (H', L') bounded, therefore by Lemma
2.3.2 and (2.3.6) we have

Q) H
Dlde < C | o<l ie ( < Ol 15y,
//4<|m|<3/2| d H| NN <23 () HR") 121] 1 (gn-1)
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As to I3, it follows that

10
nl< [ BLLCDP
2 1T —y" |yl

4n
< - [Q(y)|dy
/y|>2 |y|2”| )l
= Ol 1 gn-1)-

Thus, we have
KJ(QJ')X{%<|I|<%}(ZE) € LI(RH).

This fact is equivalent to K;(z') € L*(S"~!) and

/ K (2!)|do(x c/ 2)\dz
gn-1 <|:c|<f

< |l prsn-1y + CllQ g1 (sn-1y
< O] grrgn—1)-

|
The Proof of Theorem 2.3.5. Let us first illustrate the following fact
that
n
> Ri=-I, (2.3.7)
=1

where [ is an identity operator. In fact, for any Schwartz function f, from
(2.0.3) it follows that

n , B n _Zg_] 2 s
>.r )@= :1( |5|> i6) = —f(©).

Then (2.3.7) follows.
By (2.3.7), we have

n n
To=)» —-RiTo:=-) R;Tj (2.3.8)
=1 =1
where T = R;Tq. If we denote the kernel of T} by Kj, then

Kiw) = 1 (2) (@) =Lz
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Vi(z)

[
integrable function on S*~!. Thus, by Theorem 2.3.1, T; can be extended
to be a linear bounded operator on LP(R") (1 < p < co). Combining it with
LP boundedness of R; (Theorem 2.1.4) and (2.3.8), we deduce that Tq is
bounded on LP(R™)(1 < p < o0).

By Lemma 2.3.3, let K;(z) = , where Vj satisfies (2.2.1) and is an odd

Next we give the LP boundedness (1 < p < o0) of the corresponding
maximal singular integral operator T¢, for Q € HY(S"1).

Theorem 2.3.6 Suppose that ) satisfies the conditions in Theorem 2.5.5.
Then the maximal operator T,

15, f(x) = sup
e>0

/| LOpT——l

|>e |y|n

is of type (p,p) (1 <p < oc0).

Proof. Choose a radial function ¢ € C* such that 0 < ¢ < 1 and
¢(z) = 0 when |z| < 7 as well as ¢(z) = 1 when |z| > 3. Then

73f(0) = [ =) ;g

Yy

x—y|>e “T y|n
e () o

R" \m—y|n

/z yl<e |$ y|n <

It follows from (2.3.1) that

[ T mire (52 e

<su [ K& =01 )1y < Mo (2).

e>0 Je/d<|z—y|<e ‘m_y’n

sup
e>0

Theorem 2.3.3 immediately implies that operator:

Qz —y) (w—y

lz—y|<e |$_y|n €

f—

) F(w)dy
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is bounded on LP (1 < p < oo). Thus it suffices to show the smooth
truncated maximal singular integral operator

/Rn ?:E(:U__yﬁl)w (x = y) f(y)dy‘

is bounded on LP (1 < p < o0). For 1 < j < n, set

k) = 1 (2 (2)

Tgf(x) = sup
e>0

and
Vo) = (F22) @)
Put
Tarw) = [ P (221) s
Then
Tof = - iRj <%¢ (E>> $Ry(f) = — zi: Einffj (2) i) 23.9)
J=1 j=1

We need the following Lemma 2.3.4 whose proof will be given after that of
Theorem 2.3.6.

Lemma 2.3.4 There exists a function wj on R™ satisfying (2.2.1), and
wj(z') € L*(S"Y) such that

(i) [Vi(@)| S wj(z), |z[ <1
(ii) |Vj(z) — K;(@)| < Cllwllpign-ylz) ™Y, |2 > 1.

The above lemma and (2.3.9) implies that

far) =[S 5 [ (U20)
j=1

< Il(fvg) + I2(f75) +I3(f75)7
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where
nro =32\ (S e
-S| (E22) -5 () mos
&M@=1§API%C;ﬂmm@@
2| oy

stﬁ|<Zva>
j=1
where S7 is the maximal singular integral operator with the kernel K; for
1 < j <n. By Lemma 2.3.3, Theorem 2.3.2 and LP-boundedness of the
Riesz transform, we can easily deduce that

sup I1(f, ¢)
e>0

is bounded on L? (1 < p < 00). On the other hand, applying Lemma 2.3.4
(ii), we have

n

sup I>(f, ¢) gsupC‘Zs/
17l

e>0 e>0 = Tz—y|>e |‘T -

< O3 MR (),

j=1

Rif W)l

y’n-i-l

where M is the Hardy-Littlewood maximal operator. The LP-boundedness
of M (Theorem 1.1.1) and Theorem 2.1.4 imply that

sup I»(f, ¢)
e>0

is also bounded on L? (1 < p < oo). Finally, it follows from Lemma 2.3.4
(i) that

sup I5(f, ) q@z /|J%%NWﬂWy
r—yl<e

e>0 6>0

<3 M (R e).
j=1
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Thus we obtain that

sup I3(f, €)
e>0

is also bounded on L (1 < p < 0o) by applying Theorem 2.3.3 and Theorem
2.1.4. Therefore T is bounded on LP (1 < p < oo). This completes the
proof of Theorem 2.3.6. |

The proof of Lemma 2.3.4. Suppose |z| > 1. Since ¢(y) = 1 when
ly| > 1, it follows from the vanishing condition (2.2.2) of Q2 that

Tj—Yj 2y
/ (o)~ ) dy\

Vi) Kj(@)| <

n |z —y|mtl
<C Q| =i—y dy
R P O L N e 7 e R A U

C 12(y)|
< | |n+l / 1 | |n—1dy
x lyl<3 Yy

< Ol paggn- |27

Now let |z| < 1. Note that |1~/J(az)| < O when [z] < £, since (y) =0
when |y| < 1. When g < |z| < 1, we have that

‘17]-(3:) — p(z)K;(x)
26— oy =l
< () — pla)| 1,y

|>2 |Z/|n
2(y)] z; — ]
+/ o (y) — (@) L dy
Loz Wy |z — y[t1
2(y)] zj — v, z;
¥ /0<|y|§1—16 o) — el |t -y

= Pi(x) + Py(x) + P3(x).

We next calculate the estimate of Py, P, and Ps, respectively.
Note that if £ < |z| <1 and |y| > 2, then |z — y| > C|y|. Thus

2(y)|

|y |2

Pi(z) < C

dy < Cl|pr(gn-1)-
ly|>2

The smoothness of ¢ implies |¢(z) — ¢(y)| < Clz —y|. So for § < |z| < 1,
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we have that

< C/ dyn—l
5 <|yl<2 |Z/| |33—l/|

Q
<clpt [ ULy,
R |y|" 2 [z -yl

As to P3, we have that

Q
rw<c [ Wy <Cloleo,
<yl 1Yl

nd Q(y
) = ot [ UL,
R [y|* 2 |w — y["

Viz) = |a]" K;(x).
Take wj(z) = C (|Vj(z)| + |2l 12 (gn-1) + n(x)), then clearly w; is a homoge-

Let

and

neous function of degree 0, i.e., satisfying (2.2.1). Moreover, “N/J(x)‘ < wj(z)

when |z| < 1. We will next prove that w;(z’) € L'(S"™1). In fact, we only
need to show 7 is integrable on {zr eR": 1 < |z <2}.
Obviously, if |y < +, then we have that

n3

1cfal<e [z —y[*

if |y| > 4, then

"2 .
/ — o de < Cily "y
1op<2 |z =yl

and if 1 < [y| < 4, then

3
/ Jﬂ{ﬁwﬁ@/ P e
Lozi<2 |z =yl le—y|<6 1T — Yl

It follows from the above estimates that
/ n(x)dr < C’||QHL1(STL71).
<lz|<2
This finishes the proof of Lemma 2.3.4.

As a natural consequence of Theorem 2.3.6, we have
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Theorem 2.3.7 Suppose that Q satisfies (2.2.1) and (2.2.2). IfQ € Llog* L
(S"~1), then the mazimal operator T¢ is of type (p,p) (1 < p < o).

Next we will give the weighted boundedness of singular integral opera-
tor T with rough kernel and the corresponding maximal operator T¢,. In
the proof of the weighted boundedness of the Calderén-Zygmund singular
integral operator (Theorem 2.1.6), we used the technique of good-\ inequal-
ity. For singular integral operators with homogeneous kernel, in the proof
of their weighted boundedness (Theorem 2.2.3) we essentially still use this
inequality. Since the kernel 2 of singular integral operator with rough kernel
does not have any smoothness on the unit sphere, the good-\ inequality is
not applicable. In order to deal with this problem, Duoandikoetxea and Ru-
bio de Francia synthetically used the Fourier transform estimate, weighted
Littlewood-Paley theory and Stein-Weiss interpolation method with change
of measure, then obtained the weighted boundedness of Ty and T¢,. In their
proof, the weighted boundedness of the maximal operator Mg with rough
kernel (for its definition, see (2.3.1)) is needed, while the latter itself is of
great significance.

Theorem 2.3.8 Suppose that 2 is a homogeneous function of degree 0 on
R™ and Q € LY(S™ 1), ¢ > 1. If p, q and the weight function w satisfy one
of the following statements:

(i) ¢ <p<oo, p#landw € A, /3

(i) 1 <p<gq, p# oo and wl P e A /g

(iii) 1 < p < 0o, and w9 € A,
then Mgq is bounded on LP(w).

Proof. It suffices to prove this result under the statements (i) and (ii).
The statement (iii) will be easily deduced by applying a method similar to
that in the proof of Theorem 2.2.4.

The conclusion under the statement (i) is easy to prove. In fact,

)

Mo f(@) < [Qllrnyy [M (1719 (@)] "

where M is the Hardy-Littlewood maximal operator. If p/q’ > 1, then the
conclusion follows directly from Theorem 1.4.3. If p/q’ = 1, the conclusion
can be obtained by applying the method in the proof of Theorem 2.2.3.
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Now consider the case of the statement (ii). Let us first introduce some
notations. For j € Z, set

Kq j(z) = Q)X [0 2i+1)(2)]2] ",

@) = Ko _ Qz—y)
Tosfe) = Koo S = [ Sy
and
ga(N@) = | D |Taf@) ] . (2.3.10)
JEZ

It is clear that there exists C' > 0, such that

Maf(a) < - supTioy (£ o). 2311
J
Let
Q 1(§n—1
o(a) = f2e)] — LB,

then Qg € LI(S"1) satisfies (2.2.1) and (2.2.2). By (2.3.11) we have

Maf(z) < Csup (/2 Mf(y)dy

j i<le—yl<2itl |2 —y["

+

12z 1/ ()l dy) (2.3.12)

ISP Jai<la—y)<2itt T —y|™
< Cyga,(|f)(x) + CM f(x).

We split the proof of this theorem into that of several propositions by
the value of ¢. Analogous to the statement (i), we merely need to consider
the case 1 < p < gq.

Proposition 2.3.1 Suppose that Q satisfies (2.2.1) and Q € LI(S"™ 1), ¢ >
max{p,2}. If w7 ¢ Ay g5 then there exists a constant C' > 0 such that
M fllzew) < Cllfllrw)

for every f € LP(w).
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It follows from w!'™? € Ap sy C Ap and the property (I) (Proposition
1.4.1) of A, that w € A,. Hence there exists a constant C' > 0 such that

M fllerw) < Clflloe )

by applying Theorem 1.4.3. Noting (2.3.12), it remains to check

1900 (Lf DIl L) < Cllfllzrw) (2.3.13)

under the hypothesis of Proposition 2.3.1, where

900 (1) (= Z Ta.; (1f])(2)]?

For any sequence ¢ = {¢;}, €; = £1, define a linear operator

T f(@) = 3 (Koo  )(@).

JEZ

Then by a result of Rademacher function (see Kurtz [Ku]), to prove (2.3.13),
it suffices to show that there exist C, independent of f and {e;}, such that

1Te.00 fll e () < Clflor(w)- (2.3.14)

Thus we reduce the proof of Proposition 2.3.1 to the validation of (2.3.14).
Next we will show that (2.3.14) holds by two lemmas.

Lemma 2.3.5 Suppose that Q € Li(S"™ 1) satisfies (2.2.1) and (2.2.2). If
p>q,q>2andw € Ap/q/, then there exists a constant C' > 0, independent
of f and {€;}, such that

1Te0fllLrw) < CllfllLrw)-

Proof. Take a radial function ¢ € C§°(R"™) such that

<Jaf §2}

DN =

0<y <1, Suppwc{ajeR”:

and

Y Pfz) =1, x#0.

keZ
For any f € . (R"), define a multiplier

Sk : (S)(€) = (2% f(©).
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Then
> Sif(@) = fla).

kEZ

Consequently, it follows that

Tof(xr) =Y e (Ka;*f)(x)

JEL
=Y &Ko+ (Z(sz-i-kf) (z)
JEL k€EZ (2.3.15)
= Z Z €jSj+k (Ka,j * Sj4if) (z)
keZ jer
= ZTak,Qf(x)
keZ
By the Plancherel theorem, we have
2
|7Eat]|, < Cle e Y | 1S5n(Kay + S50 f) @) da
L2 R
JEL
~ 21~ |2
<cy [ |Ras@] | Fo)| ae.
ez J 2k 1<jg <2k
Next we will show that there exist C > 0 and 0 < 6 < 1, such that
(Ko ()] < Cmin {|27¢, 1277 | (2.3.16)

for every j € Z and £ € R™. Obviously, there exists C', depending only on
) and n, such that
|Ka,;(§)] < C. (2.3.17)

Since € satisfies the vanishing condition (2.2.2), it follows that

9] .
/ (33‘) (e—27rzx~§ _ 1) dr
2i<|z|<2itt |T|"

This formula and (2.3.17) imply

Ko, () = < C12g.

Ko ()] < cl2igl

for any 0 < 6 < 1, where C is independent of j and &.
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On the other hand, Hélder’s inequality implies

27 +1

oz [Py,

J

|Raj(o)

where

Since

27+1

/ e—27rz"r§~(z - )d?“
27 r

< Cmin {1, 1276 - (2’ — )|~ 1}

—Q

<CRig e (2 —y)|

with 0 < @ < 1 and aq’ < 1, Holder’s inequality again yields that

(fcg,j@\gc( [ e s oy

—a/2 dO’ 1/2d
< C 2] |9 ey <//S T _)y|£q)>
mn— ><TL

< C|2ig| 2.

1/2
dr /
T

Choose § = /2. We then get (2.3.16) which concludes that

|

for every k € Z, where C is independent of k, f,{¢;} and 0 < 6 < 1. Let us

now show that there exists a constant C' > 0, independent of f, {e;} and
k € Z, such that

Tf,ﬂfHLQ < 027 £ 2 (2.3.18)

ITEo fllLrw) < ClIfllo(w): (2.3.19)

Indeed, the conditions of Lemma 2.3.5 implies w € A,. By applying
the weighted Littlewood-Paley theory (see Chapter 5, Theorem 5.2.3), there
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exists a constant C', independent of f and {¢;}, such that

P 1/p
|25, = | [ [ esSiuntEa « Siah)(a)| wio)ia
Lp(w) R ]EZ
1/2
< Cl{e e ||| Do 1S54x(Kay % Sinf) ()
JEZ
L (w)
1/2
<O\ Do I(Kay* Skl
JEZ
LP(w)

For any fixed k, denote hj(x) = Sjiif(x). Then

|Kqj * Sjinf(x)]

1/q / 1/q
Qlz — )4 B4
(] 2ty ) | W,
2i<|e—y|<2itt [T —y|" 2i<|z—y|<2it1 [T —Y|"

’ 1/¢
<c (") @]
Thus Ve
0y < € M2 00 Ol -
[72af]l,., < I (1) O,
Since w € A, /s, by the weighted norm inequality of vector-valued maximal

operator (see Andersen and John [AnJ]) we obtain that

’ 1/
k < 4.
‘TE’QfHLP(w) ¢ Hh] () 12/4' LP/q'(w)
1/2
=C{[[ D 184rf O
JEZ Lr(w)
< O fll e w)-

Here we use again the weighted Littlewood-Paley theory(Theorem 5.2.3).
Thus we obtain (2.3.19).

Next we shall use the Stein-Weiss interpolation theorem with change of
measure (Lemma 2.2.5) to complete the proof of Lemma 2.3.5. We deal with
it in three cases.
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Case 1: p > 2. Since w € A/, Property (II) of Aj,(Proposition 1.4.2)
tells us that there exists o > 0 such that w!t? € Ap/q- Take py such that

(p1 —p) — Y
-2
then p; > p and w!'™® € A, /. The proof of (2.3.19) implies that there

exists a constant C'1, independent of f and k, such that

750511 iy < ol s (23.20)
Set
t— b1
(1+o0)p’
then 0 <t <1 and
1_1-¢, ¢
P 2 D1

Applying Lemma 2.2.5 to (2.3.18) and (2.3.20) yields

where C'1,0,v > 0 are independent of f and k € Z.

Case 2: p < 2. Since w € A,/y, there exists § > 0 such that wltd ¢
Ay Again Property (II) of A, implies that there exists ¢’ < < p such
that w!t® e Ajjq- Thus we can choose o, pg such that 0 < o < § and

q <1< py < p satisfying

k —0v|k
it ., < 2 M. (2:321)

(p - pO) o
= (2 _p) 5 w1+ E Apo/ql.

Actually, if § = (p —1)/(2 — p), then we can take 0 = ¢ and py = [. If
d < (p—1)/(2—p), then we can take 0 = ¢ and [ < py < p such that

=(p—po)/2—p). Iféd>(p—1)/(2—p), then we can take 0 < 0 < §
and pg = [ such that o = (p — pg)/(2 — p). We still have w't7 € A, /o
Therefore it follows from (2.3.19) that

I

Analogously, set t = pg/(1+0)p, then applying Lemma 2.2.5 to (2.3.18) and
(2.3.22) yields

Fof] < Coll fll o ur4)- (2.3.22)

LPQ( 1+a

z < (Lo—07Ik] 3
Thaf |, < 02 M o, (2.3.23)
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where Cy,0,~" > 0 are independent of f and k € Z.
Case 3: p= 2. Sincew € Ay/y, there exists ¢ > 0 such that wltd e As/q-
Consequently, we have

Set t =1/(1+ o), then applying Lemma 2.2.5 to (2.3.18) and (2.3.24) leads
to

|7207]
where C3,0,~” > 0 are independent of f and k € Z.

Now put C' = max{C1,Cs,C5}, n = min{y,~’,7"}, then for p > ¢’ and
q > 2, by (2.3.21), (2.3.23) and (2.3.25) we obtain

This formula together with (2.3.15) leads to Lemma 2.3.5. ]

Tek,Qf‘

ity = sl f | 2 (r+ey.- (2.3.24)

< C327 "M £l 2, (2.3.25)

L2(w)

k —On|k
Thaf 0 < C2 ™I i

Lemma 2.3.6 Suppose that Q(z') € LI(S™1) satisfies (2.2.1) and (2.2.2).
If ¢ > max{p,2} and wi 7 e Ay g5 then there exists a constant C' > 0,
independent of f and {€;}, such that

ITe0f oy < ClFllire.

Using Lemma 2.3.5 and the dual method (see the proof of Theorem 2.2.3)
we immediate obtain Lemma 2.3.6.

Thus the inequality (2.3.14) can be deduced from Lemma 2.3.6 under the
condition of Proposition 2.3.1. Hence we complete the proof of Proposition
2.3.1.

Proposition 2.3.2 Suppose that Q € L4(S"™1) satisfies (2.2.1). If q¢ >
max{p, %} and w' P € Ay g5 then there exists a constant C' > 0, indepen-
dent of f, such that

Mo fllze@w) < Cllfllew)-

Clearly, it is enough to consider the case

4
max{p, g} <q<2

Also from the proof of Proposition 2.3.1 we observe that the proof of Propo-
sition 2.3.2 lies in the following lemma.
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Lemma 2.3.7 Suppose that Q(z') € LI(S"™1) satisfies (2.2.1) and (2.2.2).
If¢ <p, 4/3<q<2andw € Apyqs then there exists a constant C' > 0,
independent of f and {€;}, such that

ITe0f oy < ClFllzoe.

Proof. From the proof of Lemma 2.3.5, it is easy to see that if we can
show, under the assumption of Lemma 2.3.7, there exists a constant C' > 0
independent of f and {e;} such that

|

then we can obtain the conclusion of Lemma 2.3.7 by applying the Stein-
Weiss interpolation theorem with change of measure (Lemma 2.2.5) to (2.3.18)
and (2.3.26).

First suppose that % < q<2. Then 2 < ¢’ < p. Set

k
Ta,QfHLp(w) < Clfllze(w)s (2.3.26)

Kqj(z) = |[Ka;(z)> .

Then it follows that

oy wa@ < ([ 1as i) ([ 1Kase - lowPar)
< CYOI Ry ((gf) (0)

and

Ros (1)@ < | (M)Q o

2i<|z—yl<2t1 \ [T —y["
< 02~in(2-0) Q(x —y)[*|h(y)|dy

|x—y|<27+1

< 0279 Moy (B) ().

(2.3.27)

Since w € Ay, by the weighted Littlewood Paley theory (see Theorem 5.2.3)
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we conclude that

P 2/p
2
[50s,, = | [ |8 imntKas = 5,10)(@)| wlado
LP(w) Rn | %
JEZL
1/2||2
<CH{ei e ||| D15 Eay * Sjnf) (I
IeE Lr(w)

1/2||2
<C (Z(Kﬂ,j*5j+kf)(')2)

j€L
LP(w)

17212
<C (Z 21D K Sj+kf2(‘))

JET

Lp(w)

/n (Z 21(n=n0) [ Sj+kf2(33)) h(z)dx

JEZ

=C'sup

n

)

where the supremum is taken over all functions h satisfying
Hh”L(P/2)’(w1—(p/2>/) <L
By (2.3.27) we have that
/ > 2 Ko o |Sj i f P (@) | h(@)de
R \jez
= / Z 2j(n—nq)\5j+kf(x)|2 <IA€QJ * h) (x)dx
R* jez
= C/R D 1S4 (@) Maz-o () (z)dx

JET
2/p

p/2
<C /Rn (Zsj+kf($)2) w(z)dz

Wy ey g\
><< / (Mg (1) (2)] P w(z)t= da:) .
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Since 4/3 < ¢ < 2, if we set r = ¢/(2 — ¢) (correspondingly, ' = ¢’/2), then
0?9 ¢e L"(S" ) and r > max{ %)/ } as well as (p/2)/r" = p/q’. Thus
by Proposition 2.3.1 we obtain

[Maz—a (M)l Lor2y (r-r2ry < ClIRI L2y (i-wr2ry- (2.3.28)

Using again the weighted Littlewood-Paley theory together with (2.3.28)
yields that

|

T;iQfH;(w)§0s%p||h||L(g)(1( ) /. D 85ssf @ | wleis

1/2]|2
<C Z|Sj+kf(‘)|2
! Lp(w)
< Clf I,
Thus we obtain (2.3.26) for % <g<2
Now consider ¢ = 2, then we have 2 = ¢’ < p and w € Ay, By the

property (i) and (ii) of A, (Proposition 1.4.1 and Proposition 1.4.2), we can
choose o > 0 such that

(i) 2-0) <p,
(ii) w e Ap/2-0y
(il) < (2-0) <2,
(iv) Q€ L3S 1) c L2 oS Y.

Consequently by the conclusion for % < q < 2,(2.3.26) still holds for ¢ = 2.
Therefore we have proved Lemma 2.3.7. |

Applying Lemma 2.3.7 and the dual method, we can obtain the conclu-
sion of Proposition 2.3.2.
By induction, if Proposition 2.3.2 holds for

2m—l
Q>max{pam}7 m > 2,

then it still holds for ¢ > max{p,2" /(2™ —1)}. That is, we have the following
result.
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Proposition 2.3.3 Suppose that Q € LI(S"™1) satisfies (2.2.1). If m €
N, m > 2, ¢ > max{p,2™/(2™ —1)} and w' ¥ € Ay /g s then there exists a
constant C > 0, independent of f, such that

Mo fllzew) < Cllfllew)-

Now we turn to the proof of Theorem 2.3.8. If p > 2, then Theorem 2.3.8
follows from Proposition 2.3.1. If p < 2, then there exists m € N, m > 2
such that

m m—1
<p< ———.
om —1 =P gmT 7
So ¢ > p is equivalent to ¢ > max{p, 2™/(2™ — 1)}. Thus by Proposition
2.3.3 we prove that Theorem 2.3.8 holds under the condition (ii). |

Theorem 2.3.9 Suppose that Q € LI(S"™ 1) (¢ > 1) satisfies (2.2.1) and
(2.2.2). If p, q and weight function w satisfy one of the following conditions:

(i) ¢ <p<oo, p#1 and we Ay y;
(ii) 1<p<gq, p#oo and wi=? € Ayys
(1)) 1 <p<oo and w? €Ay,

then Tq is bounded on LP(w).

Proof. In fact, the proof of Theorem 2.3.8 under the condition (ii) has
implied that of Theorem 2.3.9. First we give the proof of Theorem 2.3.9
under the condition (i). It suffices to consider the case p > ¢’. We use the
notations as in Theorem 2.3.8. It follows that

Tof(x) =) Kaj* (Z (S7xf) (w))
j k
=3 Sikl(Ka * Sjrf) (@)
ko J
= Z TEf(x).
K

By the Plancherel theorem, if we replace TEkQ by ng, then (2.3.18) still holds.
That is, there exist constants C, 8 > 0 inﬂependent of f and k € Z, such
that

HT{;fHLQ < 027 £ 2. (2.3.29)
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If we can show, under the condition (i), there exists a constant C > 0 ,
independent of f and k € Z, such that

HTf@fHLp(w) < Cllfllzr ), (2.3.30)

then we can get the conclusion under the condition (i) by applying the
Stein-Weiss interpolation theorem with change of measure (Lemma (2.2.5))
to (2.3.29) and (2.3.30).

If ¢ > 2, then (2.3.30) follows from (2.3.19). If ¢ < 2 (then p > ¢’ > 2),
analogous to the proof of Lemma 2.3.7, we have that

|zs],, <csuw| [ | P00Ray 1St P@) | ha)do

JEZ
17212
<O D 1S f P
! Lp(w)
. ) 1/(p/2)
X Sup </ [Mﬂzfqh(m)](a) w(z) =@/ dﬂ?) ,
h n

where the supremum is taken over all functions A satisfying

HhHL@/QV(wl—(p/z)') <L

Since ¢ < 2, it follows that r = ¢/(2 — q) > (p/2)", (p/2)/r" = p/q’ and
Q21 e [7(S" ). Tt is clear that 7, (p/2)" and w'~#/2) satisfy the condition
(ii) of Theorem 2.3.8 under the condition (i). Thus (2.3.28) holds. In this
way, for ¢ < 2, the formula (2.3.30) can be deduced from (2.3.28) and the
weighted Littlewood-Paley theory.

The way of dealing with the case ¢ = 2 is completely the same as Lemma
2.3.7. Here we will not give details. Thus we have proved Theorem 2.3.9
under the condition (i).

Applying the conclusion under the condition (i) and dual method (see the
proof of Theorem 2.2.3), we can obtain Theorem 2.3.9 under the condition
(ii).

Finally, by the conclusion under the condition (i) and (ii), together with
the method in the proof of Theorem 2.2.4 we can show that Theorem 2.3.9
still holds under the condition (iii). Thus we complete the proof of Theorem
2.3.9. |
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Remark 2.3.1 As space is limited, all results on boundedness of Tq and
Mgq are only involved in LP-boundedness. In 1967, Calderén, Weiss and
Zygmund [CaWZ] showed that if Q € L(logtL)'=¢(S"1),0 < e < 1 and Q
satisfies (2.2.2), then there is an L*(R™) function f such that Tof ¢ L*(R™).
For the weak type (1,1) boundedness of Tq and Mg, we will mentioned sev-
eral results here. In 1988, Christ [Chr| proved that Mq is of weak type (1,1)
when Q € LY(SY)(q¢ > 1). Hofmann [Ho| showed that Tq is of weak type
(1,1) if @ € LYSY)(q > 1) and satisfies (2.2.2). And Christ and Rubio de
Francia [ChrR] improved the result of Christ above and proved that Mg is
of weak type (1,1) if Q@ € LlogtL(S™™1) for all n > 2. In the same paper,
Christ and Rubio de Francia [ChrR] proved that Tq is of weak type (1,1)
if Q € LlogtL(S™™Y) for n < 5 and satisfies (2.2.2). In 1996, Seeger [Se]
proved that Tq is of weak type (1,1) when Q € LlogtL(S™ 1Y) for all n > 2
and satisfies (2.2.2).

Remark 2.3.2 [t is still an open problem whether Tq is of weak type (1,1)
when Q € HY(S" ) with the condition (2.2.2). It is also an open problem
whether Mq is of weak type (1,1) if Q € LY(S"1).

2.4 Commutators of singular integral operators
In 1965, Calderén defined the Calderén commutator in studying the

boundedness of the Cauchy integral on Lipschitz curves, and its definition
is

9

Cho(F)(@) = pov. /

— 00

0 <s0(:r) —w(y)> ) ,
r—y r—Yy

where h € C*°(R), ¢ is a Lipschitz function on R. It is clear that, if h(t) =
(14 4t)~!, then Cp,(f) is the Cauchy integral along the curve y = ¢(z);
if h = 1, then Cj,,(f) is Hilbert transform; if h(t) = t* (k is a natural
number), then C}, ,(f) is commutator of degree k of the Hilbert transform
about .

In 1976, Coifman, Rochberg and Weiss studied the L? boundedness (1 <
p < 00) of commutator [b, T] generated by the Calderén-Zygmund singular
integral operator Tq, and a function b, where [b, T] is defined by

b, To)(f)(z) = p.v. / Qz —y)

— 7 b(x) = b(y)]f (y)dy, (2.4.1)
re |7 — Y|
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where € satisfies the condition of homogeneity of degree zero (2.2.1) and the
vanishing condition (2.2.2), moreover, 2 € Lip1(S"~1) and b is a BMO(R")
function. Using the LP boundedness of commutator [b,Tq], Coifman,
Rochberg and Weiss successfully gave a decomposition of Hardy space
H(R™).

The commutator defined by (2.4.1) is called CRW-type commutator, and
CRW-type commutator plays an important role in studying the regularity
of solutions of elliptic partial differential equations of second order.

In this section we will introduce some results on L?” boundedness and
weighted LP boundedness (1 < p < co) of CRW-type commutator.

First we introduce the definition of the space of BMO (Bounded Mean
Oscillation) functions on R™. Suppose that f is a locally integrable function
on R", let

1
1o = sup /Q (@) — foldz,

where the supreme is taken over all cubes () C R", and

1
fo= 157 /Q F)dy.

BMO(R") = {f : [[f[lBmo < o0}

If one regards two functions whose difference is a constant as one, then space
BMO is a Banach space with respect to norm || - ||gmo-
We next formulate some remarks about BMO(R™) (we refer to Lu[Lul]).

Define

Remark 2.4.1
(1) The John-Nirenberg inequality: there are constants C1,Co > 0, such
that for all f € BMO(R™) and o > 0

{z € Q:|f(x) — fo| > a}| < C1|Qle~C2e/WlBro yq c R™.

(2) The John-Nirenberg inequality implies that

1 BT
1 llsno sgp<@, /Q (@) - ol dx) (2.4.2)

for 1 <p< .
(3) By the definition of BMO and the Sharp mazimal function (see Sec-
tion 2.1), if f € Liy.(R™), then

f € BMO(R") <= MF*f e L®(R"). (2.4.3)
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(4) If f € BMO(R™) and h € R", then f(- — h), the translation of f,
satisfies that f(- —h) € BMO(R"™), and
1£(: = B)llemo = || fllBnmo- (2.4.4)

(5) If f € BMO(R") and h € R™, and A > 0, then f(Az) € BMO(R™),
and
£ (A)llBnmo = [l flIBmo- (2.4.5)

(6) If f € BMO(R™), then
. 1
| fllBMO ~ sgpég{{é@ /Q |f(z) — c|da. (2.4.6)

Theorem 2.4.1 Suppose that 2 € Lipl(S* 1) satisfies (2.2.1) and (2.2.2).
Tq is a singular integral operator with the kernel Q. Then the following two
statements hold.
(i) If b € BMO(R"™), then [b,Tq| is bounded on LP(R"™) (1 < p < 00);
(i) Suppose 1 < py < 0o and b € Ugs1 L] (R™). If [b,Tq) is bounded on
LPo(R™), then b € BMO(R™).

Let us first establish the following lemma.

Lemma 2.4.1 Suppose b € BMO(R") and 1 < p < oo. Then for any
1 < s < p, there exists a constant C, independent of b and f, such that

1

1 S = n
M ([0, Tol ) (@) < Clllso [(M(Taf ) @) + (M(f1)@)F], xR,
(2.4.7)

where M is the Hardy-Littlewood maximal operator.

Proof. For x € R”, let Q be any cube containing x. For y € Q, set
b, Tl (£)(9) = (b(y) — b@)Tof (5) — To (b= be) fXaymg) (¥)

~ T (b= bQ)f Xy ) ()
= ar(y) — az(y) — as(y)-
It follows from Hélder’s inequality and (2.4.2) that

(& / |w<y>|sczy)i

(2.4.8)

1
"

o | < (& / )~ bl )

< Ol [M (Taf 1) (@)]

W [
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Take 1 < u, ¢ < oo such that uqg = s. Thus by the L? boundedness of Tq
(see Theorem 2.1.2), we conclude that

1 iy < (7 [ [0 (0= b0)fravne) <y>(qdy>%

1 q
C|— b(y) — bol? 1
< <‘Q’ AﬁQI (y) = bol*|f (y)] y>
1 o v (2.4.9)
C—= b(y) — bg|?™ d
< <‘Q’ AﬁQI (y) — bq y>

1 oo T
— d
x (|Q| /4m|f<y>| y)

1

< Cllbllsvo [M(f1) ()]

Now denote the center and side length of @) by z¢ and d, respectively. If y €
Q, 2 € (4/nQ)°, then |z —y| ~ |z — xg| ~ |z — z|. Since Q(2’) € Lip1(S"71),
it follows from (2.1.2) that

Qy — 2) B Qzp — 2)
ly—z"  fzo— 2z

1
Z| n n
ly—z" Jzo— 2|

*(5=1) (=)
y—21)

cd . c 2d
lzg — 2|" T Jag — 2| |z — 2]

< |y

1
|z — 2|"

< 12| oo sn-1)

cd
= ]z = 2ot
(2.4.10)
Here note |z — y| > 2|y — z¢|. Thus, it follows from (2.4.10) that
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ost) —aston)] < [ IR0 - S ) — bl

—z[" |zg — 2|

1
b _ b s/ 5/
co [ Mot
Re\4ynQ |2 — To|™

1
o/ LI,
R™\4,/nQ |z — 0|

< Cllbllmvo [M(f1) ()] *

» =

(2.4.11)
Thus from (2.1.20) and (2.4.8), (2.4.9) and (2.4.11) it follows that (2.4.7)
holds. ]

To complete the proof of Theorem 2.4.1 (i), we still need to introduce
a result of Fefferman and Stein. Its proof can be found in Fefferman and
Stein [FeS2].

Lemma 2.4.2 (Fefferman-Stein) Let 1 < py < oo. Then for any pg <
p < 00, there exists a constant C, independent of f, such that

1M £, < CIME (2.412)
for any function f satisfying M f € LPo(R™).

Actually the proof of Theorem 2.4.1 (i) is a direct consequence of Lemma
2.4.1, Lemma 2.4.2, Theorem 1.1.1 and Theorem 2.1.2.

Now we pay attention to the proof of Theorem 2.4.1 (ii).

Without loss of generality, we may assume

H[b,Tg]‘ ~1.

LP0— [P0

We wish to prove that there exists a constant A = A(pg, 2) such that
1
sup —/ |b(z) — bg|dx < A. (2.4.13)
Q 1QJq

By (2.4.4) and (2.4.5), we merely need to prove (2.4.13) in the case Q = @1,
where Q1 is a cube whose center is at the origin and side length 1/4/n parallel
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to the coordinates. Moreover we notice that [b—bg,,Ta] = [b, Ta]. Thus we
may assume bg, = 0.

Now let
¥(x) = (sgn(b) — co)xq, (@),
where
co = @ 0, sgn(b(z))dx.
Then 1 satisfies the following properties:
9]l <2, (2.4.14)
supp(¢) C Q1, (2.4.15)
Y(z)dr =0, (2.4.16)
Q1
Y(z)b(x) = 0, (2.4.17)
1
dr .= B. 2.4.18
i | v = [ el (24.18)

Since 2 satisfies (2.2.1) and (2.2.2), there exists 0 < A; < 1, such that
o ({2’ esS" Q) >24,}) >0, (2.4.19)
where ¢ is a measure on S”~! induced by the Lesbesgue measure. Let
A= {2 es"1:Q@2) >24,}.
Then A is a closed set. It is easy to see that, for any ' € A and 3y € S 1,

when |2’ — y/| < Ay, we have Q(y') > A;.
Set

2
G:{xER":|$|>A2:A—+1 and ZL'/EA}.
1

Then when x € G and y € ()1, we have
&~ 9l > el
Y76

and || > 2|y|. Thus it implies by (2.1.11) that

T 2
— |y| < — < Al.
jz] I:E - yl val 2]
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Since 2’ € A, we have (‘x ;) > Ay. Thus from (2.4.17) and (2.4.18), it
follows that

o)) =| [ iy 20
zAg\;y "B,

where A3 depends on A; and n.

On the other hand, when = € G and y € )1, it follows from the condition
of 2 and (2.1.12) that

Qz—y) Uz
[z —yl* [z

, 1
—4|$|T+1’

(2.4.21)

where A/, only depends on n and Q. Thus by (2.4.14), (2.4.16) and (2.4.21)
we conclude that

b(2)Ta(¥) ()] < [b(z)] (x_yfi) \(!")

< Ayfb(z )va\ (),

¥ (y)ldy

(2.4.22)

where A4 depends only on n and €. Therefore when x € G, from (2.4.20)
and (2.4.22) it follows that

b, Tal () ()] > |Ta(b)(@)] — b(z)To(6)(@)
(2.4.23)
> Asla| "B — Aqlb(@)]|2] =07+,

Let

F = {ac €G:|b(x) > <B—A3> |x| and |z| < BPTO}
244

It follows from (2.4.23) that
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i > [ I Tal@) e do

Ppo
2/ " ( AsB|z|” "> dz
(G\F)N {:c<Bn }

1 Ppo
2/ 1 , <—A33|x|_"> dz
ny ) 2
{A5(F|+A2)n<|:c|<B n }mG

Po

A-B Po B™m
- <—3 > U(A)/ L trotnTlgy
2 As(|F|+Ap)™

A3B\"  o(A) f1 1— B
_ BPo(1—po) _A”( Po) F|a+ Am1=po|
(%) o [ s (Rl A

So there exists Ag such that
(17| 4+ A45)"77 < Ag 7 Bl
Therefore, if
a
B > (243457,

then ,
AGBPO

|F| > AgBPo — A} > (2.4.24)

Now take g(z) = sgn(b(z))xr(x). Denote the conjugate operator of T by
T,. For x € Q1 we then have that

[ = las] - ol | [ R gt

(2.4.25)
bl > (55 ) o

Moreover, since x € (1, applying the same method as in the estimate of
(2.4.20), we know that there exists A7 such that

[ las] = ar [ () i

|[b, Tog(x)| >

Since y € F, we have
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From (2.4.24) it follows that there exists Ag such that

Qy —=x Py
/F ﬁw(y)ydy‘ > AgB't 7 (2.4.26)

On the other hand, there exists Ag such that

/RQ(y—:r)g(y)dy‘< IQ(y—x)ldy

n |y —xz|n ~Jr o 27y
dy
<2 | AT
Ao<lyl<B7 Y™ ©)
< Aglog B,

which together with (2.4.25) and (2.4.26) yields that

|[b, Thlg(x)| > As B3 — Ag|b(x)|log B. (2.4.27)
Since [b, T¢)] is the conjugate operator of [b, Tq|, we have

116, T =1

LPO—LPO
So it follows from definition of F' and (2.4.27) that
AB > ||glly,

2 (|6, T g1l

z/ [0, Tolg(x)| da (2.4.28)

2/ {A831+?—A9|b(x)|log3 dx
1

— AgB' 7 |Q1| — Ag|Q1|Blog B.

By (2.4.28), it is clear to have B < A(n, €, pg). Thus we complete the proof
of Theorem 2.4.1 (ii).

Theorem 2.4.1 shows that LP boundedness of the commutator of singular
integral operator T (€ is a Lipschitz function) can be used to characterize
BMO function. Next we will show that LP boundedness of the commutator
of a linear operator T' with BMO function can be derived from the weighted
LP boundedness of T
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Theorem 2.4.2 Suppose that 1 < p < oo. The operator T is defined by
Ti@) = Ky)fy)dy,
and the commutator [b,T] of T and b is defined by
0. TIf @) = [ K(z9)lb) = by)lf (y)dy.
Forw e A; (1 < s < 00), if T is bounded on LP(w), then [b,T] is bounded
on LP(R™) for every b € BMO(R™).

To prove Theorem 2.4.2; let us first introduce some lemmas.

Lemma 2.4.3 Let 1 < s < oo, A >0 and b € BMO(R"). Then there ezists
n=mn(A\,s) >0, when ||b]lsmo < 7, such that

@) e A (R™).

By the John-Nirenberg inequality, the Reverse Holder inequality of A,
can be used to prove Lemma 2.4.3. For the details, see Garcia-Cuerva &
Rubio de Francia [GaR].

Now we turn back to the proof of Theorem 2.4.2. Take A = p and
b € BMO(R"™). Without loss of generality, we may assume that ||b||gmo < 7.
By Lemma 2.4.3 we have e?’® € A,(R™). On the other hand, for every
0 € [0,27], bcos® € BMO(R™) and ||bcos 0||mo = ||b||lsmo < 1. Thus

epbcose c As (Rn)

Now for z € C,

is analytic on C. Thus by the Cauchy integral formula we get

ba) ~ bly) = (0) =5 221%@
| (2.4.29)

2T
- o€ b(@)=b(y)] o~ g9
2w 0

For 6 € [0,27], let
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Since f € LP, we have
h@ S Lp(eprOSG) and ||h9||Lp(epbcose) == ||f||LP

Applying (2.4.29), it implies that

1 [2" ,
b.TI(N@) = | K(wy) [2— /O e Mt Wle=0ap | f(y)dy

Rn T
1 2

= — | T(h)(z)e"@" e~ gp.
27'('0

Applying Minkowski’s inequality and the LP(w) boundedness of T', we have

1 2
16, T]fl|r < 5= 1T (ho) | Lo (erb cos 0y dB < C'| f]| Lo -
2T 0

This finishes the proof of Theorem 2.4.2.
We can immediately obtain the LP boundedness of commutator [b, Tq)]
by Theorem 2.4.2 and Theorem 2.3.9.

Corollary 2.4.1 Suppose that Q € L4(S"1) (1 < ¢ < o0) satisfies (2.2.1)
and (2.2.2). If b € BMO(R"), then [b,Tq] is bounded on LP for 1 < p < co.

Remark 2.4.2 Corollary 2.4.1 improves the conclusion (i) of Theorem 2.4.1.

Next we will give the weighted boundedness of commutator [b, Tq]. In
fact, similar to the conclusion of Theorem 2.4.2, weighted LP boundedness
of [b, Tq] can also be attribute to weighted LP boundedness of Tg.

Theorem 2.4.3 Let 1 < p < co. Suppose that T is defined as in Theorem
2.4.2 and satisfies | T f| pr@w) < Cllfllzp() for w € As (1 < s < 00). Then
[b, T is bounded on LP(w).

Proof. The idea in the proof is essentially the same as that of Theorem
2.4.2.

Since w € Ag, by Proposition 1.4.2 (x) we know that there exists ¢ > 0
such that w!™® € A;. So

1T fll o rtey < Cllflppi+e)- (2.4.30)
Let A = 1@. By Lemma 2.4.3 we have that there is n > 0 such that

P14/ ¢ A (R
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whenever [|b||smo < 7. Thus for every 6 € [0, 27],

epb(1+s) cosf/e e As(Rn)
still holds. By the weighted boundedness of T we get

||Tf||Lp(epb(1+€) cos 6/5) S C||f”Lp(epb(1+s) cos@/s)- (2431)

Applying the Stein-Weiss interpolation theorem with change of measure
(Lemma 2.2.5) to (2.4.30) and (2.4.31) we have

T £l Lp(werbeos 0y < Ol f || Lo (werbeosoy- (2.4.32)
Now for 6 € [0,2n], denote hg = fe ", Then by f € LP(w) we know
hg € LP(weP*%)  and ol L (werbeos oy = || Il Lo (w)- (2.4.33)
It follows from (2.4.29) that

2 " 4
1T = 5= [ TCha)@)e ",

™

Thus by Minkowski’s inequality and (2.4.32) as well as (2.4.33), we have

1 2
16, TTf Iy < %/0 1T (ho) || Lo (erb cosoyd0 < C|l fll Lr (-

This finishes the proof of Theorem 2.4.3. |

Applying Theorem 2.4.3 and Theorem 2.3.9, it is easy to get the weighted
LP boundedness of commutator [b, Tq)].

Theorem 2.4.4 Suppose that Q € LI(S™™1) (¢ > 1) satisfies (2.2.1) and
(2.2.2). If b € BMO(R"™) and p, q, w satisfy one of the following conditions,
then [b,Tq] is bounded on LP(w):

(i) q'§p<oo,p7élcmdw6A§;

(ii)) 1<p<gq, ptooandw' ™ € A, ;

q

(iii) 1 <p < oo and w? € Ap.
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Proof. The result under the condition (i) is a direct consequence of
Theorem 2.4.3 and Theorem 2.3.9. Using the conclusion under the condition
(i) and dual method (see the proof of Theorem 2.2.3) we can obtain the
conclusion under the condition (ii). The conclusion under the condition (iii)
is a corollary of the conclusions under the condition (i) and (i) (for the
details, see the proof of Theorem 2.2.4). [ |

Remark 2.4.3

1. Using the method in the proof of Theorem 2.4.2 and Theorem 2.4.3 as
well as induction, we can get the similar result about commutators of degree
k of linear operator T and b. Here the commutator of degree k is defined by

b, TV f () = [b,--- [0, T] -] f(2) = A K (z,y)b(x) = b(y)]* f (y)dy.

2. In the same way, we can obtain the weighted LP boundedness of com-
mutator of degree k generated by a singular integral operator with rough
kernel Tq and a function b.

2.5 Notes and references

Lemma 2.1.1 is due to Cotlar [Cot]. Lemma 2.1.4 and Theorem 2.1.9 are
due to Benedek, Calderén and Panzone [BeCP]. Theorem 2.1.11 comes from
Garcia-Cuerva and Rubio de Francia [GaR].

The idea of the proof in Lemma 2.2.1 comes from Duoandikoetxea and
Rubio de Francia [DuR]. The idea on the decomposition in the proof of
Theorem 2.2.2 comes from Christ and Rubio de Francia [ChrR]. For L9-
Dini condition in Theorem 2.2.3 and Lemma 2.2.2, we refer to Kurtz and
Wheeden [KuW].

Lemma 2.3.1 is due to Colzani [Col]. Lemma 2.3.2 was first obtained
by Stefanov [Ste]. Here the idea of the proof ia taken from Pan, Wu and
Yang [PaWY]. For the proof of Lemma 2.3.3, see Grafakos and Stefanov
[GrS]. Theorem 2.3.5 was first obtained by Connett [Con] and indepen-
dently by Ricci and Weiss [RiW]. The proof of Theorem 2.3.5 given here
comes from Grafakos and Stefanov [GrS]. Theorem 2.3.6 is due to Grafakos
and Stefanov [GrS]. Generalizations of Theorem 2.3.5 and Theorem 2.3.6 to
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rough kernels supported by subvarieties were established by Fan and Pan
[FaP2]. The idea of proving Theorem 2.3.8 is taken from Duoandikoetxea
[Dul]. And Theorem 2.3.9 is obtained by Watson [Wat] and indepen-
dently by Duoandikoetxea [Dul]. In 2003, Ding and Lin [DiLin] established
weighted LP boundedness for the rough operators Tq, Mq and T, with dif-
ferent weights.

In 1976, Coifman, Rochberg and Weiss [CoiRW] established the con-
clusion (i) in Theorem 2.4.1 for singular integral operators with standard
Calderén-Zygmund kernels and the conclusion (ii) in Theorem 2.4.1 for the
Riesz transforms R;,1 < j < n. Theorem 2.4.1 is obtained by Janson [Ja]
and independently by Uchiyama [Uc]. The proof of Theorem 2.4.1 given
here comes from [Uc]. Theorem 2.4.2 is first established by Alvarez, Bagby,
Kurtz and Perez [ABKP]. The proof of Theorem 2.4.2 here comes from Hu
[Hu] and Ding, Lu [DiL4]. In addition, Corollary 2.4.1 has been improved by
Lu and Wu [LuW3Jin which the condition € L4(S""1)(q > 1) in Corollary
2.4.1 was replaced by a class of bigger block spaces BS’O(S”_l), 1 < g < o0
In fact, |J,-, L"(S"™!) C BS’O(S"_I),l < ¢ < oo (see Lu, Taibleson and
Weiss [LuTW]).



Chapter 3

FRACTIONAL INTEGRAL
OPERATORS

In this chapter, we will investigate the boundedness of the Riesz poten-
tial and its general form (fractinal integral). If 0 < a < n, then |z|~"T® €
Lioe(R™). Thus under the sense of distribution, we have that

<#> (&) = (a)(2m) €], (3.0.1)

‘x’n—a

where v(a) = 73297 (g) iy (” = 2>.

The Riesz potential is an operator defined by
1 f(y) 1 ( 1
I.(f)(x) = / —dy = —— — x f ] (). 3.0.2
D= 500 Jeo Ty ® = 5y e 1) (0 (302

Let us now explain the relationship between the Riesz potential and the
Laplacian operator of fractional degree. Let A be the Laplacian operator,
that is,

0? 0?
= e =
Ox? ox?
For any ¢ € .(R"™), by the property of Fourier transform, we have

(CA9)(€) = 4n%IE3(6) = (2n1€)2B(&).

A

133
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Thus, for ¢ € (R") and 0 < a < n, it follows from (3.0.1) and (3.0.2) that

Lap)(€) = (2mle) B () = ((=2)*¢)(&).
Note that under the sense of distribution, for f € ./ (R"),

n n

fl)=Tx | Y Roif | (@) =) (Ii* Rjd; f)(), (3.0.3)

Jj=1 Jj=1

where R; denote the Riesz transforms (see the definition in chapter 2).

By the LP-boundedness of the Riesz transform R; (1 < p < 00,5 =
1,2,--- ,n) and the (LP, L?)-boundedness of the Riesz potential with 1-order,
from 0;f € LP(1 < p < n,j = 1,2,---,n) and (3.0.3), it follows that
f € Li(R™). Therefore the research to the Riesz potential is closely related
to the theory of Sobolev space and the Laplacian operator of fracrional
degree.

3.1 Riesz potential

In this chapter we will show the (LP, L?)-boundedness of the Riesz po-
tential 1,0 < a < n. We first show that

1 1
S (3.1.1)
qg p n
is a necessary condition for ensuring
o fllg < ClIflp- (3.1.2)
Indeed, for § > 0, we define the dilation transform
75(f)(x) = f (o).
Then, for 0 < a < n,
Ts—1loTs =071, (3.1.3)

and

Irs(N)llp = 821 llps 1751 La(Hllg = 6 La(F)]lq- (3.1.4)
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Thus, for § > 0, it follows from (3.1.2), (3.1.3), and (3.1.4) that

Hafllg = 0%lIms-1Ia7s(f)llq
= 8T L (f)lq

< C5" s
= Ot 1| .

(3.1.5)

Since (3.1.5) holds for all § > 0, we conclude that (3.1.1) must hold.

n

The following theorem shows that, when 1 < p < %, (3.1.1) is also a
sufficient condition for ensuring (3.1.2). We first formulate a lemma.

Lemma 3.1.1 Let f € LP(R"),1 <p < Z. Then, for x € R", we have

_ap

Lot @) < CUfI [Mre)]
where M s the Hardy-Littlewood mazimal function and C = C(a,p,n).
Proof. Fix x € R"”, for some r > 0,

i< [ HE Dy [y g,
i< y"™® RS Ul
For J;, we write

2/2 Mdy

J= 11”<|y|<2 ir |y|n ¢

OO

< x—y)ld
B ]:0 (27 trn—e /2—j—1r<|y|<2—jr (= = yldy (3.1.6)
<oy L el
jZZ(:) (2_“")” lyl<2—ir
< Cr*Mf(x).
As to Jo, if p=1, then
Jo <77 flh- (3.1.7)
If 1 <p < 7, then Hélder’s inequality implies that
1/p'
B ([ wleray) )
( ly|>r P (318)

< Cr | flp.
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Therefore, when 1 < p < 2, from (3.1.6)- (3.1.8), for all z € R", it follows
that

Laf ()] < Cr*Mf(@) + 77| f]lp).

Now take r = (AU[J}'};))%, then

M f(x) = 27| fll = 1l MF ()

Thus the lemma is proved. |

Theorem 3.1.1 (Hardy-Littlewood-Sobolev theorem) Suppose that
O<a<n, 1<p<z cmal1 =1_aga

(i) If € IPR(1 < p'< 25, then |1 flly < CIflp

(ii) If f € LY(R™), then for al X >0, {x € R" : |I.f(z)| > A} <

KNI l) 7=, where C = C(a,n,p).

Proof. (i) Note that (1 — £)g = p. By Lemma 3.1.1 and LP-boundedness
of the Hardy-Littlewood maximal operator M for 1 < p < oo, we get

ap 1—ep
Hafllg < ClfI IMSfllp ™ < Clflp

(ii) Using Lemma 3.1.1 again and the weak (1, 1)-boundedness of the oper-
ator M, we have that

o € R L f(@)] > A} = xeR":Mf<w>>< A)
CIIIF

< (%) 11l

< (Shamn)™

Let us give some remarks on the Riesz potential 1.

Remark 3.1.1 The second result (ii) of Theorem 8.1.1 cannot be improved
as
[ Lafll o < Cllflh- (3.1.9)
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There is a counterezample for (3.1.9). Let f(y) = 1 when |y| < 1 and
f(y) =0 when |y| > 1. Then

Lf@ = [

v(a) Jiy<a o =y

For x| > 1 and |y| <1, |z —y| < |z| + |y| < |z|+ 1 < 2|z|, and hence

C
@ > o for el > 1
which implies
/udmwlmzc dr
Rn z)>1 12"

Remark 3.1.2 When p = %, the first result (i) of Theorem 3.1.1 is not
true. FExample:

iy fir (o) S s

0, |z| >

D= N[

where € is sufficiently small. Obviously, f € LE(R”). But if we take any e
satisfies (1 +¢) <1, then

1 Y 1\ 0+
I (f)(0) = (@ /Icc|<§ || <log m) dz = oo,

and I,(f) is not essentially bounded near the origin. Hence I,f(z) ¢
L>(R™).

3.2 Weighted boundedness of Riesz potential

To study the weighted boundedness of I,, we need to introduce the
following fractional maximal operator M,. For 0 < a < n and f € Lj,.(R™),
define M, by

Mo (f) () = sup —

r>0 T

a/ |f(z = y)ldy. (3.2.1)
ly|<r
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An equivalent definition of M, is

1
Mo (f)(z) = Sélf T

where the supremum is taken over all cubes @), in R"™ with the center at x
and with the sides parallel to the axes.

The fractional maximal operator M, will be dominated by I, in some
sense. That is, for 0 < a < n, f € Lj,.(R™) and x € R™, we have

/\ﬂww% (3.2.2)
Qz

Mo (f)(z) < v(a)la(]f])(@). (3.2.3)

In fact, for fixed x € R™ and r > 0, we have that

flz—y

QWW)ﬁ@L%F%@
> L/ =yl 3.2.4
= (a) lyl<r |y|n—a ( )
> oy |f(z —y)|dy.
ly|<r

The desired consequence follows from taking supremum for » > 0 on both
sides of (3.2.4).

Theorem 3.2.1 Suppose that 0 < a <n, 1 <p< 7T and
(i) If f € LP(R™) (1 <p< ﬁ), then
Q@

[Mafllg < ClLflp-
(ii) If f € L*(R™), then for any A > 0,

|
3Ie

| =
D=

n

n—

n C
o e B Maf(@) > A < (F1711)
The above constant C only depends on a,n,p.

Proof.  From (3.2.3) and Theorem 3.1.1, when 1 < p < %, Theorem
3.2.1 follows immediately. For p = =, Holder’s inequality implies that M,

is bounded from La (R™) to L>®(R™). [ |

Let us now consider the weighted boundedness of the fractional maximal
operator M,. First we formulate a definition on the class of A(p, q) and the
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relation between the class of A(p,q) and the class of A,,.

Suppose that w(x) is a nonnegative locally integrable function on R"™.
Define w € A(p,q)(1 < p,q < o), if there exists a constant C > 0, such
that for any cube @ in R",

sup <|Q| / (x)quf (ﬁ /Qw(a;)_p/da:> Y o e so; (3.2.5)

and say w € A(1,¢q)(1 < g < 00), if there exists a constant C' > 0, such that
for any cube @,

sup <|Q| / (:r)qda:>% (ess sgp ﬁ) <C < o0. (3.2.6)

Theorem 3.2.2 (Relation between A(p,q) and A,) Suppose that 0 <

a<n,1§p<gand%:%—%.
(i) If p > 1, then w € A(p,q) < quAq% — quAH% —
w_pEAl_’_Ll,

(it) If p > 1, then w € A(p,q) = w? € Ay and wP € Ap;
(iii) If p =1, then w € A(1l,q) < w? € A;.

1 n

Theorem 3.2.3 Suppose that 0 < a < n, 1 < p < =, % = — 2 and
w € A(p,q). Then for VA > 0, there exists a constant C' > 0 such that for
Vfe LP(R™, wP),

(f{zeRn;Maf(x)»} w(@%)é = % ( /Rn f (””)w(f"’)‘pdl’y - (327

Proof. For A >0 and K > 0, set

Ey,={x eR": M,f(x) > \},
E\x =E\NB(0,K), where B(0,K) = {z ¢ R" : |z] < K}.

Thus, for Vo € E) g, by the definition of M,, there exists a (), such that

Qa1 /Q F@)ldy > A (3.2.8)
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Since E) g C U Qz, there exists {z;} C E) kg, such that E) g C U Qz;-
r€E) K J
{Qx,} is bounded overlapping, i.e., 3 C = C(n), we have ZXQ%' () <
J
C(n),Vz € R™. ( Here we apply the Besicovitch overlapping theorem, to see
[GaR]). Thus,

(/E)\K qdy) Z/ y)idy | . (3.2.9)

For £ <1, the right side of (3.2.9) is dominated by

p

Z (/ w(y)qdy> " (3.2.10)

J

Since all Q,; satisfy (3.2.8), combining (3.2.9) with (3.2.10) yields that

(/Em qdy> < Z (/ qdy>§ (A,Q;‘l—i /QI' \f(yﬂdy)p’

(3.2.11)
If p > 1, applying Holder’s inequality and (3.2.5), we conclude that

( /E . w(y)"dy>

P

4 b
([ o) 2ot
T3
P

x / st ( /Q w(yrp’dy) '

<ox PZ/ (v)lPdy

zj

<coa /R | fae(y)Pdy.

Y]

(3.2.12)
The last inequality of (3.2.12) is due to the property of {Q;} having finite
overlap. Note that the constant C' in (3.2.12) is independent of K, so the
monotone convergence theorem leads to (3.2.7).
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If p=1, then
| 1wl = [ 1iwemke

s (3.2.13)

<essupwy) ! [ ey,
sz Tj

By (3.2.11), (3.2.13) and (3.2.6), we have that

(1 or4) <23 (1, o
X esssétipﬁ </Qm |f(y)w(y)|dy)
<C= Z/ y)ldy

< S [ 1wy
.

SN——
Q=
ua =
Q =

Thus, let k¥ — oo, we obtain that (3.2.7) still holds for p = 1. ]

Theorem 3.2.3 shows that A(p,q) is a sufficient condition for ensuring
that M, is weighted weak (p, ¢)-bounded. The following theorem will illus-
trate that A(p, q) is also sufficient for M, being a weighted (p, ¢)-bounded
operator with 1 <p < =

Theorem 3.2.4 Suppose that 0 < aa < n, 1 <p < & and % =

o — o f
w € A(p,q), then

S =

(/n [Maf(if)w(:v)]qda:) e (/n |f(w)w(:v)|pd:n> P ’ (3.2.14)

where C' is independent of f.

Proof.  Since w € A(p,q), Theorem 3.2.2 (i) leads to w? € Ay . By
P

the elementary property of A,-weight, there exists 1 < s <1+ 1% such that
w? € A;. Now we take p1,q such that
1 1 o

l<pi<p, —=——— and s:1+— (3.2.15)
1 pron Pl
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From (3.2.15) and (i) in Theorem 3.2.2, it follows that Wi € A(p1, q1)-
Using Theorem 3.2.3, for any A > 0, we have that

</EA [w(:r)i]ql al:z:)zi <C\ P (/n | f ()P (w(x)ﬁ)?’l da:) .

That is equivalent to

Pl
( / v(:r)d:v) "o oam / F(@)Pro(2) 7 da, (3.2.16)
E) n
where v(z) = wi(x).
Now let f(x) = g(z)v(x)" and define a sublinear operator

T(g)(x) = Ma(gv™)(z).

Thus (3.2.16) is equivalent to

a1

/ o(z)dz < CA— < / |g(m)|p1v(:n)d:n> T (3.217)
{zeR™:T(g)(x)>\} n
On the other hand, we take py such that p < ps < 2 and let q% = p% -

then
1+2594 2
%) p
By Theorem 3.2.2 (i), it implies that Wiz € A(p2,q2). Similar to (3.2.17),
we have

a2

P

/ v(x)de < CA™9 </ |g(w)|p2v($)d:n> °. (3.2.18)
{zeR™:T(g)(z)>\} n

Applying the Marcinkiewicz interpolation theorem to (3.2.17) and (3.2.18),
we obtain that

</H[T(9)($)]qv(x)dx> ‘<c (/n Ig(x)|pv(a;)dg;> . (3.2.19)

Set g(z) = f(z)v(z)™ and v(z) = w(z)?, then we have that

1

(o)’ <e ([ |f(x)w(x)|pdﬂ?>% |
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This finishes the proof of Theorem 3.2.4. [ |

From the weighted boundedness of M,, we can deduce the weighted
boundedness of the Riesz potential I,. Before stating the next lemma, we
will give a definition on A.. A nonnegative function w(z) on R™ satisfies
Ao condition, if for a given € > 0, there exists a 4 > 0, such that for any
cube @, and a measurable subset E of @ satisfying |E| < §|Q)|,

/E w(z)ds < ¢ /Q () ds. (3.2.20)

We call all functions satisfying the A,, condition as the class of A,,. The
relation between A, and A4, (1 <p < 00) is

A = [ J 4. (3.2.21)
p>1

The next lemma will reveal another relation between I, and M,. For
its proof, we refer to [MuW].

Lemma 3.2.1 Suppose that 0 < a<n, 0 < g < oo and w(r) € As. Then
there exists a constant C' independent of f such that

/ [of(@)['w(z)de < C | [Mqf(2)|'w(z)ds
1 Rn

and

sup A / w(z)dx < Csup N w(x)dx.
{z:| Lo f(2)[>A}

A>0 A>0 /{x:Maf(x)>)\}
Applying Lemma 3.2.1, we can get the weighted boundedness of I,,.

Theorem 3.2.5 Suppose that 0 < o < n, 1 < p < 2, L1 =

1
a’q ~ p
w(z) € Alp,q).
(i) If 1 < p < oo, then

</Rn u‘”f(x)w(x”qd‘”)% =C (/Rn \f(x)W(x)lpdw>% : (3.2.22)
(ii) If p =1, then for any A > 0,

q
/ w(z)ldx < < </ \f(x)w(:c)|dm> , (3.2.23)
{@:|Ta f(x)|>A} AT\ Jre
where C' is independent of f, \.
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The proof of Theorem 3.2.5 is simple. In fact, by Theorem 3.2.2, w(x)9 €
Ajpa(p>1)orw(z)? € A (p=1), therefore by (3.2.21), we have w(x)? €
p

As. Applying Lemma 3.2.1, Theorem 3.2.3 and Theorem 3.2.4, we obtain
that both (3.2.22) and (3.2.23) hold.

3.3 Fractional integral operator with homogeneous
kernels

In this chapter we will discuss the (LP, L?)-boundedness and weighted
boundedness of fractional integral operators which is more general than the
Riesz potential I,,.

Assume that Q(x) is a homogeneous function with degree zero on R™,
i.e. for VA > 0,Vz € R",

Q(Az) = Q(x), (3.3.1)

as well as Q € L#(S”_l), where S?~! denotes the unit sphere {z € R" :
|z] = 1}, 0 < @ < n. Then the fractional integral operator with homoge-
neous kernel is defined by

Toaf(e) = [ i (332)

It is obvious that when 2 = 1, T, is the same as the Riesz potential I,

except for a constant. On the other hand, if @ = 0 and () satisfies the
vanishing moment condition on S*~:

/S Qo) =0, (3.3.3)

then Tq o becomes a Calderén-Zygmund singular integral operator (in the
sense of principal value Cauchy integral ).

The following result shows that the Hardy-Littlewood-Sobolev theorem
still holds for Tq 4.

Theorem 3.3.1 Suppose that 0 < o < n, Q € L"fna(S”_l) satisfies (3.3.1).
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(i) If f € LY(R™), then for VA > 0,

o B Taaf@]> M < (SIA1)

(i) If § € IP(RM)(1 < p < 2), then [Toaflly < Cllf |, where 1 =
and C = C(n,a,p).

1_a
p n

Proof. We will complete the proof by three steps. Set
K(z) = Qz)/|x"™
and
E(s) ={x e R": |[K(x)| > s}.
First we will show that for Vs > 0,
|E(s)| < As™n-a, (3.3.4)
where A depends only on «,n. In fact, by (3.3.1), we have that

s ) 2"

where A = 1||Q||" o
G

Next we prove, for 1<p<?Z,
Take a fixed u > 0, let

Ki () = sgn(K(2)) (|K(2)| = 1) XB(w)(2)

% = %— o, that Tq o is of weak type (p, q).

and
Ky(x) = K(x) — Kq(x).
Thus if p =1, then ||K3|loo < p;if 1 <p < Z, from (3.3.4) it follows that

w
/ K (@) dz = p / VB (s))ds
RTL

<pA/ “nrads

p'—
_/_7” /.,L n—ao
p n—«o
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Thus, when 1 < p < I, we obtain that

1
n—ao o n
1Kl < (TAq) e

So Holder’s inequality implies that

n—uo P
N ).

Now for VA > 0, set u such that

=

pe=a || flp-

1
ol

n—uo p _n_ A
A (n—a) - —
< - q> pr= | flly = 5,

then

{a:ER”:|K2*f(x)| > %}‘ = 0.

Thus

Hm ER": [Toof(2)] > MYl < {z € R : [Ky * f(x)] > i}‘

2
2 p
< (B 11,)"

It follows from (3.3.4) that

/ Ky(o)|de = / (K ()| - p)da
R" E()
< / Bt + p))de

0 oo
§A/ 1 n—adt
I

aA &

_ == T hn—a
n—au :

For Vf € L*>°(R"),Vz € R", by (3.3.7), we conclude that

= [ oo

A
Ko F@)] < Ul [ 1Kr(@lde < 2

—

For Vf € LY(R"), we have that

A
Kl < [ [ 1K =l fw)ldds <

—

po = fl

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)
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Thus (3.3.8) and (3.3.9) show that T} : f — Kj x f is (00, 00)-type and
(1,1)-type. The Riesz-Thorin theorem leads to that T; is also (p,p)-type

(1 <p<o0), and

aA __a
1T1 M (pp) < et (3.3.10)

Combining (3.3.6) with (3.3.10) yields that

A p
e R Taaf @) > A1 < (3251 )
q > g (3.3.11)
—c(5l)

where C is independent of A and f.

Finally we will finish the proof of Theorem 3.3.1. (3.3.11) tells us that
consequence (i) holds. Now we prove that (ii) also holds. For V1 <p < Z,
set po such that p < po < 7, and let gg satisfy

1 1 «

© po n
Thus by the second step we know that Tq , is of weak type (po,qo). By (i)
and the Marcinkiewicz interpolation theorem, we see that T  is (p, g)-type,

1_1_«a i 1_1-0
where 1=p n In fact, there exists 0 < # < 1 so that 5= + 6 and

1_1-6 (n—a)6
thenq—qo—i-—n . [ ]

By the proof of Theorem 3.3.1 we can get a more general consequence.
Assume that K (x) is a measurable function on R"™. For a measurable
function f on R", let

Tf(x) = (K f)(z).
For 1 < r < oo, if there exists a constant C > 0 such that for Vs > 0,
Hz e R": |K(z)| > s}| <Cs™",

thenfor1§p<r’and%—|—%:%+1,
(i) when p =1, T is weak type (1,7);
(ii) when 1 < p <1/, T is (p, ¢)-type.

The following operator related to Tq o is a fractional maximal operator
with homogeneous kernels. Its definition is

Mgq,a f(z) = sup nl_a/ QW) f (z — y)|dy. (3.3.12)
r>0 T ly|<r
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By the idea of the proof of (3.2.3), we can get a relation between Mg , and
Tioja-

Lemma 3.3.1 Assume that 0 < o < n, 2 € LnTna(S"_l) satisfies (3.3.1).
Then

Mg, < C(n, a)Tjqpa(lf)(2)-

Thus by Lemma 3.3.1 and Theorem 3.3.1, we can obtain the (LP, L9)-
boundedness of fractional maximal operators with homogeneous kernels.

Theorem 3.3.2 Assume that 0 < a <n, Q€ L#(Sn_l) satisfies (3.3.1).
(i) If f € LY(R™), then for VA > 0,

n

Hz € R" : Mo of(xz) > A} < <§Hf\|1>w

(ii) If f € LP(R™)(1 < p < 2), then [ Ma,aflly < C|flly, where 1 = 12
and C = C(n,a,p).
Proof. Omitted. [ |

3.4 Weighted boundedness of T,

In this section, we will extend the weighted boundedness of the Riesz
potential I, to the case of fractional integral operators with homogeneous
kernels Tq . To the end, we will first show weighted boundedness of the
fractional maximal operator Mg , with homogeneous kernels. In this sec-
tion, we always assume that Q is a homogeneous with degree zero (i.e.
satisfies (3.3.1)).

Theorem 3.4.1 Suppose that 0 < a <n,1 <s' <p < 2 and % = ]lg

a

a,
If @ € L3(S"™Y) and w(z)® € A(L,%), then there exists a constant C
independent of f such that

</n (MQ,af(-f)w(l’))qdl‘)é <C (/n |f(x)w(x)|Pd;g>;
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Proof. From Hélder’s inequality, it follows that

Mo of(z) =sup—— / Q)1 (= - y)ldy
r>0 T ly|<r

1 Y
z—y)|*d Qy)|°d
o a(/qu\f( ) y> (/I\ gl y)

< sup
1 v\
< CHQ”Ls(Snfl)SUp —as |f(z —y)|* dy
r>0 \ " ly|<r
1

= Cl9 ety (Mas(1f)(@))

1
s

(3.4.1)
The hypothe51s conditions imply that 0 < as’ < n,1 < & < 15 and (q/s) =

m — T' Applying Theorem 3.2.4 together with (3.4.1) ylelds that

(/ n(MQ,af(Jf)w(w))qdﬂf)% <0 |( [ (a1 @)ool () o

< |( [ urerewr @?e)”

(/[ |f<x>w<x>|pdx)%.

This finishes the proof of Theorem 3.4.1. [ |

LN
m\‘,_.

The next lemma gives a pointwise relationship between fractional inte-
gral operators with homogeneous kernels and fractional maximal operators
with homogeneous kernels.

Lemma 3.4.1 Suppose that € > 0 satisfies 0 < a—e < a+e <n, x € R".
Then

1 1
To,of(x)] < Cn,a,e)(Mo,are f(2))? (Ma,a—cf(x))?2. (3.42)
Proof. Given € > 0 and x € R”, take § > 0 such that

MQ,a-i-Ef(x)

5% = :
MQ,a—Ef(x)
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Set

_ Qz —y) Qz —y) _
Toaf () = /| D fgyae | T H)y = T

z—y|<d |$ - y|n—a z—y|>8 |33 )

Thus
3 Qz —y)|
L] < / 12z —y)|
" Jz::() i=16<|z—y|<2795 |z —y|?~ a‘f( )dy
<Y (@il ) / e s
7=0 |lz—y|<2776
< C(SEMQ,Q_Ef(:L‘).
Similarly,
3 Qe - )
I < / 2@z — )|
| 2| Z_: 27*15<‘x_y|<2j6 |Qj _ |n a|f( )|
e / Q(z —y)||f(y)|dy
Z 295n = L SRl ()
< 0(5 EMQ,a+Ef( )
Therefore

|TQ,af(33)| S C(éeMQ,a—af(x) + 5_€MQ,a+ef($))
= 2C(Mo,aref ()% (Maya—ef(2))3.
n

To show the weighted boundedness of Tq o, we also need the following
property of A(p,q).

Lemma 3.4.2 Suppose that 0 < a <n,1 <p <z,
Then there exists € > 0 such that
(z')s<a<oz+€<n;
(ZZ) > a—i—a 1 < n= e
(m) w e A(p, qg) w 6 A(p, gz) hold, where

1
q

1 1 a+e 1 1 a-—c¢

)

qe 5 n G 5 n
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Proof. Since o > 0 and ¢ > 1, we may choose €1 > 0 such that ¢; < «
and

1 e
S+ <
qg n
Let
I 1 a—-e 1 &g
G, D n qg n’
then ¢ > g, > 1 and
/ /
1+ 2 <14 2
q qeq

Applying Theorem 3.2.2 together with the property of A,-weight lead to

—n/
wPeA yCA, ».
q qeq

Applying Theorem 3.2.2 again, it is equivalent to
w € Ap, ge, )- (3.4.3)

On the other hand, by the property of A,, there exits n > 0, such that n < %
and

_p/
Again choose g2 > 0, such that eo < min{a,n — a}, % > % and 2 <.
Let

I 1 a+te
Qe D no
1 1 1 e 1
then 0 < iy < 1 and e g g By Theorem 3.2.2 and the
property of A,, we have
_pl
W(QZ') c A1+p'(%—77) C A1+%.
The last is equivalent to
w € A(p, e,y )- (3.4.4)

Set ¢ = min{ey,e2}, then it is easy to prove that e satisfies all the properties
of g1 and e2. If we let qis = % = O‘Tﬁ,q% = ]lg — =<, then by (3.4.3) and
(3.4.4), we see that w € A(p,q.) and w € A(p, qz). [ ]
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Lemma 3.4.3 Suppose that 0 < a < n,1 < s’ <p < g,% :%—% and
w(x)® € A(Z,%). Then there exists € > 0 such that

(z)5<a<oz+€<n'

+e 1

(ZZ) > ana’ : < nne’

(iii) w(z)®” € A(L, %), w(x)® € AL, q—,) hold, where q. and gz are the
same as in Lemma 3.4.2.
Proof. This consequence follows directly from Lemma 3.4.2. |

Next we will state and prove the weighted (LP, L?)-boundedness of T 4.

Theorem 3.4.2 Suppose that 0 < a <n,1 <s' <p< = and % = %D

a

n
If Q € L5(S"™) and w(x)® e A(5, %), then there exists a constant C
independent of f such that

(/R \Tg,aﬂx)w(a:)\qu)% s < /R ‘f($)W(x)|Pdm>% |

Proof. Let ¢ > 0 be determined in Lemma 3.4.3. Let

then % + % = 1. For the above £, applying Lemma 3.4.1 and Holder’s
inequality, we have that

([ maaspeyens)’

<O ([ (et @ela) (Mo of(2)ota) )

<0 ([ (orestonstey®as) ’ ([ Moocf@oten®ar) ™

Q=

By Lemma 3.4.3 and Theorem 3.4.1, we have

([ Moaset@rota)yrac) " <l
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and

(/n(MQ,a—ef(x)w(x))tTed:r> e < C||f||§,wp-

Therefore
1T0,0flgw@e < Cllfllpwe-

Next we will state the dual form of Theorem 3.4.2.

Theorem 3.4.3 Suppose that 0 < a < n,1 <p< g,% = % — > and s > q.

IfQeL5(S" ) and w(z)™ € A(Z—:, %), then there exists a constant C > 0

independent of f such that

</R ‘Tﬂ,aﬂx)w(xwdx)% s ( /R |f(w)w(x)‘pdx>%

Proof. Let Q(z) = Q(—x), then  satisfies the conditions as Q does. It is
easy to check that Tg  is the dual operator of Tq o. Hence

1To,afllgw@ye =  sup / Toof(z)g(z)dx
lall, <1 1R

= sup f(@)Tg 9(x)dx
loll, <1 1R

S Hpr,wP sup |’Tg~)7ag(‘r)”p’,w*1"'
ol g <1

By the given condition, we have
/ /

’ ’ n 18 q p
<q < — d c A(=,=).
9 S q o an (w ) (8/78/)

|
3Ie

From Theorem 3.4.2, it follows that

HTQ’O‘QHP',W_I’/ < C”qu/vw—q"

Thus
||TQ,af||q,w‘1 < CHf”p,wP-
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As an immediate result of Theorem 3.4.3 and Lemma 3.3.1, we can get
the dual form of Theorem 3.4.1:

Theorem 3.4.4 Suppose that 0 < a < n,1 <p < g,% = % — = and s > q.

IfQ e L5(S" 1) and w(x)™ € A(q,, %) then there ezists a constant C' > 0
independent of f such that

(/ n<Mﬂ,af<x>w<x>>qd$>5 <C < / Fo de)% |

Note that in Theorem 3.4.2 and Theorem 3.4.4, the class of weight func-
tions depend on s. The following theorem shows that this restriction can be
dropped off.

1 _1
Theorem 3.4.5 Suppose that 0 < a<nl<p<z, and =5 > If for
some s satisfying & + g < 5 < ?, Qe L5(S" 1, furthermore, there exists

1 <r <s/(2) such that w(x)” € A(p,q), then there exists a constant C
independent of f such that

([ 1mas@etr dxf <o([. ‘f(w)uJ(:c)|Pdm>%

To prove Theorem 3.4.5, we need the following interpolation theorem
with change of measure. This is a simple corollary of the Stein-Weiss In-
tepolation Theorem with change of measure (see [StW]).

Lemma 3.4.4 Suppose that 0 < a <n,1 <pg<p <2 Tk :pio—% and
qil = pil — = If a linear operator T satisfies

||Tf||qu(ng) < COHfHLPo(ng)

and

17l an oty < CullFllon oy
then

1T fllLa@way < Clf Iz wr)s

where

1_1-0, 01 1 o

p Po prq p n
w=ww and C < C}TCY (0<0<1)
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Proof. Omitted. [ ]

If we can show that, under the condition of Theorem 3.4.5, there exists
a real number 0 (0 < 0 < 1), po, p1, 9o, q1, wWo, w1 such that the following
conditions hold:

1§s’<po<p<p1<g, (3.4.5)
n
<q<qg<q <S8, (3.4.6)
n—o
1 1 1 1 1 1-6 0
- -2, (3.4.7)
q0 Po noq b1 n p bo b1
w= wé_ew?, (3.4.8)
’ bo qo —s' q1 P1

then applying Theorem 3.4.2, Theorem 3.4.4 and Lemma 3.4.4, we can ob-
tain the consequence of Theorem 3.4.5. Now we will validate the conditions
of (3.4.5)-(3.4.9), respectively.

Let us recall a property on A, weight: w € A, if and only if there exist
u,v € Ay, such that w(z) = u(z)v(z)!7P. A nonnegative locally integrable
function u(x) is called A, weight, if there exists a constant C' > 0 such that
for any square cube @,

F;I/QU(y)dy < Cu(z), ae x€Q.

Since w" € A(p,q), Theorem 3.2.2 (i) implies U< Aqu. Thus there
exist u,v € Ay, such that

/ n—o

w(x) 1= u(x)v(a:)l_q n

That is,

1 n—ao
ay(x)r’a

So write
w = (u"P) 0 (u0°)?, (3.4.10)

where 7, 3,y and J satisfies

1 1 n—o
T(l—@)—i-’yQ_TTq’g(l—@)—l—&Q—Tq— e

(3.4.11)
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Now write wo(z) = u(z) v(z)? and wi(z) = u(z)v(x)’. Notice that if

1§s’<p0<p<§,qi0:pio—%,andset
1
T = _7ﬁ = - D 9
q0 s'(52)
then we have o
/ 0 4o

In fact, since u,v € Ay, for any cube (), we have that

L gopa)® (L [ @)
(a1 Jys o)™ (g fjter'y s

1 ‘;io 1 1(P0Q \/ 1/ PO \/ 1/(%)l
= (—/ u(m)qOTv(a;)qOﬁda:> <— / w(z) ™G () 7P da:>
Rl Jo @l Jo

!

<c (ﬁ /Q v(m)dxy% <ﬁ /Q u(m)qmdx>;0 <ﬁ /Q u(:z;)dx> o

ILO)/

]. / _65/(L)/ >l/( s’
— v(x s dx
(IQI Q )

<C.

Obviously, C' is independent of . Applying the same method as the above,

= L _ 1 _a .
we can prove that if 22 < ¢ < ¢ < sand - = - — 7, then taking
1 q, ! q/ p/
’Y:—E,ézl/s’(s_})’7 we have w(x) s EA(S_%S_}).

Now let us calculate 6 by (3.4.11). Note

R L) I,

S Po S
and
¢\
/
—(v%y)
thus .
— _ h—« 1l _a_ n-—«o
b P ¥ 7n_ (3.4.12)

Obviously 0 < 1.
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s’ n r'n s’ n n

By (3.4.12), we have

Thus we have explained that if § was determined by (3.4.12), and (3.4.5)-
(3.4.7) hold, then both (3.4.8) and (3.4.9) hold. Hence it remains to choose
D0, P1,q0, q1 such that (3.4.5)-(3.4.7) hold.

Since ]lg > %—l—% and 6 > 0, we have

1 ab 0 1
p(1—0) n(1—6) s(1-06) > s (3.4.13)

By (3.4.13) and the fact that % < &, we choose py satisfies

1 1 1 1 af 0
- < — < min{—, — — . 3.4.14
p“w MM saoe Tha-e sa-gh G4
From this it follows that s’ < py < p and % > 1}7;00 + %9.
Choose o > 0 such that
1 1-46
- = + (g + a) 6. (3.4.15)
p Po n
Now let 10%2%4—0. Then by p1 < & and p > pg we see that s<py<p<

p1 < %. So (3.4.5) holds. By (3.4.15) we see that (3.4.7) also holds. Let
1 _ a 1

1 _ 1 _ « A .
T T T p then it is obvious that

<q <¢q<q.
n—ao

Finally we will show ¢; < s. By (3.4.14) we can get

This is equivalent to

Thus (3.4.6) holds. This finishes the proof of Theorem 3.4.5.
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3.5 Commutators of Riesz potential

In this section we will study (LP, L?)-boundedness of commutators of
the Riesz potential I,. We will also illustrate that boundedness of com-
mutators of I, can characterize BMO(R™) spaces. First we will give some
definitions and related results.

Suppose that b € Lj,.(R™), then the commutator generated by b and the
Riesz potential [, is defined by

b1l 0) = W) af @)~ Talon) @) = [ DD gy @5)

jn |z —ynm

Let us first formulate the following consequences.

Theorem 3.5.1 Suppose that 0 < a <n,1 <p< 2 and 1_
[b, I,] is bounded from LP(R™) to L4(R") if and only if b € BMO(R").

To prove the theorem, we will prove the following lemma first.

Lemma 3.5.1 Suppose that 0 < a < n,1 <p < 2 gnd + =1 -2 Jf

e n

1 <rs<p, b e BMO(R"™), then there exists a constant C' independent of
b such that, for any f € LP(R™),

1 1
T s

ME ([0, 1J7) (&) < Clbllmsio [(M(af1) @) + (Masl(179) ()]
a.e. x € R™. (3.5.2)

Proof. Fix a cube () and set
[b, 1] f () = (b(x)—b@) Lo f () —1a((b—bQ) fX20) (%) —1a((b—bq) fX (2q):) (%)

= a1(x) —ag(z) — az(x).

Applying Holder’s inequality and (2.4.2), we have that

o ms < (& / |b<w>—bQ\’”’dx>:' (& / \Iaf(w)!’"d:ry

1
s

< C||bllB™mo (M(|Iaf|r)) : (3.5.3)
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Since 1 < s < p, we can choose v > 1,8 > 1 such that y0 = s. Thus it
implies 1 < 3 < p < Z. Then there exists v > 3 such that % = % -2
Applying the Hardy-Littlewood-Sobolev theorem (Theorem 3.1.1), we have
that

ﬁ/Qlag(:r)lda: <|Q|/‘I ((b - bo) Fx20)( |udx>
¢ b(x) — bo|’| f ()| da

QI+ </ 1 > 1

C‘Ql‘% (/2Q\b( )_bQWﬁda:>B (/2Q dej)g

< OllbllmolQI" <‘Q, |de)

— Cllblmao ( _ Sda:>
Q=

< Clblleymo (Mas(Lf17) (@)= -

W=

IN

W =

(3.5.4)
Denote z( as the center of @, then for z € @ and y € (2Q)¢, we have the
estimate: |x — y| ~ |xg — y|. Note that

1o ((b = 0Q) fX(20)e) () — La((b — bQ) f X (2q)) (w0)]

/ 1 1
<
R™\2Q

|$ _ y|n—a o |$0 _ y|n—a

| — 20|

1b(y) = ballf (y)ldy

<C ————=[b(y) — bgl|f(y)|dy
oo o e )~ ball )
1
|z — 20| , s (3.5.5)
<cC / IOl ) — ol dy
( R™\2Q |ﬂ?30—l/|"Jr1| W) = bal

1
|J}—JIO| s ’
X (W)
(/]R”\QQ |zg — y[" L w /W)l

< ClbllBymo (Mas([f17) ()5 -

W |
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From (3.5.3)-(3.5.5) it follows that

ﬁ/QHb,la](f)(:c)—Ia((b—bQ)fX(QQ)C)(xo)‘dw

1 1
< / |a1<:c>|dx+@ /Q laz(a)]da

\Q!/|a3 ((b—bQ) fxq))(xo)|dx
< CfbllBmo [(M(IIafl J@)F + (Mas(1£1)(@))

Note that C is independent of @, thus (3.5.2) holds. |

Let us now return to the proof of Theorem 3.5.1. First suppose b €
BMO(R™), by Lemma 2.4.2 and Lemma 3.5.1, we have that

b Lalfll, < 1M (B, L1,
C (. q) M (b, 1.1, NCEY)
Clollmso (LT 1) g + 1(Mas (112l

@ |=
[E—"

<
<
<

Note that 1 <7 < p < ¢. Since M is of (2, 2)-type, by Theorem 3.1.1, we
have

< C[fllp-

SR

(L),

As long as We choose s > 1 such that 0 < a < as < n, then we have

1 <Z < and 7 / = 1 _ a9 Applying Theorem 3.2.1 yields that

as s p/s n

<ClfY |

|0zt < il
Thus it follows from (3.5.6) that

116, Lol fllq < CllbllB7oll f1lp-

Next we will give the proof of the necessity. Choose zg € R",§ > 0 such
that in the neighborhood {z : |z — 29| < dy/n }, function |z|"~% can be
represented as a Fourier series which absolutely converges. That is

[eS)
|Z|n—a — Z amei<vm,z>.
m=0
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Let z; = 2. For any cube Q = Q(xo,7), let yo = 29 —r21,Q" = Q'(yo,7).
Then for z € Q,y € Q’, we have that
) T — T Y—1Y S\/ﬁ

—z1| <

l

T
Now set s(z) = sgn[b(x) — bgy], then

/ |b — bQ/‘dI‘

—/(b( ©) — bo)s(z)da

- Q" / / ,<b<w> ~ b{y))s(x)dyd

r
Z / / ‘IL’— ’n a Z<Um7g(z_y)>8(x)XQ(m)XQ’(y)dyd$~

n—o

s(z)xq()xq (y)dydx

Set y
Jm(y) = 7= X (y)

and
zg <Um,T>

gm(z) = e s(z)xq(@),

then f,, € LP(R™) and

o b(x) — b(y)
/Q |b(z) — bgr|dx < Cr ;am /n /n me(y)dygm(x)dzn
<O Yol [ BT @ llgn(@)lda

Cr=S [am /Q b, 1] () () .

Applying Hoélder’s inequality and (LP, L?)-boundedness of [b,I,], we con-
clude that

/Q |b<:c>—bQ/uxgcf—a;mchzﬁ ( / b, L) (fon) >|qu)

1 1
<Cr Y Janl|QI7 Q']
m

1

<l
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This is equivalent to b € BMO(R"™), and therefore the proof of Theorem
3.5.1 is finished.

For the commutator [b, M,] of fractional maximal operator M,, there
are some results parallel to Theorem 3.5.1. Here [b, M,] is defined by

b, Mo)(f)(x) = sup — / Ib(z) — b)||f () Idy.
ly—z|<r

r>0 T

n

Theorem 3.5.2 Suppose that 0 < o« < n,1 < p < & and *

[0}

Then commutator [b, M,] is bounded from LP(R™) to L?(R™) zf and only zf
b € BMO(R"™).

l_g

Proof. Applying the same method in the proof of (3.2.3), we obtain that

[b, Mo](f)(z) < v(a)[b, La](|f])(x). VaeR" (3.5.7)

Thus when b € BMO(R"™), by (3.5.7) and Theorem 3.5.1 we deduce that
[b, M4] is bounded from LP(R™) to L1(R"™).

On the other hand, suppose that [b, M,] is bounded from LP(R™) to
L4(R™). Choose any cube @ in R”,

i1 ) ~balde < g [ [ 1ta) — b

1
|Q|1+Q/Q|Q|1__/| b(y) xq(v)dyda

< ﬁ b Ml
< QP“ Qf ( JAC Ma](XQ)(w))qdﬂf)
< Corrlalial -
Thus b € BMO(R™). n

3.6 Commutators of fractional integrals with
rough kernels

In this section we will discuss the weighted (LP, L9)-boundedness of
commutators generated by fractional integral operators with rough kernels
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To,, and BMO functions. First we will give their definitions. Suppose
b € BMO(R"). Then the commutator generated by Tq o and b is defined by

b, Toe] () (@) = b(@) Toaf (@) — T (b))
= [ R0 - sy
R

o —ylrme

The commutator [b, Mq .| generated by Mg o and b is defined by

b, Moo) (f)(x) = sup —

r>0 TS

/| @) = b0 = )17 ()l
z—y|<r

We begin with indicating some relations between A(p, ¢)-weight and BMO(R™).

Lemma 3.6.1 Suppose that 0 < a < n,1 < p < 2 and % =

67

w € A(p,q), then there exists € > 0, such that w'™ € A(p,q).

3R

If

SA

Proof. Applying Theorem 3.2.2, we have w(x)? € Agn—o - By the prop-

erty of A,, there exists ¢ > 0 such that w11+ € A o). Then we can get
the desired consequence by applying Theorem 3.2.2 again. [ |

Lemma 3.6.2 Suppose that 0 < a < n,1 < p < 2 and % =

67

b € BMO(R™), then there exists A > 0 such that e\’ € A(p, q).

3R

If

S

Proof. By the John-Nirenberg inequality and the inverse Holder’s inequal-
ity of Ap, there exists a A9 > 0, such that e € A o) (see Garcid-Cuerva

and Rubio de Francia [GaR]). Now take \ = %, then e*? € Ayun-a). By

n

Theorem 3.2.2, this leads to e** € A(p, q). [ |

Lemma 3.6.3 Suppose that 0 < a < n,1 <p < = and 1 % — &. For
A > 0, there exists a n > 0 such that if b € BMO and ||b|l« < n, then
e € Alp, q).

Proof. It is not difficult to show that if we set

y win{  Claln 11}
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here C' is the absolute constant in the John-Nirenberg inequality, then when
IbllBMo < m we have (see [GaR])

b
q S Aq(n—a) .

By Theorem 3.2.2, this is equivalent to e*?(*) e A(p,q). |

Now let us turn our attention to the weighted (LP, L9)-boundedness of
b, To.q)-

n

Theorem 3.6.1 Suppose that 0 < o < n,1 < p < & and * =

1 a
Let Q € L5(S™1),s > 1 and b € BMO(R"). If p,q,s,w satisfgq/ onepof the
following three conditions, then ||[b, Ta ol fllgws < C|fllpwr:
(i) 8 <p and w(x )8 EA( ,,8)
(zz)q<s andw s e A( ,,5—)
(iii) & +1 s <3 L 5/,1 <r<s/(%) and w(x)ﬂ € A(p,q).

Proof. First we will give the proof of (i). By (2.4.29), we obtain that

0Tt =| [ T2t - )y

2T ) .
:/ Qi/ ee“’[b(w)—b(y)]e—w‘dgmxiﬂf(y)dy
n 2 |z —y|
2

/ |x )‘ |f( )’e—b(y Cos@dy e (:c)cosGd@

’na

_271'

Let go(y) = f(z)e ?®os? g  [0,27]. Since f € LP(wP), we have, for
any 6 € [0, 27|, that

g0 € LP(WPe? %) and  ||gollp wperpeone = || fllper (3.6.1)

Thus
1 27 , ,
b, Ta,alf(7)] < %/O I Tigy (Ig6]) ()| €= <=0,

From the Minkowski’s inequality, it follows that

1 2w
0. Tl < o [ WTagalsnlynescmsdt. (362

By the given conditions, 1 < (p/ls,) —7,0 < as’ < n and C10) /s) W -

s’

O‘TS, together with Lemma 3.6.1, we see that there exists € > 0 such that
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w¥(+9) € A(L ). Then by Theorem 3.4.1, for any ¢ € LP(wP1F9)), we
have that

1Tiq),a(P)l waa+e < Crll@ll, woare - (3.6.3)
On the other hand, if we choose A = s,(lja) then by Lemma 3.6.3, there
exists n > 0 such that, for b € BMO(R") and ||bl|gmo < 1, e’ € A(L, 4),
e, (1) € A2, ).
Notice that if b € BMO(R"™) and for all || < 1 then tb € BMO and
Itb]|BMmo < ||b]|BMo- Thus for all |t| < 1, we have

(etb(l-&-s)/&)S/ c A(E 2)' (3.6.4)

s’
Thus, without loss of generality, we can prove Theorem 3.6.1 (i) only in
the case ||b][smo < 1. Applying Theorem 3.4.1 again and (3.6.4), for any
0 € [0,27] and @ € LP(ePb(1+£)c0s0/2) e have that
||ﬂQ|7a(gp)||q7eqb(l+s) cos /e § CQHSDHp’epb(L}—E) cose/a- (365)
Here Cs is independent of 6.
By (3.6.3) and (3.6.5), applying the Stein-Weiss Intepolation Theorem

with change measure (Lemma 3.4.4), for any 6 € [0,27] and ¢ € LP(wPePb<0s9),
we obtain that

||T|Q\,oz(90) ||q,wqe‘1b0059 < CHQD”p,wPePbCOSQ’ (366)

where C' < C’HEC’1+€ and C' is independent of 6, ¢.
(3.6.1), (3 6.2) and (3.6.6) yield that

1 2
116, To,al (F)llqwe < 5~ Cllgollpwrbeosodd = C| f1|pwr-
™ Jo

This finishes the proof of consequence (i).
Using the consequence (i) and the method in the proof of Theorem 3.4.3,

we can easily get the consequence (ii). Note that if we set Q(z) = —Q(—a),
then [b, Tg | is the dual operator of [b, Tq ).

By the consequence (i)(ii) as well as the interpolation theorem with
change of measure (Lemma 3.4.4) and using the method in the proof of
Theorem 3.4.5, we can get the proof of the consequence (iii), therefore we
omit the details here. |
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Remark 3.6.1 Let m € N. The commutator of degree m generated by T o
and b is defined by

(b(z) ~b)™

no |z —y|nm

b, T (F)(@) = (b, , [ Torl] = / (x — ) (y)dy.

Using the method in the proof of Theorem 3.6.1 and the mathematical in-
duction, we can prove that, under the conditions of Theorem 38.6.1, the con-
sequences of weighted boundedness hold for [b,Tqo]™.

Remark 3.6.2 Using the method in the proof of (3.2.3) we have that

[b, Ma,o]f(z) <~(a)[b, Tig ]I f])(z), Vo eR™ (3.6.7)

By (3.6.7) we see that under the conditions of Theorem 3.6.1, the conse-
quences of weighted boundedness still hold for [b, Mq o). If m € N, and the
commutator of degree m generated by Mq o and b is defined by

(b, Moo]™(f)(z) = sup —

r>0 T

/| B ORL O S FOILE

Similarly, it is easy to prove that under the conditions of Theorem 3.6.1, the
consequences of weighted boundedness hold for [b, Mq o]™.

3.7 Notes and references

Lemma 3.1.1 was proved by Hedberg [He]. The formula (3.2.3) shows that
the fractional maximal operator can be dominated by the Riesz potential in
pointwise sense, which is a special case of Lemma 3.3.1( i.e. 2 =1). And
Lemma 3.3.1 was proved by Ding [Di3].

The definition of A(p,q) weights was first introduced by Muckenhoupt
and Wheeden [MuW2]. Theorem 3.2.3, Theorem 3.2.4 and Theorem 3.2.5
come from [MuW2]. The fractional integral operator with homogeneous
kernel was first introduced by Muckenhoupt and Wheeden [MuW1].In this
paper, they obtained the power weighted (L?, L?)-boundedness of Tq o (1 <
p < Z%). The theorems presented in this section are generalizations of their
consequences. As a complement of Muckenhoupt and Wheeden’s conse-
quences mentioned above, Ding [Di3] gave the power weighted weak (1, ~2-)-
boundedness of Tq 4.



3.7 Notes and references 167

In 1988, Adams (see [Ad]) proved that if 0 < a < n and f € La(B),
B={zeR":|z| <1}, then

1
E/Bexp n

where C' = C(«a,n). This result can be viewed as a replacement for the
boundedness of I, when p = 2. In 1996, Ding and Lu [DiL1] obtained a
similar result for fractional integral operators with rough kernels.

L@ o

e

All theorems in Section 4 of this chapter are taken from Ding and Lu
[DiL3]. And Lemma 3.4.1 is also taken from [DiL3]. Its idea of the proof
comes from Welland [We].

The necessity of Theorem 3.5.1 with n — a being an even and the suf-
ficiency of the theorem were first proved by Chanillo [Cha] in 1982. The
proof given here is simpler which comes from Ding [Di2].

There are counterexamples showing that when b € BMO, the commuta-
tor [b, I,] is not (L', L#a>)-type. However Ding, Lu and Zhang [DiLZ],
as well as Cruz-Uribe and Fiorenza [CrF| independently, proved that when
b € BMO(R") and p = 1, the commutator [b,I,] satisfies an estimate of
weak Llog™ L type.

Theorem 3.6.1 was proved by Ding [Dil]. In 1999, Ding, Lu [DiL4] estab-
lished weighted norm inequalities for commutators generated by fractional
integral operators with rough kernels and BMO functions. A two-weight
weak-type norm inequality for the commutator generated by the Riesz po-
tential and BMO function was obtained by Liu and Lu [LiL].

As space is limited, we do not mention the boundedness of homogeneous
fractional integrals on Hardy spaces in this chapter. For related results,
we refer to Ding, Lu [DiL5] and Lu, Wu [LuWu]. In [LuWu], the authors
established some equivalent characterizations for (H1, v/ ("_“)) type bound-
edness of commutators of fractional integrals.
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Chapter 4

OSCILLATORY SINGULAR
INTEGRALS

Oscillatory integrals have been an essential part of harmonic analysis.
Many important operators in harmonic analysis are some versions of oscilla-
tory integrals, such as the Fourier transform, Bochner-Riesz means, Radon
transform and so on. However, the object we study in this chapter is a class
of oscillatory singular integrals with polynomial phases which is closely re-
lated to the Radon transform.

4.1 Oscillatory singular integrals with homogeneous
smooth kernels

Suppose that K is a homogeneous Calderén-Zygmund kernel in R”. Pre-
cisely, K satisfies the following conditions:

(i) K is a C! function away from the origin,

(ii) K is homogeneous of degree —n, and

(iii) the mean-value of K on the unit sphere vanishes.

Let P(z,y) be a real-valued polynomial on R"xR™. Consider an operator
T of the following form

Tf(x) = p.v. / P (2 — y) f(y)dy. (4.1.1)

n

Let us first begin with LP-boundedness of T in this section.

169
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Theorem 4.1.1 Suppose that K satisfies (i), (ii) and (iii). Then T defined
by (4.1.1) is bounded on LP(R™), with 1 < p < oo, and bound depending only
on the total degree of P(x,y), but not on the coefficients of P(x,y).

In order to prove Theorem 4.1.1, we need to establish some lemmas on
some general inequalities for polynomials in R”.

Lemma 4.1.1 Suppose that P(z) = ngd aax® is a polynomial of degree
d, and e < 1/d. Then

€

swp [P g) <A Y Jaal |
| <1

yeR? laf=d

where bound A. depends only on e (and the dimension n), but not on the
coefficients a.,.

Lemma 4.1.2 Suppose that P(z) = ngd aax® is a homogeneous polyno-
mial of degree d in R™ and € < 1/d. Then

£

| 1p@idote) < 4 | 3 laal |

|al=d

which bound A. depends only on € (and the dimension n), but not on the
coefficients a.,.

Lemma 4.1.3 (van der Corput) Suppose that a real-valued ¢ € C*[a,b],
k> 1, and |¢®¥)(t)] > 1 for all t € (a,b). Then

b
/ e“‘b(t)dt‘ < CpA~VE,

where A € R, and C}, is independent of a,b and ¢.

Let us consider an operator 7 of more general form
Tf(z)=pv. A K(z,y)f(y)dy, (4.1.2)

where K is a distribution, and for x # y, that is a function satisfying

| K (z,y) x F#y. (4.1.3)

<7
< |z —y[n’
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For every € > 0, consider the truncated operator 7. defined by

TH@ = [ Ko (1.4
lz—y|<e
Lemma 4.1.4 Fiz p, 1 < p < oo. If T is bounded on LP(R™), then so is
each T.. Moreover if || - || denotes the operator norm in LP, we have the
estimate

1 Z:[| < CLII T + A}
with A arising in (4.1.8) and C independent of K.

Proof. For any fixed h € R", we split f into three parts as

fily), ly—h|<e/2,
fly) =9 fly), €/2<|y—h|<5e/4,
f3(y), otherwise.

It is easy to see that if |z — h| < /4, then

T-fi(z) =T fi(z).
So by our assumption on K, we have that
P
K(z,y)f1(y)dy| dx

[ mh@rae- [
|x—h|<e/4 |x—h|<e/4 |JR™

T Pd
< [ Th@pa
<ITIPIAIP

TP / F@)Pde.
ly—h|<e/2

And if |z — h| < 1/4, /2 < |y — h| < 5e/4, then €/4 < |z — y| < 3¢/2,
and then (4.1.3) gives trivially that

/ T fol@)Pdz < Al faP.
|x—h|<e/4

Finally, it is obvious that
T.f3(x) =0

from |z — h| < e/4 and |y — h| < 5e/4. Combining those three estimates
together yields that

/ T f ()P < C(A+ |T|)P / )Py
|x—h|<e/4

ly—h|<5e/4
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holds uniformly for h € R™ . This means

IZellp < CCA+ITIDIS -

Proof of Theorem 4.1.1 We wish to obtain
ITfll, < C(degP,n)| fllp, 1<p<oo. (4.1.5)

We shall carry out the argument by a double induction on the degree in
x and y of the polynomial P. If P(z,y) depends only on x or only on y, it
is obvious that these cases are trivial. Let k and [ be two positive integers
and let P(z,y) have degree k in x and [ in y. We assume that (4.1.5) holds
for all polynomials which are sum of monomials of degree less than k in x
times monomials of any degree in y, together with monomials which are of
degree k in x times monomials which are of degree less than [ in y.

We proceed to the proof of the inductive step. Rewrite

P(.T, y) = Z Qa3 <xayﬁ - ya—l-ﬁ) + Po(ZL’, y)

la|=F,|8|=l
and also write
P(z,y) = > 2“Qaly) + R(z,y), (4.1.6)
la|=k

where Py(z,y) satisfies the inductive hypothesis. By dilation-invariance, we
may assume that
Y laapl=1.

|lal=u,|8]=v

It is easy to see that when |z| < 1 and |y| < 2, we have

e P(@y) _ eiPo(w,y)‘ < Clz—y|.
Decompose T as
Tfa)= [ TRy [ PO ) f)dy
lz—yl|<1 lz—y|>1
=Tof(z) + Toc f(2).
We first consider T;. We shall show that

[Tofllp < CldegP,n)| flp- (4.1.7)
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Put h € R™, and write

Pxy)= Y aag@—h)*@y—h)"+ Ry h),
|a|=k,|8|=l

where the polynomial R(z,y,h) satisfies the inductive hypothesis, and the
coefficients of R(z,y,h) depend on h. It follows that

Tof ()]

< / 2 o=k, 8= aaﬁ(y_h)aJrﬁ—i-R(x,y,h)]K(x —y)f(y)dy
|lz—y|<1

- / (eip(z’y) — eilZ1ai=k 18121 “a»ﬁ(y—h)”’@JrR(z’y’h)]) K(z —y)f(y)dy
lz—y|<1

= [T f(2)] + |T2f ().

From the inductive hypothesis and Lemma 4.1.4 for truncated integral
operator, we conclude that the operator TO1 is bounded on LP(R™), and the
norm of TO1 is independent of P and h.

When |z — h| < 1/4, |z — y| < 1, we have

eP(y) _ ei[z\a\:k,m\:z Ao, 3 (y—h)* TP+ R(z,y,h)] < Clz—yl.

Thus, applying the properties of the kernel K, we conclude that

wrwi<a [ g,

lz—y|<1 |:17 - y|n—1

|f(z — y)XB(h75/4) (x —y)|

=4 lyl<1 ly["—t W
By Minkowski’s inequality, we obtain
[ mrerasa [ (swpay
Therefore
IT6 fllp < CA(degP,n)|f]|,-
Hence

ITofllp < C(A+1)(degP,n)| flp,
where C is independent of the coefficients of P(z,y).
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Let us now turn our attention to T,,. Denote
o
Koo =) 05,
5=0
where U is supported in {z : 3 < |z| < 1} and is bounded, while ¥;(z) =

27 (277z),5 > 1, with ¥ an appropriate function of class C'' supported
in {z:3 <|z| <1}. We set

1) = [ PO - )y, (4.1.8)

Since estimating Ty is trivial, we will consider T} for j > 1, and claim that
the L2-operator norms satisfy the estimate

T2 < C277%¢, for some e > 0. (4.1.9)

To do this we consider T;Tj, where T’ J’»k is the adjoint operator of 1. The
kernel of this operator, f}j(y, z), is given by

/ e P@A=PEG (1 — 2)T(x — y)da.

Obviously, we will obtain the same norm if we replace
Li(y,2) by L;(y,z) = 2" L;(27y,2'2).
The result is then

Li(y,2) = / P2 =PE) g (z — 2)Tg(z — y)d. (4.1.10)

A trivial estimate for L; that follows from (4.1.10) shows

|Lj(y, z)| < CxB,(y — 2),

where x B, is the characteristic function of a ball of radius 2. Now we make
the changes of variables x — x4y in (4.1.10), and then get the x—integration
in polar coordinates with z = rz/, r = |z|, |2'| = 1, dz = r"ldrdo(x). We
also write, after invoking (4.1.6),

P(2(x),272) = Z 2k 12Q o (272) + Rj(z,z),
|a|=k
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where R; has x—degree strictly less than k. Similarly
P(2(x),27y) = Z 2K 2Q 0 (27y) + Rj(2,y).
|a|=k
After these substitutions we get that
1
Ly, 2) :/S » </0 eZ(EJrF)\II(:r,y,z)dr) do(x'), (4.1.11)
where W(z,y,z) = Wo(z — 2 + y)To(z)r" ! with
E=(r2)" Y (2)*(Qa(272) — Qu(?y))
|a|=k

and
F =Rj(z,z) — Rj(z,y).

Note that F' has degree strictly less than k, in r, while E is of degree k.
Thus if we use the van der Corput Lemma (Lemma 4.1.3) for the integral
inside (4.1.10), then we obtain

—ok
Li(y,2)|C <2770 [ D Qa(272) — Qu(27y)| XB, (Y — 2).
la|=F
Since
Z |aa,sl =1,
la|=Fk,|8]=l

there is an |ag| = k and |By| = [, such that |a, g,| > ¢ > 0. However

Quo(272) = 27" >~ a2’ + S(2),
8=t

where S(z) has z—degree strictly less than [, so
[ Lwalds <C2 [ 100 (212) - Quol2iy)] d
n |z—y|<2
and hence by Lemma 4.1.2

sup/ |L;(y, 2)|dz < C279097I0/k — (9%
y
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if we choose ¢ sufficiently small to that 6/k < 1/I. Similarly
Sup/|f}j(y,z)|dy < (0277%,

This proves that ||[T*T|| < C279% and therefore (4.1.9) is valid. It is
obvious, however, that the norms of T); on L' or L are uniformly bounded.
Thus by the interpolation with (4.1.9) we obtain that the L? norms of T}
are exponential decreasing as j — oo, if 1 < p < o0, allowing us to sum
> T; and concluding the proof of the theorem.

Theorem 4.1.1 shows that the operator T' defined by (4.1.1) is of type
(LP, LP), where 1 < p < oo. For the endpoint case (p = 1), we will formulate
the following theorem.

Theorem 4.1.2 The operator T defined by (4.1.1) is of weak type (L', L'),
with bound depending only on the total degree of P(x,y), but not on the
coefficients of P(x,y).

The proof of Theorem 4.1.2 is more complicated and much longer. it
will be convenient to divided it into several lemmas. For the purpose, we
split the kernel K as K = Ko + K, where Ko(x) = K(z) if |z] < 1
and Ky (r) = K(z) if || > 1. We consider the corresponding splitting
T="Ty+ Te:

Tof(z) = p.v. / &P @D Koz — y) f(y)dy,

n

Toof(x) = pov. / PN (x — y) () dy.

n

Next we shall prove for any A > 0 and f € L' that

supA[{z € R [Tof ()] > A} < Ol (4112)
>
and
iup())M{mER”: Too f(z)| > A} < C| fll1- (4.1.13)
>

First, we shall prove that
[{z € Bi(0) : [Tof ()] > A} < O o £ (y)ldy, (4.1.14)
yl<

where B, (x) denotes the closed ball with the center at = and radius r > 0.
To prove the inequality (4.1.14), we first introduce a lemma.
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Lemma 4.1.5 Let K be an operator of the form:

Kf(z) =pv. - K(z,y)f(y)dy,

where the kernel K satisfies |K(z,y)| < Clz —y|™™. For f € L' and ¢ > 0,
set

K.f(x) = pv. / K (2,9)f(4)dy.

lz—yl<e

If
sup A[{z € R™ : [Kf ()| > A} < C| fl1,
A>0

then, there exists a constant C, depending only on the dimension n such
that

sup A [{w € R™: [Kef (@)] > M < Cullfl-
>

Proof. Let us first show that
{z € B(h,e/4) : |[K.f(x)] > A} < CpuA ™! |f(y)|ldy  (4.1.15)

ly—h|<be/4

uniformly for h € R™. Integrating both sides of the inequality (4.1.15) with
respect to h, we get the conclusion of Lemma 4.1.5. For any fixed h € R™,
we split f into three parts as

fiy), |y —hl <e/2,
fly)=1q faly), €/2<ly—h|<5¢/4,
f3(y), otherwise.

Note that if | — h| < £/4, then
K:Efl(:l?) = ’Cfl(:l?)
So by the assumption on /C,

{z € B(h,e/4) - [Kcfi(2)] > A} = {z € B(h,e/4) : [Kf1(z)] > A}
= Ha: [Kfi(@)] > A}
< CpA 7 filh

< C ! |f(y)|dy.
ly—h|<5e/4
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And if |z —h| <e/4,e/2 < |y — h| < 5e/4, then /4 < |z — y| < 3¢/2, and
therefore

[Ke fa(@)| < Cn |f(y)|dy.
|y—h|<b5e/4

Hence, by Chebyshev’s inequality,

o € Blhue/4) s Iefa@)] > M <X [ il
ly—h|<5e/4
Finally, it follows that
Kefs(x) =0
from |r — h| < €/4 and |y — h| < 5¢/4. Combining those three estimates
together yields (4.1.15). |

We turn to the proof of (4.1.14). The method of the proof of (4.1.14) is
similar to that in Theorem 4.1.1. Rewrite

P(x,y)= Y. dag (azo‘yﬁ - y‘”ﬁ) + Po(x,y)
ol =k 8=t

where Py(z,y) satisfies the inductive hypothesis. By dilation-invariance, we
may assume that
> laapl=1.

|lal=u,|8]=v

If |z| < 1 and |y| < 2, then

Hence,

Tof(z)] <

[ e Kot~ oy + el )l
n =y
= |Uf(@)] + |V ()]

If |z| <1, then we have that
Ui@ = [ K ) Px0m) W
r—y|<

and

Vf(x)=V(fxBoz2)(®)
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By the inductive hypothesis on Py(x, y) and Lemma 4.1.5, it implies that U
is bounded from L' to L'*°. On the other hand, by Chebyshev’s inequality
we get that

o € Bi(0) : [VF(x)] > A} < CoA ! / F()ldy.

ly|<2

Combining these estimates of U and V implies (4.1.14). Similarly by the
translation-invariance, for any h € R", we can easily get that

{a € Bi(h) : [Tof(z)] > A} < O s [f (y)ldy. (4.1.16)

Integrating both sides of the inequality in (4.1.16) with respect to h, we get
(4.1.12).

Next we shall prove the inequality (4.1.13). Take a nonnegative ¢ €
C5°(R™) such that

supp(yp) C {1/2 < |z| < 2}, Z@(Q_jm) =1if || >1
§=0

Put K(z,y) = ¢(279 (z —y)) Koo (2, ), where Koo (2,y) = e PV K (x—y)
and decompose

j=0
Define

Vif(z) = WKﬂ%wﬂw@ for j>0

and

Vi) => Vif(@).
j=1

Then T», = Vp + V. Evidently V; is bounded on L', so it suffices to deal
with V. By the Calderén-Zygmund decomposition at a positive A, we have a
collection {Q} of non-overlapping closed dyadic cubes and functions g and
b such that

f=9+0

1
A< — A
§|Q|/Q\f|§c,
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|LJC2|< CHle

9lloo < C%
gl < el flls

b= ZbQ;
supp bQ) CQ;

[ra=0

1bqllt < eAl@]-

= > by (i=1), Bo= ) bg.

Q=2 lQI<1

Put U = UQ, where @ denotes the cube with the same center as @ and
with sidelength 4 times that of . When z € R™ \ U, we note that

Zv Y Bi| ()

and

We set

>0
—ZZ/Ka:y (y)dy
j=11i>0
—ZZ/K:Uy (y)dy.
>0 j=1

By the definitions of K;(x,y) , B; and x € R"\U, if i > j > 1, then it easily
implies that

Kj(z,y)B;(y)dy = 0.

Rn
Therefore, we have that
Z Z/ K(x,y)B;(y)dy
i>0 j>i+1
—ZZ/ Kj(z,y)Bj—k(y)dy
k>1j>k

=2 VilBi-n(@)

k>1 >k
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To prove the inequality (4.1.13), we introduce Lemma 4.1.6.

Lemma 4.1.6 There exists an € > 0 such that, for any positive integer k,

2

STVi(Bs-w)|| < 2 AL (4.1.17)

>k )

By (4.1.8), we have, for some e >0 and for all j > 1, that
1Vill2 < C277¢.
So we get that V is bounded on L?(R™).

Assume Lemma 4.1.6 is valid. We now prove that the inequality (4.1.13)
holds.

\{x R\ U : [V [(z)] >)\}‘

< Ha; eR"\U : |Vg(x)| > %}' - erR"\U: Vb(z)| > %}‘

2

SOAfIh+CA 2D 0D Vi(Byk)

k>1 >k 5

< ONTY|fll+OA2 | 3 A2k g2

k>1
< CA Y fh-
Thus we obtain that
{x e R"\U : |V f(x)] >} | <CAY|fli (4.1.18)

On the other hand, from the definition of U it follows that
Ul < Al (4.1.19)

Combining (4.1.18) with (4.1.19) yields the boundedness of V from L! to
L1°°. This is just our desired inequality (4.1.13).
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It remains to show that the inequality (4.1.17) holds. For k,m > 1, put

Hkm($,y)
- Fk(zvx)KM(Z7y)dZ
RTL
_ / e—z‘P(z,x)—&-z‘P(z,y)Koo(Z _ Jf)Koo(Z — y)sak(z — x)(pm(z — y)dz.
(4.1.20)
Then
Vk*vmf(x) = ® Hkm(a:,y)dy,

where V" denotes the adjoint of V},. We need to discuss the property of ker-
nel Hy,, furthermore. To the end, we formulate the following Lemma 4.1.7.

Lemma 4.1.7 Let k > m > 1. Then Hy,,(z,y) = 0, if |z — y| > 2872, and
(Z) |Hkm($7y)| < C2_kn)
(i) |Him(z,y)| < 2727 (g(x) — q(y)| /M.
Proof. Suppose that |z —y| > 2¥+2. Since
|z =l + | =yl > o —y| > 2"72,

either of inequalities

2k+1 2k+1

|z — x| > and |z —y| >

must hold. That means pg(z —x)pm, (2 —y) = 0. Now we prove the estimate
of (ii) only. Note that

<%>M (P(z,x) — P(%Q)) = M!(q(m) B q(y))-

Hence, it follows from Lemma 4.1.3 that

b
/ e—z’P(z,z)+iP(z,y)dz

a

< clq(x) — q(y)| M

for any a and b. Therefore by the integration by parts in variable z in the
formula of (4.1.20) and by using the properties of the kernel K, we easily
get the desired conclusion. [ |

Let us give two definitions.



4.1 Oscillatory singular integrals with homogeneous smooth kernels 183

Definition 4.1.1 For a real-valued polynomial P(x) = }_ <y Gaz® of de-
gree N, define
| P|| = max |aq].
|a|=N

Definition 4.1.2 For a real-valued polynomial P and 3 > 0, let
R(P,B) ={z € R" : |[P(x)| < 3}

Let d(E, F) denote the distance between E and F and d(z, F') = d({z}, F).
Let us state the following Lemma which will be used to prove the Lemma
4.1.6.

Lemma 4.1.8 Let s,m be integers and s > m. Suppose N > 1. Then, for
any polynomial P of degree N satisfying |P|| = 1 and for any v > 0, there
exists a positive constant Cy N~ depending only on n, N, such that

| {w € Byn(a) : d (2, R(P,2V™) <727} | < Gy 202
uniformly in a € R™.

The proof of Lemma 4.1.8 needs to use geometrical properties of poly-
nomials. For the details, one refers to [Sa] and we omit it here.
Let A > 0 and let {B;};>0 be family of measurable functions such that

RGeS

J

for all cubes @; in R™ with sidelength 1(Q;) = 27.

Lemma 4.1.9 Let the kernels Hj; be as in Lemma 4.1.7. Then we can find
a constant ¢ such that

J
sup
reR™

Bj(y)Hji(x,y)dy| < cX2™*
Rn

1=k

for all integers j and k with 0 < k < j.
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Proof. For m € Z, let D,, be the family of all closed dyadic cubes @) with
sidelength [(Q) = 2™. Fix x € R™. Let

F={Q €Dk :QNByi2(x) Z0} (0<k<i<jy).

Then clearly } ocr |Qf < 2™, Decompose F = Fo U Fi, where

Fo={QeF:QnR (q() - qlx).2"V) £ 0}
and F; = F \ Fo. Then by Lemma 4.1.8 we have
Z |Q| < CQj(n—l)Qi—k.

QeFo

It implies by (i) in Lemma 4.1.7 and above estimates that

/ 1B (y)ldy

> | IBestw itz )ty <2
QeFo QeFo (4.1.21)

<A ) QI < ex2 IR,
QEeFo

From (ii) in Lemma 4.1.7 and above estimates, it follows that

Z / |Bi—k(y)Hji(z,y)|dy

QeF
< @ ngTign LIER/ME N / 1B (y)|dy (4.1.22)
' ' QeF1 '
< @ Ing i  HIERMAN Q] < a2 HEZRIAM,
QEF

From (4.1.21) and (4.1.22) it follows that
[ B (e ldy
= Z / |Bz k ]z 33 y)|dy
QeF
/ |1Bik(y) Hji(z, y)|dy + Z / Bik(y) Hji(z, y)|dy

QeFo QeF1
< e <2z—j—k 1 2—1'2—L(z'—k)/M) ‘
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Thus we see that
> sup / 1B, (y) Hji(,y)| dy <> eA (2“3"“ - 2‘12‘““"’)/1‘4) < ex27k,
1=k TCR™ " i=k

This completes the proof of Lemma 4.1.9. [ |

Lemma 4.1.10 Let {B;};>0 be as in Lemma 4.1.9. Suppose Z 1Bl <
j=0
oo. Then, for any positive integer k, we have
2

D ViBik)|| <ex27F> 1B

ik 5 >0

Proof. Let (-,-) denote the inner product in L2. Using Lemma 4.1.9, we
note that

2 .
J
SViBiw)|| <20 Vi (Bi—k), VilBioi))]

Jjzk 9 j>s i=k
J
=2 |(Bj_k, V;Vi(Bioy))]
i>s i=k
J
<23 3 1Bkl [V ViBict)| e
>k i=k
<2ty 1B
j=0
This completes the proof of Lemma 4.1.10. m

Set B; = Bj, then we have that
SUBi =B <Y Y (@il +ex 3 1@l < el
Jj=0 Jj=0 Jjz1l|Qjl=2in lQI<1

Thus we obtain that
2

S ViBik)|| < ex27F| £,

>k )

which is just the inequality (4.1.17). This completes the proof of Theorem
4.1.2.
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4.2 Oscillatory singular integrals with rough ker-
nels

In this section, we will investigate a class of oscillatory singular integral
Q)
||

satisfies condi-

operators with rough kernels. Suppose that K(z) =

tions

(1)
()/ 19(33)(10(33):0; and
)

(3) Q€ L9(S™1), for some ¢ with 1 < g < oo,
Let us introduce a truncated operator

Q is homogeneous of degree 0;

St = [ K- (12.1)
lz—y|<1

Theorem 4.2.1 Suppose that K(x) satisfies (1) and (3). The operator T
defined by (4.1.1) is bounded on LP(R™) if and only if the truncated operator
S is bounded on LP(R™), 1 < p < oo, with the bound depending only on the
total degree of P(x,y), but not on the coefficients of P(x,y).

Proof. Assume that a polynomial P(z,y) has degree k in z and [ in y and

Z laas| = 1. Let us first consider the following operator T, defined
|a|=k,|B|=l

by
Toof(z) = / PV I (o — ) (y)dy.
lz—y|>1
Write
-> /[ DK~ ) )y = 3 T f(@)
j=1 72 <[z —y|< =
where

T;f(x) = / PEE K () f (o — y)dy
29— 1<|y|<2i
_ /
= Q(?Jl)/ eip(%x_ry/)if(x ry)drda(y’).
Sn—1 20—1<r<i r

For a fixed ' € S*!, let Y be the hyperplane through the origin or-
thogonal to y’. We have, for x € R", 2 = 2 + sy’ with s e Rand z € Y,
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that

/ eiP(x,x—ry’) f(.T — Ty,) dr
20=1<r<27 r

/ etP(ztsy 2+ (s—r)y) flz+ (s — T)y,)dr
27-1<r<2i r

g / eZ'P(Z—‘rSy/,Z—‘,-ty/)f(Lty/)dt
2i-1<5—t<2i s—t

= N;[f(z +4)](s)-

It is easy to see that N; is a linear operator defined on L?(R). Denote N 7
to be its adjoint operator. Next we will consider the operator N ;Nj with
the kernel

eilP(z+ry’ 24y ) = P(z+ry’ 24uy’)]

M;(u,v) = / dr
U,

20— 1<pr—v,r—u<2i (] LL)(1 U)
P(2+27ry 4oy’ z+vy' ) — P(24+27ry' 4oy’ z4uy’)]

ell
B /;<r<1,2i—1<r+v—u<2j (297 + v — u) ar
It is easy to check that
(M1, 0)] < X (o — ul). (422)

Now rewrite P(x,y) as

P(z,y) = Y «*Qal(y) + R(z,y).

|al=k

Thus we have that
Mytu,) = [ PPy () dr,
1<r<1,21-1<r+o—u<2’

where

B=@)" 3 o/ [Qalz+vy) - Qule+ up))].

|a|=k

F with r—degree less than k, and



188 Chapter 4. OSCILLATORY SINGULAR INTEGRALS

It follows from Lemma 4.1.3 that

/ G(E+F) g,
%Sr<1

It follows from integration by parts that

==

<C 2% 3 v |Qalz +vy) = Qulz+ uy)]

|a|=k

Eall

|Mj(u,v)| < C277 [ 29F Z Y {Qa(z +vy) — Qalz + uy')]

|a|=k
(4.2.3)
Combining the inequality (4.2.2) with (4.2.3) yields the following estimate
|[M; (u, v)]
_s
k
<270 (2K Yy [Qa(z +vy') = Qalz +uy) X[o,2i-1) ([v — ul)

|al=k

holds uniformly in ¢ € (0, 1]. Thus

/|Mj(u,v)|dv

Ealg)

< i /| LT (Qalz+0y) = Qulz+w)] || dv
u—v|<27
|a|=k

o

< o0 / ne > 0 [Qule+ 0+ 59 = Qaz+u)]| | .
V<
|a|=k

Now we take ¢ € (0, 1] such that 6 /k < 1/I, then from Lemma 4.1.1 it follows
that

/\Mj(u,v)]dv <2790 Z aagy'O‘Jrﬁ
|a|=k,|8|=l

Bl

Thus, we have that

Bl

N7 Nilll oo Ry— oo @) < C2770 | > aapy™™?
la|=Fk,|8|=l
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and

Bl

IN; Nillprgy—riy S C277° | ) aapy™t?
la|=Fk,|8|=l

By the Riesz-Thorin interpolation theorem, we obtain that

EalSg)

IN; Nill2y—r2@y < C277° | ) aapy™t?
la|=Fk,|8|=l

Since

IN;g(s)] < / 19O 3y < 411109 (5),

2-1<s—t<2i S —

we have that
N1l ro (R)— o) < C(po), with 1 < pg < oo.

By the Riesz-Thorin interpolation theorem again, we obtain that

22

2k

NGl oRy— Loy < C27002 1 3" aggy®™?| | (4.2.4)
|| =k, |B|=l

where 0 < 6 < 1. From Minkowski’s inequality and (4.2.4), it follows that

175 f I

< [ 10w ([ [ wits s spasas)” avty)

09

2k
< C2—0j6/2||f||p/s B |Q(y')| Z aaﬁy/a-i—ﬁ dU(y/)
laf=Fk,|8]=

054’ 1/q
T2k

< C2_0j5/2||f||p||Q||Lq(S"*1) /n1 Z aaﬁy/a+'8 dO'(y/)
lo|=k,|8]=l

We take 6 € (0,1] such that 6 < min{k/l,2k/(k +1)¢’}. By Lemma 4.1.2,
we obtain that '
I3 fllp < C27°72)1Q pagsn-1y I .
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Thus
1Too fllp < ClIQ Lasn—1) [ fllp-

If Z laas| # 1, we denote

|lo|=k,| 8=l
1/(k+1)
A= ( Z aaﬁ) .

|laf=k,|B|=!

We can write P(z,y) as

(g, o Az Ay
Peg) = X S0’ + R (50 20) = Qlas )
ol =k18]=1

Thus

So we have that

Tl = ( /|

_ (/nA_” /x_y>AeiQ(:c,y)K(;p_y)f(%)dy
(%)

< ClQ[ Lan—1)l1f llp-

PN
dm)
P\
d:r)

[ g yf (%) ay
lo—%|>1 A

< CA/P

p

Rewrite

Tf(z) = pv. /| K ) [0y Toof () = Tof () TS 0),
r—y|<

Note that we have proved that T is a (LP, LP) type operator. If T is a
(LP, LP) type operator, then Tp is also of (LP, LP) type.
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Let us now turn to prove that S is a (LP, LP) type operator. To do this,
we first introduce a notion. For a polynomial P, we say that P has property
P, if it satisfies

P(z,y) = P(x — h,y — h) + Ro(x,h) + Ri(y, h),

where Ry , R; are real polynomials.
We take h € R". For |x — h| < 1, we have

Tof(x) = Tolf (-)xBan) ()](2)-

Thus

1/p 1/p
( / Tof (w)!pd:r) <C ( / |f (y)lpdw> ; (4.2.5)
|lx—h|<1 ly—h|<2

where C is independent of h.
We choose polynomial P with the property £2. It follows that

Sf(x) = / K(x — ) F)xzym )dy
lz—y|<1
lz—y|<1

x e P(@—hy—h) —iR1 (y’h)f(y)XBz(h) (y)dy.

Note that the Taylor expression of et’(@=hy=h) jg

m!
m=0

i Plo b = (=)™ a
e~ iP@—hy—h) _ Z( ) > ags(z — h)*(y — h)”
o8

- Z % Z Am (T — ) (y —h)".
m=0 """ p,
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Thus, if we set a = (1,1,--- ,1), b= (2,2,---,2), then we conclude that

1/p
( / ISf(w)I”dw>
|z—h|<1

[ee]
1
<> Sl ([ A=
m=0 ’ v, |:E

—h|<1

8 ‘TO (e_iRl("h)f(‘)XB(h,g)(.)(. - h)”) (x)‘pdx)l/p

00 1/p
1 v
<> i S lamde ([ @l - kP
m=0 WV, ly—h|<2

—h|<2

00 1/p
1 v
<3 X et ( / If(y)!”dy>
m= [78%

1
<C Z — Z |aa5|aabﬁ / |f(y)Pdy
0 m! o ly—h|<2
1/p
< Cexp | Y |aapla®d’ </ If(y)lpdy) :
Ot,ﬁ ‘y_h|<2

Thus
1Sfllp < ClIflp-

On the other hand, we assume that the truncated operator S is bounded
on LP(R™). Let us now turn to prove that operator 7" is also bounded on
LP(R™). As proved above, Ty, is bounded on LP(R™). In fact, it suffices to
check that T is also bounded on LP(R™). We shall carry out the argument
by a double induction on the degree in x and y of the polynomial P. If
P(z,y) depends only on = or only on y, it is clear that there cases are
trivial. Let k and [ be two positive integers and let P(z,y) have degree k in
x and [ in y. We assume that Tj is bounded on LP(R"™) for all polynomial
which are sums of monomials of degree less than k£ in x times monomials of
any degree in y, together with monomials which are of degree k in x times
monomials which are of degree less than [ in y.

We proceed now to the proof of the inductive step. Rewrite

P(z,y)= > dag (wayﬁ - y‘”ﬁ) + Py(x,y)
|| =k, | 8=l
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and also write

Z xaQa +P0(33 y)

|lo|=k
where Py(z,y) satisfies the inductive hypothesis. By dilation-invariance, we

may assume that
> aasl=1.

la=u,|B|=v
Take h € R™, and write

Pxy)= Y aag@—h)*@y—h)"+ Ry, h),
|a|=k,|8|=l

where the polynomial R(z,y,h) satisfies the inductive hypothesis, and the
coefficients of R(z,y,h) depend on h. It follows that

Tof ()]

< / o 1a1=k 18121 aaﬂ(y—h)”“’%@%hﬂK(:z: —y)f(y)dy
lz—yl<1

_|_

/ (eip(x’y) — ¢ 1al=k181= aaﬂ(y—h)o‘*’@JrR(W’h)]) K(z —y)f(y)dy
lz—y|<1

=Ty f ()| + T3 f ().

By the inductive hypothesis, we conclude that the operator T, 01 is bounded
on LP(R"), and the norm of 73 is independent of P(z,y) and h. When
|lx — h| < 1/4, |z — y| < 1, we have

P (@y) _ ei[z\a\:k,m\:z Ao, 5 (y—h)* TP+ R(z,y,h)] < Clz —yl.
Thus, we conclude that

T2 ()| < C 1@ =91, 1)1y

|lz—y|<1 |$_y|n !

</ DN £~ s (@ — v)ldy.
< o

<1 1y

By Minkowski’s inequality, we obtain

[ mrerd <l [ i@
|z—h|<1/4 |z—h|<5/4
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Therefore
I fllp < CA(deg P.n) | £1l,-
Hence
1oy < CIQUL, syl
where C is independent of the coefficients of P(x,y). [ |

Theorem 4.2.1 tells us that the boundedness of an oscillatory singular
integral operator is attributed to the boundedness of the corresponding trun-
cated integral operator. The following theorem is an important application
of Theorem 4.2.1.

Theorem 4.2.2 Suppose that P(x,y) is a real-valued polynomial on R™xR"
and K satisfies the condition (1),(2) and (3). Then the operator T' defined
by (4.1) is bounded on LP(R™), 1 < p < oo, with the bound depending only
on the total degree of P(x,y), but not on the coefficients of P(z,vy).

Proof. When K satisfies the condition (1), (2) and (3), By Theorem 2.3.7,
we know that the operator

H f(x) = - K(z —y)f(y)dy

is a (LP, LP) type operator with 1 < p < oo. It suffices to prove that the
truncated operator S is a (LP, LP) type operator with 1 < p < oo. For any
fixed h € R™, we split f into three parts as

i),  ly—h|<1/2,

fly) =< foly), 1/2<|y—h[<5/4
f3(y), otherwise.

|

< 1/4, then we have

Sfi(z) = H f1(z).

p

So we have that
[ skl = | Ko —9)fi(y)dy| da
|le—h|<1/4 |x—h|<1/4 |JR"™

p
< /R A fr () Pda

< || / f(@)Pda.
ly—h|<1/2
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And if |z —h| < 1/4,1/2 < |y —h| < 5/4, then 1/4 < |z —y| < 3/2. It
follows from Minkowski’s inequality that

1/p
( / S f2($)|pd:r>
|z—h|<1/4
1/p
Q /
</ L) / fala — y)Pdz | dy
1/4<lyl<1 1Yl le—h|<1/4

1/p
|x—h|<5/4

Finally, it is clear that

S fa(x) = 0.
The above estimates imply that

1SFlle < CUZN+DIf -

It immediately follows from Theorem 4.2.1 that operator T defined by
(4.1) is bounded on LP(R"), 1 < p < oo, with the bound depending only on
the total degree of P(x,y), but not on the coefficients of P(x,y). [ |

Now we weaken the condition on the kernel 2. In place of L(S"~1) with
1 < ¢ < o0, assume that {2 satisfies

(4) Qe LlogL*(S™1).

Obviously, the following theorem will weaken the condition on the kernel
) in Theorem 4.2.1.

Theorem 4.2.3 Suppose that K satisfies (1) and (4). The operator T de-
fined by (4.1.1) is bounded on LP(R™) if and only if the truncated operator
S is bounded on LP(R™), 1 < p < oo, with the bound depending only on the
total degree of P(x,y), but not on the coefficients of P(x,vy).

Proof. The idea and method of proving Theorem 4.2.3 are much similar
to that of Theorem 4.2.1. We only give the different part.
For Q € Llog LT (S 1), we decompose the kernel (2 as follows:

O (2') = Q2" )x g, (),
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where
Ey= {2 es" 1. |Q(z)| <1}

and
En={d es" 12" <|Q(z)] < 2™}, meN.

We split Ty, as follows:

ZZ/ P(z,y)Q| m(T — ) y)dy —ZT]mf

n
=1 m=0"2" I<|z—y|<27 y|

By a method similar to that of proving Theorem 4.2.1, we can prove that
there exists a § > 0 such that

1T fllp < €271l oo gn-1) 1 £l (4.2.6)

where C' is independent of 7 and m. On the other hand, we obtain that

Ty f ()] < / L)1 — )l

2i-1<lyl<2s  |Y|"

It is clear that
192 (y)|

ly|™

xXe, (y) € LYR™).

So we have that
| Tsm fllp < ClISnll L1 gm0y Fllp- (4.2.7)

Now we choose a positive integer M > 6!, Thus

Too flo =Y > I Tjmf

j=1m=0
oo mM
= Z 10 fllp+ D D W Tjmf p+ Z Y T fllp-
m=1 j=1 m=1j3>mM

It follows from (4.2.6) that

> A T0flly < €277 £l

j=1
and

YD Tmfll,<C D> D 27992 fll < Cllf -

m=1j3>mM m=1j3>mM
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By (4.2.7), we obtain that

oo mM oo mM
D MTimflle <C Y0 Y Imloen—lf
m=1 j=1 m=1 j=1

<COM|fllp > m2™|En|

m=1
< OM|[Q 110+ Lgn-1) 1 fllp
< Cllflp-
Therefore we have that
[Toofllp < CllSlp-
The remainder of the proof is the same as that of Theorem 4.2.1, and we
omit it here. [

The following Theorem is a direct consequence of Theorem 4.2.3.

Theorem 4.2.4 Suppose that P(x,y) is a real-valued polynomial on R™xR™
and K satisfies the condition (1),(2) and (4). The operator T defined by
(4.1) is bounded on LP(R™), 1 < p < oo, with the bound depending only on
the total degree of P(x,y), but not on the coefficients of P(x,y).

4.3 Oscillatory singular integrals with standard ker-
nels

Let K(z,y) be a Calderén-Zygmund standard kernel (also called distri-
bution kernel). That means, K (x,y) satisfies

(a) [K(z,y) T # Y,

<7
< 2 —y["’

C
(0) VoK (z,y)| + [VyK(z,y)| < W? TF Y.

Clearly the kernel K does not have any homogeneous property.
The oscillatory singular integral operator in this section is defined by

Tf(x) = p.v. / ePEN K (2, y) f(y)dy, (4.3.1)

n

where P(z,y) is a real-valued polynomial on R"xR".
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Theorem 4.3.1 Suppose that K satisfies (a) and (b). If the singular inte-
gral operator IC defined by

Kf(z) =pv. - K(z,y)f(y)dy

is bounded on L*(R") , then T defined by (4.3.1) is bounded on LP(R"),
1 < p < o0, with the bound depending only on the total degree of P(x,y),
but not on the coefficients of P(x,vy).

We only state the above theorem without proof and will give the proof
for its weighted version. In weighted case, we have the following theorem.

Theorem 4.3.2 Under the same conditions on K as that of Theorem 4.3.1.
If the operator K is bounded on L*(R™), then for any w € A,, 1 < p < o0,
we have

ITfllpw < Clifllpw (4.3.2)

where A is the Muckenhoupt class, and C depends only on the total degree
of P(x,y), but not on the coefficients of P(x,y).

Proof. Using same double induction on the degree in x and y of the
polynomial P as that of Theorem 4.1.1. We consider two cases.
Case 1. Assume } |, _y 5= |@as| = 1. Decompose

Tf(z) = / @D (2, ) f(y)dy
lz—y|<1

> EPO K (2,) f(y)dy

j=1 /¥ <|e—yl<2

=Tof(x) + Y Tjf(x).
j=1

For h € R™, P(x,y) can be written as

P(z,y) = Z s —h)*(y — h)? + R(z,y, h),
o=, |81~

where R(z,y,h) is a polynomial which satisfies the inductive hypothesis,
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whose coefficients depend on h. Write
Tof@) = [ exp {i (Rlah) + 3 aasly = ) } K f )iy
lz—y[<1
+ / ¢P@y) _ (R@yM+T aasW=R)"") fr ) £(y)dy
lz—y[<1
=To1 f(x) + Too f ().
Now put f into three parts:

&) =FW)xqiy-ni<1/2y @) + F@x0/21-n1<50 W) + FOXy-n1z5/ W)
=f1(y) + fa(y) + f3(y).

When |x — h| < 1/4, it is easy to see that

Toif1(x) = / exp {z’(R(a:, Y, h) + Sags(y — h)a+ﬁ)} K (z,y) f1(y)dy.

From the inductive hypothesis, it follows that

/ (Tov f1(2) Pol)de < C F)Poly)dy,  (433)
|z—h|<1/4 ly—h|<1/2

where C' does not depend on h and the coefficients of P(z,y).
Note that when [z —h| < 1/4,1/2 < |y—h| < 5/4, we have |z —y| > 1/4.

Thus
|fo(y)]
1/4<]z—y|<1 |.73 - y’n

[Tor f2(z)| < C dy < CM(f2)().

Therefore, we have that

/ (Tor fol) Pol)de < C F)Poly)dy,  (43.4)
|x—h|<1/4 ly—h|<5/4

where C' does not depend on h and the coefficients of P(z,y).
Also notice that when |z — h| < 1/4,|y — h| > 5/4, we have |z — y| > 1.
Hence

By (4.3.3), (4.3.4) and (4.3.5), we obtain that

/ (o f () () dax < C F)Polp)dy,  (436)
|lz—h|<1/4 ly—h|<5/4
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where C' does not depend on h and the coefficients of P(z,y).
Obviously, when |z — h| < 1/4,|z — y| < 1, we have

¢P@y) _ G (R@uh T aasu=n")| < iy g1

Therefore, when|z — h| < 1/4, we have that

Tinf ()] <0 | Kl%c@ < OM(fxpia/n) (@)
T—y

It follows that

/ (Tonf (2) Puo()dax < C FO)Polpdy,  (43.7)
|x—h|<1/4 |ly—h|<5/4

where C' does not depend on h and the coefficients of P(z,y). From (4.3.6)
and (4.3.7), it follows that

/ To f () Pw(z)dz < C @) Poy)dy
|e—h|<1/4 ly—h|<5/4

holds for every h € R™. This is equivalent to having that

1Tofllpw < Cllfllpws (4.3.8)

where C' does not depend on the coefficients of P(z,y).
For j > 1, we have

dy < CM(f)(z),

T, f(2)] < / /()]

2i-1<|z—y|<2i [T —Y|"

where C does not depend on j . By the reverse Holder inequality, there
exists an € > 0 such that w!*¢ € A,. Thus, we have

”ij”p,w“re < C”f”p,w“re' (4.3.9)

On the other hand, applying a method similar to that of proving (4.1.9),

we can get '
I Tjll2 < C277°.

And it is easy to see that the norm of T; on L' or L*® are uniformly bounded.
Thus, we can deduce that

T3 fllp < C277°)| £l (4.3.10)
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where C' only depends on the total degree of P(z,y) and § > 0. By (4.3.9),
(4.3.10) and the Stein-Weiss interpolation theorem with change of measures,
we obtain that

1T flp < C277) £llpos (4.3.11)

where 0 < 6 < 1,6 is independent of j, and C only depends on the degree
of P(x,y). It follows from (4.3.8) and (4.3.11) that

1T Fllpw < Cllfllpe

where C' depends only on the total degree of P(x,y), but not on the coeffi-
cients of P(z,y).

1
Z3]
Case 2. Assume Z laqs| # 1. Denote b = Z laas] ,
|o|=k,|B|=1 |al=k,|8|=1
then
bxr b
Plag) = X 5 Daga(on) )+ 7 (55 ) = Qb
|ad|=k,|Bl=1
Thus

n

: bx
_ iQbxby) g [ 9 Y Y\
p.v./ne K(b’b)‘f(b)b dy

- 1 ;) o)

Tyf(z) = p.v. / QD Ky (2, ) f (y)dy

n

Tf(x) = pv. / R0 K (2 y) f(y)dy

where

and vy
Kb(-iU,y) =K (gv g) .
It is not difficult to check that K satisfies (a) and (b), and then the operator
f=pv | Ko(z,9)f(y)dy

is of type (L2, L?). The conclusion in the case 1 yields that

1Togllp.e < 0"Cllgllpw
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where C' only depends on the total degree of P(z,y). Noting that w (5) €A,
and C (w (3)) = C(w), we have that

/Rn T f(z)|P w(z)de =b""P /n

<C

Ty, (f

Ty (f
G)[ e (5)pas
= C’/ x)|Pw(x)de,

where C' depends only on the total degree of P(x,y), but not on the coeffi-
cients of P(z,y). [ |

4.4 Multilinear oscillatory singular integrals with
rough kernels

In this section, we will study a class of multilinear oscillatory singular
integrals that is a generalization of commutators generated by oscillatory
singular integrals and a BMO function. Precisely, The multilinear oscillatory
singular integral operators T'4 is defined by

- Qx —
Taf@) =p. [ @0 MR () Sy, (@41)
where P(z,y) is a real-valued polynomial on R"xR", R,,,11(A4;z,y) denotes
the m + 1-th order Taylor series remainder of A at x expanded about y,
more precisely,

Ro1(A,y) = Alw) — 3 2D Aly)(r —y)"

laj<m

It is obvious to see that when m = 0, R1(4;z,y) = A(z) — A(y). Thus we
obtain that
Taf = AT(f) - T(Af) = [A,T]f.
In this case, T4 is just a commutator;
The truncated operator corresponding to T4 is defined by

saf@=pv. [ DR (s )y, (442

lz—y|<1 |$ - y|n+m
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In this section, we will investigate a class of multilinear oscillatory singular
integral operators with rough kernels and their criterion on LP-Boundedness.
Suppose that €2 satisfies conditions

(1) © is homogeneous of degree 0;

(2) Q(2')do(z") = 0; and

S§n—1

(3) Q € LYS" 1), for some ¢ with 1 < ¢ < oo.

Theorem 4.4.1 Suppose that Q satisfies (1), (3) and a function A has
derivatives of order m + 1-th in BMO(R™). The operator Ty defined by
(4.4.1) is bounded on LP(R™) if and only if the truncated operator S 4 defined
by (4.4.2) is bounded on LP(R™) (1 < p < 00) with the bound depending only
on the total degree of P(x,y), but not on the coefficients of P(x,y).

To prove Theorem 4.4.1, let us first give some lemmas.

Lemma 4.4.1 Let b(x) be a function on R™ with derivatives of m-th order
in L*(R™) for some s, n < s < oo. Then

m 1 (0% S 1/5
Rulbsz)] < Cale=ol” 3 (o [ 10°0(az) "
|a|=m r z

where I is the cube centered at x, with its sides paralled to the axes , whose
diameter is 24/n|x — y|.

Lemma 4.4.2 Suppose that Q) satisfies (1), (3) and a function A has deriva-
tives of order m-th in BMO(R"™). Denote

1

rn-‘,—m

Maf(z) = sup
r>0

/I— - 1z — y)Ra1 (A; 2, 9) f(y)| dy.  (4.4.3)

Then My is bounded on LP(R™) with 1 < p < oco.

Proof. Define M 4, a variant of My, by

1
Tn—i—m

M 4 f(z) = sup
r>0

/ 1 — 1) Ross (As ) £ ()] dy. (4.4.4)
r/2<|z—y|<r
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It follows that

Maf(z)

= sup
r>0T

L / 1 — ) Rons1 (As 2, 9)  (9)] dy
lz—y|<r

1
<> | 190 — ) R (A3 2,9) £ ()| dy
—0 r r/2k 1< |z —y|<r/2k

o~ 2—k(n+m)
=y st 9w = ) Rmsa (45 2,9)f (4)| dy
=0 r>0 (2—k) r/2kt1<|z—y|<r/2k
P e 90 — 9) R (45 2,9) f(9)] dy
= 250 0 (£)" rjpeni<lo—glarot R
=CMf(x)

Hence if M 4 is bounded on LP(R"™) with 1 < p < oo, then we immediately
obtain that M4 is also bounded on LP(R") with 1 < p < co.

Therefore it suffices to prove Lemma 4.4.2 for M 4. For fixed z € R",
r > 0, let Q(z,7) be the cube centered at x and have its sidelength 2/nr.

Set
1 (e} (07
A9(y) = Aly) = 37— (DAY,

|a|=m

where mg(, ) (D*A) denotes the mean value of DA on Q(z, 7). Clearly we
have

Rm+1(AQ; z,y) = Rpt1(4;2,9).

In the following, we will consider two cases:
(i) When m = 0, in this case A € BMO and

Maf(a) = sup - 2o — y)(A(@) — AW)F ()| dy
r>0 r/2<|z—y|<r

1 1/q
< sup <@ / 26 = 1)l 1) dy>
r>0 r/2<|lz—y|<r

1/¢
1 /
< sup <@ / AG@) - AW 7)) dy>
r>0 r/2<|z—y|<r

= [An@)] " [Pow] "
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It is easy to check that
1P < CIRU% sy 1T
and
[P2(H)llp < CllAlBMOl flp-
(ii) When m > 1, We have that

Maf(z)

1
L / 1z — )R (A% 2, ) (9)dy
r/2<|z—y|<r

< sup
r>0 T

1 1
doup i | Qa—y) S =D Ay — ) f(y)| dy
r/2<|z—y|<r Q-

r>0T
lor|=m

——1 -2
= oS (a) + T4 (2).
From Lemma 4.4.1, it follows that
1 1 N
W) < s [ S 1D Allswiol £3)dy
r/2<|z—y|<r

r>0 T"
|a|=m

<C Z | D“AllBmo - M(f)(x),
|a)]=m

where M (f)(z) denotes the Hardy-Littlewood maximal function of f. Then
from the LP— boundedness of Hardy-Littlewood maximal function, it follows
that

ANl <C S ID*Allsaol|flp-

|a|l=m—1

For 1 < p < oo, we choose a t such that 1 <t < p. For Mi, we have that

T2 f(x) < Csup — S DY AY) — g (DA £()ldy

n
r>0 r/2<|z—y|<r la|=m—1

3 1/t
—1 !

S C sup / DaA — MO(z.r DaA t d

jal=m (’“>0 R" T/2<|x—y|<r‘ (¥) = mQ.n(D*A)" dy

1/t
X Sup (T‘” / f (y)ltdy>
r>0 |lz—y|<r

<C Z | D*Allpmo M (f)(x),

|a|=m—1
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where )

Mi(f)(@) = [M(f1)@)] "

Thus we conclude that

IMA(H)llp, <C D IID* Allmo 1M (f)l

laf=m

t/p] M/t
=C ) [D*Allzmo [<AH[M(!f!t)(x)]p/tdx> ]

laj=m

<C Y ID*Allsyollf1lp-

|a)]=m

Therefore, for 1 < p < 0o, we have that

M afll, <C Y IID*Allsaollf -

laj=m

Proof of Theorem 4.4.1. Observe that if the operator T defined by

Q _
Tf(@) = pv. /R n %ml(m,ymy)dy

is bounded on LP(R™), then the truncated operator S4 defined by (4.4.2) is
also bounded on LP(R"™). By dilation invariance, we only treat the case of

> ID*AllByo = 1.

la)l=m

Proof of sufficiency. Let k and [ be positive integers. Let P(z,y) be
a non-trivial real-valued polynomial with degree k in z and [ in y. Write

I%$>y): 2: aaﬂxayﬂ
|| <K, B|<I

and decompose T4 into
, Qx —
@[ P 20 —9) g (s, )y
rz—y|<1

. Qlx —
+ /| l>lezpw(iy)zamﬂm;x,y>f<y>dy
T—yY|=

= THf(2) + T f ().
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Let us now turn our attention to the operator T°3°. For this purpose, we
write

o0
T =) Tif,
d=1

where

: Q(x —
T4 f(x) = / P XY g A ) f)dy.
2d-1<|gp—y|<24 lz -yl

Let us first consider the operator T' z, d > 1. Since

Qx —
i) < [ E—Y) (A ) )| dy
2d-1< | —y|<2d lz -yl
< sup m+n / |Q((l§,y)Rm+1(A; x7y)f(y)‘ dy = 2mMAf($)
r>0T |lz—y|<r

From Lemma 4.4.2, it follows that

T4/l < CIMA()p < Ol fllp, (4.4.5)

where C is independent of d, 1 < p < o0.
On the other hand, if we can prove that

T4 fll2 < C270 £l (4.4.6)
then by interpolating between (4.4.5) and (4.4.6), then we will obtain that
ITSfllp < C27% fllp, 1 <p<oo, (4.4.7)

where 61,05 and C' are independent of d and f.
The remainder is to prove (4.4.6). To do this, we define

d iP(2d—14 9d— Qx — Yy
Tyf(z) = / e 1y>(7qﬁan+1<A;x,y)f<y>dy.
1<z —y|<2 |z -yl
We first prove that
_d _
HTAfH2 < 27| f|la. (4.4.8)

Decompose R™ into R™ = | J I; , where each I; is a cube with side of length
1, and the cubes have disjoint interiors. Set f; = fx;. From the definition of

Ti f and f;, it easily follows that the support of Ti fi is contained in a fixed
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. . . d
multiple of I;. Since the supports of the various terms T 4 f; are bounded
overlapping, we have the ”almost orthogonality” property

il = eS|

.
Therefore, it suffices to show that there exists a 8 > 0 independent of d and
fi (for all 7) such that
—d
HTAf i

For fixed i, denote I; = 100nI;. Let ¢;(z) € C§°(R™) such that 0 < ¢; < 1
and ¢; is identically 1 on 10y/nl; and vanishes outside of 50/nl;, ||D7¢;|| <
C, for all multi-index 7. Let xy be a point on the boundary of 80y/nl;.
Denote

< 2 fi. (4.4.9)

A% () = R (A = 3 —mr (DAY 90 | 01(y).

|a)]=m

A simple computation shows that R, 1(A4;2,y) = Rpyy1(A%;x,y). For
multi-index «, define

dsa iP(2¢~ 1,20~ Qx — a
T3 f(z) = / (i@ w2 1”%@:—@/) Fy)dy.
1<|z—y|<2 |z — ]

It follows that
—d =d
Tpfi(w) =T g9, fi(z)

ip(2d—159d-1,) (x —Yy .
= / S y)(irﬁ)mRmH(A‘z’l;x,y)fi(y)dy
1<|z—y|<2 |z -y

— A% (:p)Tff{Ofi(aj) - Z 57?4’& (DO‘A@‘fZ.) (z)
laj<m
=Y AT (0 ) @)
|a|=m
=1+1I+1II.

Now we will give the estimates of I, I] and 111 respectively. For multi-index
B, 18] < m, we have

D5A¢i(y)
= Y o | D' [ A0 = 3 S (D4 | 1m0 | DY6u():

|
Q!
B=p+v |a|l=m
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By Lemma 4.4.1, we have |DPA%(y)| < C. For the operator Tff{a with
multi-index «, it is not difficult to obtain the following estimate

s

‘ < G~ O+m=labd| £ 1 < p < . (4.4.10)
p

Thus it follows from (4.4.10) that
121l < C27%) £;]l

and
111]]2 < C27%| £l

It remains to estimate the third term III. For 0 < v < n, we have

=d,a
T4 f(@)| = C 26—y (v)ldy
1<]z—y|<2
)l
< 11 pagsn— / SEAC 2AN—
WH ||L @ 1<]|z—y|<2 |$_y|n_7

)

/ 1/q
< Gl oy L) @)]

where I, denotes the usual fractional integral of order . Choose p1 > ¢/,

for o > 0, we may take a v such that 0 < v < n¢’/p; and 1/(p1 +0) =
1/p1 — v/nqg’. By the Hardy-Littlewood-Sobolev theorem, we get

s

| < Cll (4.4.11)
p1+o
By (4.4.10), for |a| = m, there exists d; > 0 such that

s

‘ < 2709 £, (4.4.12)
p

If p > ¢/, then we may set p = p;. Interpolating between (4.4.11) and
(4.4.12) yields that

|ics| <o s, (413

where d5 > 0 and 0 < p < 0;
If 1 < p < ¢, then interpolating between (4.4.11) and (4.4.12) yields
that
—=d, _
|Tacs|| <o, (4.4.14)
p2+pp
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where p < ps < p; and 0 < p, < o. It follows from (4.4.13) and (4.4.14)
that

=—d,a _
HTA f < C27%|f|,, (4.4.15)

where 1 < p < oo and 0 < p, < . On the other hand, if |3| = m, then

’P Pp

DPA%(y)
= Y CusRpy

B=ptv,|pl<m

1

X | DMLAC) = D —mg (D"A)() | 9,0 | D éily)
lajl=m
£ 3 (poAw) = mp, (0°4))6,w)

laj=m

Thus, it follows that

‘DﬁA@(y)‘ <cl1+ Y ‘DO‘A(y)—mE_(D"‘A)

|al=m

and this shows for any ¢ > 1 that

HDﬂA@ <C.

t

We choose n > 0 and 1 < ¢t < oo such that
1 1 1

2t 2-n
It follows from (4.4.15) that

III < —d2d H a AD; H
[1IT))y < C27%4 Y~ D> A% f; -
|a|l=m
< 02720 N " DA%y fill2
|oe]=m

< 027 fi]a.

All estimates above imply that (4.4.8) is valid. By the process of proving
(4.4.8), it is easy to see that inequality (4.4.8) also holds if Tff{af is replaced
by Tg’af. Thus, we obtain (4.4.7).
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Let us now turn to prove that 79 is also bounded on LP(R"), i.e.,
1A, < Cllflp- (4.4.16)

We will carry out an argument by a double induction on the degree in x and
y of the polynomial P(x,y). If P(z,y) depends only on x or only on y, it
is obvious that there cases are trivial. Let k£ and [ be two positive integers
and let P(x,y) have degree k in x and [ in y. We assume that (4.4.16) holds
for all polynomial which are sums of monomials of degree less than k in x
times monomials of any degree in y, together with monomials which are of
degree k in x times monomials which are of degree less than [ in y. Rewrite

P(z,y)= Y. dag (azo‘yﬁ - y‘”ﬁ) + Po(x,y)-
ol =k 8=t

Obviously Py(x,y) satisfies the inductive hypothesis. It follows that

4 Qx —
tﬂf@»:/ et HE V) g4 ) )y
|lz—y|<1 “T - y|

' ' Qz —y)
+ elPy) _ giho(ey)) 228 2 B (A, d
/x_yd( ) = g o (A2 9) f(y)dy
=T f () + TP f ().

By the inductive hypothesis, we conclude that the operator Tgl is bounded
on LP(R™). A direct computation shows that

Denote f(y) = f(W)xqy/<2y- When [z] <1, we have that

9=yl

!T%f(x)‘ <C y[ntm=1

|Rp1(As 2,9)|| £ (y)|dy

|lz—y|<1 |.73 -

< CMAf(x).

By Lemma 4.4.2, we obtain

/‘\ﬁ%mwmsc F(@)Pde.
|z|<1 |x| <2
Therefore, for any h € R", it follows that
/‘ T f(2) Pz < © f(@)|Pde,
le—h|<1

|e—h|<2
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where C is independent of h. Integrating the last inequality with respect to
h yields our desired result.

Proof of necessity. To do this, we choose Q(z,y) such that it has the
property &2 and decomposes

. Oz —
Taf(z) = / Qe XY p A ) )y
lz—y|<1 |.73 y’

. Oz —
n /| l>lelQW%Rmﬂm;w,y>f<y>dy
T—Y|Z

= Thf(x) + T3 f(x).

The previous proof implies that T'3° is bounded on LP(R"), so is Tg. It is
easy to check that

1/p 1/p
( / T4 f (w)!pd:r> <C ( / \ f(x)|de> :
lz—h|<1 |z—h|<2

where C' is independent of h, 1 < p < co. Since Q(x,y) has the property
Z, when |z — h| < 1, we have that

Saf(x)
= Qe —y) ,
N /lr—y|<1 |z — y|tm R (452, 9) F ()X Bo ) (y)dy

— ¢—iRo(a,h) / dQay) M =Y _iQa—hy—h) iR W) £ ()X iy (0) .
lz—yl<1

|z — y|rtm

Observe that the Taylor expansion of e@@—hy=h) jg

m

—iQ(z—h,y— S —)™ «a
emiQhu) = 3 CT NS ey — )P
e

m=0

=1
= Z ml Zam,u,V(x — h)(y —h)",
m=0 v,

where u and v are multi-indice. Thus, if we set a = (1,1,---,1) and b =
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(2,2,---,2), then we conclude that

1/p
( / ISf(w)I”d:v>
|z—h|<1

[e.e]
1
<> Sl ([ e
m=0 ’ v, ‘IE

—h|<1

8 ‘Tg (e_iRl(.7h)f(')XB(h,2)(-)(. - h)”) (x)‘de)l/p

=1
<> S lamla ([
m=0 me IR ly—h|<2

1/p
f)PI(y — h)”lpdy>
o0 1 I/P
<) — e f(y)|Pd
%m!%'a pola </| £ y)

0o 1/p
1 e
<0 o | 2 laasla™?? ( /| » If(y)!”dy>
m=0 -

a7ﬁ

—h|<2

1/p
< Cexp D |agslad’ </|y_h<2|f(y)!pdy> :

a7ﬁ
Thus
[Saflly < Cllfp-

4.5 Multilinear oscillatory singular integrals with
standard kernels

Suppose that K (x,y) is a Calderén-Zygmund standard kernel (also called
distribution kernel). That means, K (z,y) satisfies

((1) |K(l’,y)| va _jp;,éy’

C
(0)  |VoK(z,y)| + [VyK(z,y)| < Wa T 7y

|z
Obviously the kernel K does not have homogeneity.

Let us study in this section an oscillatory singular integral operator de-
fined by

71 () = . | neiP(zw%RmHm;x,y>f<y>dy, (45.1)
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where P(z,y) is a real-valued polynomial on R"xR".

Theorem 4.5.1 Suppose that K (z,y) satisfies (a) and (b). If A has deriva-
tives of order m in BMO (R™), then for 1 < p < oo, then the following two
facts are equivalent:

(i) If P(z,y) is a non-trivial real valued polynomial, then Ty is bounded

from LP to LP with the bound C(degP,n) (Z‘M:m HDO‘AHBMO>, where deg
P denotes the total degree of the polynomial P(z,vy).
(i) The truncated operator

Saf(x) Zpﬂf-/ Kzy)

Ry1(Asz,y) f(y)dy
lz—y|<1 |.73 - y|m i

is bounded from LP to LP with the bound C' (Zm‘:m ||D°‘A||BMO).

Proof of Theorem 4.5.1. By dilation invariance, we only deal with the
case

> ID*Allgmo = 1.

laj=m

(ii)=-(i). Let k and [ be positive integers. Let P(x,y) be a non-trivial
real-valued polynomial with degree k in x and [ in y. Write P(z,y) =
Zla\ék,\ﬁlﬁl aa,ﬁxo‘yﬁ and decompose T4 into

. K
Tuf(e) = /| |<1eZP@’y)Llf’)RmH(A;:c,y>f<y>dy
z—y

iP(za) K (T,
s e EED R )y
|lz—y|>1 Yy
=Thf(x) + T f ().
We can easily obtain

ITA Nl < ClL -

Let us now turn our attention to the operator T5°. For this purpose we
write

T f(e) = Tif(x),
d=1
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where

iP(x K(x,
T4f(z) = / P K@Y ey )y,
2d—1<|z—y|<2d lz -yl

We first consider the operator Tj{, d > 1. Since

Th@IS [ ) )| d
2m
< sup— K (2, y) Rn1 (As 2, 9) f (y) | dy := Maf(z),

r>0 T |lz—y|<r

it follows from Lemma 4.4.2 that

ITEflp < CUMA()lp < ClLf s (4.5.2)

where C'is independent of d, 1 < p < co. On the other hand, if we can prove
that
ITSfll2 < C2709) £ ]l2, (4.5.3)

then by interpolating between (4.5.2) and (4.5.3), we will obtain that
ITE A1l < C27% fllp, 1 <p<oo, (4.5.4)

where 61,05 and C' are independent of d and f.
The remainder is to prove (4.5.3). To do this, we define

d iP(20—1g 24— K Zz,
Thf@) = | GPet ety K@v) p i)y,
1<|z—y|<2 [z —y
We shall prove that
_d _
IT%fll2 < C27%|£]l2. (4.5.5)

Decompose R" into R"™ = |JI; , where I; is a cube with side of length 1,
and the cubes have disjoint interiors. Set f; = fx;. From the definition of
Ti f and f;, it easily follows that the support of Ti fi is contained in a fixed

. . . =d
multiple of I;. Since the supports of the various terms 7", f; have bounded
overlaps, we have the ”almost orthogonality” property

—d —d
T fll2 < C T3 filla-

Therefore, it suffices to show that there exists a # > 0 independent of d and
fi (for all 7) such that

_d _
IT5% fill2 < C27% £:]]2. (4.5.6)
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For fixed 4, denote I; = 100nI;. Let ¢;(z) € C§°(R™) such that 0 < ¢; < 1
and ¢; is identically 1 on 10y/n1; and vanishes outside of 50/n1l;, || DY ¢;||00 <
C, for all multi-index . Let zo be a point on the boundary of 80/nl;.
Denote

A% () = R [ AQ) = 3 mr (D)% 90 | 010y,

|a)]=m

A simple computation shows that R, 1(A4;2,y) = Rpyy1(A%;x,y). For
multi-index «, define

7, 7 g, 29— K Zz, o
Ty fe) = [ gPetezt ) K@) oy,
<|z—y|<2 |z — |

It follows that
=d —d
Tpfi(x) =T g0 fi(z)
ip(2d—14 9d—1,) K(2,y .
-/ P teaty K@) o o ) )y
<lz—y|<2 Y

= AT i) — S é?‘jﬁ (4% £) (@)

-y —T (DQA@ f)(a:)

laf=m

=I+1I+111.

In the following, we will give the estimates of I, I and I11 respectively. For
multi-index 3, |3| < m, we have

DA% (y)

1
Y CuwBuy | D[ AC) = Y —mg (DYA)() | 19,30 D ily).
B=ptv la]=m

By Lemma 4.4.1, we have |DPA%(y)| < C. For the operator Ti’a with
multi-index «, it is not difficult to obtain the following estimate

i

‘ < c=+m=labd) £ 1 < p < . (4.5.7)
p

Thus it follows from (4.5.7) that
12 < C27%| fill2
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and
111]]2 < C27%) £l

It remains to estimate the third term III . By the property (i) on K(x,y),
for 0 < v < n, we have

‘T ‘ - o/ y)|dy
1<|z— y|<2
<C/ l’ dy
1<jz—y|<2 [T =y
< CL(|fD)(=),

where I, denotes the usual fractional integral of order v. For o > 0, we
may take a y such that 0 <y < n/p and 1/(p+0) = 1/p — y/n. By the
Hardy-Littlewood-Sobolev theorem, we get

s

| <Clfly (45.8)
p+o
By (4.5.7), for |a| = m, there exists d; > 0 such that

=d,a _

|Tis| < 2. (4.5.9)
Interpolating between inequalities (4.5.8) and (4.5.9) yields that

|Tacs|| . < c2 1, (4.5.10)
p+p

where d2 > 0 and 0 < p < 0. On the other hand, if |3| = m, then
DB AP (y)

= Z Crw Byl

= S Sm (D)0 | w0 | D6il)

[ laj=m
) (D“A —my, (D)) éi(y).

Thus, it follows that

‘D5A¢i(y)‘ <o+ Y ‘DO‘A(y)—mji(DaA)

laj=m
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And this shows for any ¢ > 1 that
DA%, < C

We choose n > 0 and 1 < ¢t < oo such that
1 1 1

2t 2-7n
It follows from (4.5.10) that
—d2d a AP f.
ity < ore 57 oo,
a|=m

< 02720 N DA%y fill2

|a|=m

< 027 fi]a.

All estimates above imply that (4.5.5) is true. By the process of proving
(4.5.5), it is easy to see that inequality (4.5.5) also holds if Tff{af is replaced
by Tg’af. Thus, we obtain (4.5.3).

(ii)=(i). To do this, we choose Q(z,y) such that it has the property &
and decomposes

. K
Taf(z) = /| | ot _(x,yw Runir(A; 2, ) () dy
z—y|<

, K(x,
N / Qe K@) B A )y
lo—y|>1 y

=T4f(x) + T f ().

The previous proof has proved that T%° is bounded on LP(R™). Thus T g is
also bounded on LP(R™). It is easy to check that

1/p 1/p
( / |T2f<:c>|pda:) <c ( / If(w)lpd:r> ,
le—h|<1 |z—h|<2

where C' is independent of h, 1 < p < oco. Since Q(z,y) has the property
P, when |z — h| < 1, it follows that

Saf(x)
= [ B R ) ) )
lz—y|<1 |3§‘ y|

— ¢ tRo(z,h) / REY K (g — y)e QE—hy=h)g=ila (y’h)f(y)XBg(h) (y)dy.
lz—y|<1
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Observe that the Taylor expansion of e!@@—hy—h) jg

et = 32 C  Ste -
m=0
D D S
m=0 " v,
where u and v are multi-indice. Thus, if we set a = (1,1,---,1) and b =

(2,2,--+,2), then we conclude that
1/p
[ sf@rda
lx—h|<1
1
< Z ml Z | Qv
m=0 WV,
» 1/p
x ( [l mp [T (D Oxmn O~ ) @) dx)
|z—h|<1

[e8) 1/p
1 12
<3 S o ([ 16 )
m= v,

ly—h|<2
00 1 1/1’
<3 LS et / )Py
n;)m'; ' (Iy—h<2

1/p
|f(y)P dy)

e (e ( [

—h|<2

1/p
<Cexp | laggla®d’ </|y_h<2|f(y)|pdy> :

a76

Thus
||SAf||p < CHf”pa

and then we finish the proof of Theorem 4.5.1.
The following theorem is an application of Theorem 4.5.1.
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Theorem 4.5.2 Suppose that K(x,y) satisfies (a) and (b). Let A have
derivatives of order m in BMO(R™). If the following two operators

H f(xr) =p.V. . K(z,y)f(y)dy

and

Tf@) =p [ N R (i) )y (45.11)

are all bounded on L*(R™), then T defined by (4.5.1) is bounded on LP(R™),
1 <p < oo, with the bound C(degP,n) 3, =, [D*Allsmo-

Before proving Theorem 4.5.2; let us first introduce a class of auxiliary
multilinear oscillatory singular integral operators defined by

Taf) =p. [ "o SER O (e f)dy (4512

and Kl

T =pv. [ U QA S0y, (45.13)

re [T — Y

where

Quaaldsy) = Fuldizn) = 32 DA - )"
Obviously,

Roi1(A,) — Qi (Airy) = 3 () (DO A) ~ D*A()))
|a|=m )

where D*A € BMO(R"™). Thus we have
Taf(x) = Taf(x
-y / n 2N 2 (pea(a) - D*AW)) f(w)dy

|93 —y|™

|=m

o
-y 5 DA, Ko f(@),
ja=m

where
(7

,Caf(x) _ /n ez'P(z,y) K(l’,y)(l‘ - y) f(y)dy

|z —y|™
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and [D¥A, KC,] is a commutator. Set

K(z,y)(r —y)®
lz —y|m™

Kq(z,y) =

It is easy to check that K, (x,y) satisfies the condition (a) and (b). Define

M f(z) = sup — K () Qusr (As 2, ) f (3| dy.

r>0 T |lz—y|<r

It is not difficult to get that

IMafll, <C Y IID*Allgrol f -

laf=m

To prove Theorem 4.5.2, we need some lemmas.

Lemma 4.5.1 Suppose that K(z,y) and A be the same as in Theorem 4.5.2.
Moreover, b(x,y) € L*°(R" x R™) , 1 < p < oo.
If the operator

Tof(e) = . | TN R (s )bl ) )y

is bounded on LP(R") with the bound E -, _,, [[D*A|Bmo, then the trun-
cated operator

Suf(x) = p.v. / K@) p (s y)ble, y) Fy)dy

lz—y|<1 |$ - y|m

is also bounded on LP(R™) with the bound C(E+]|b||o) (Zm‘:m HDO‘AHBMO) :
If the operator

K
Tite) = [ %

is bounded on LP(R") with the bound E} -, _,, [[D*AlBmo, then the trun-
cated operator

Qm+1(4;2,y)b(z,y) f(y)dy

Af@=pv. [ (9) 6 (s )bl ) )y

lz—y|<1 |$ - y|m

is also bounded on LP(R™) with the bound C(E+]|b||o) (Zm‘:m HDO‘AHBMO) ;
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The proof of Lemma 4.5.1 is similar to that of Theorem 4.2.2.

Lemma 4.5.2 Suppose that K(x,y) and A be the same as in Theorem 4.5.2.
If the truncated operator

St =pv. [ Kiz.y)

041 (A; d 4.5.14
e |$—y|mQ +1(A;2,9) f(y)dy (4.5.14)

is bounded on LP(R™) 1 < p < oo with the bound

C(degP,n) [ > ID*Allmo | .

|a|=m

then for any non-degenerate polynomial P(x,y), the operator T4 defined by
(4.5.12) is bounded on LP(R™) with the bound

C(degP,n) Z | D*A|lBmo

|a|=m

The proof of Lemma 4.5.2 is similar to that of Theorem 4.5.1.

Lemma 4.5.3 Suppose that K(x,y) and A be the same as in Theorem 4.5.2.
Let f € L*(R") (" L*°(R"). For e >0, set

K (xg,
pe [ B
lyl>= 120 = Y]

where zg € {z : |z| = £}. If T defined by (4.5.11) is bounded on LP(R™),
then

/ Tf(z) - L|de
|z|<e/2

< CMQf +€ / /
lz|<e/2 J|y|>e

_ K(':EO) y)
|zg — y|™

xT
K1) p o (As,y)
|z — |

Rusr (4330,9) | (9)ldyd.
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Proof. Define f1 = fx{z|<c} and fo = fX{jz|>c}- Then f = f1+ fo. When
|x| < e/2, we have

ITf(x) — I|
< T fr(@)] + T fo(x) — ]
< T fi(=)|
—F/w26 |y_$|mRm+1(A,w7y) |$0_y|mRm+l(A7y7wo) |F(y)|dy.

So, it suffices to prove
/ |T f1(z)|dx < Cae™ Mo f(0).
lz|<e/2

Since T is bounded on L?(R"), using Holder’s inequality implies the desired
result. [ |

To prove Theorem 4.5.2, we also need two propositions.

Proposition 4.5.1 Suppose that K(x,y) and A be the same as in Theorem
4.5.2. If the operator T defined by (4.5.13) is bounded on L*(R™) with the
bound Zm‘:m ID*Al|Bmo, then for any non-degenerate P(x,y), the opera-
tor Ta defined by (4.5.12) is bounded on LP(R™), 1 < p < 2, with the bound

C(degP,n) (1 + 2 lal=m ||DaA||BMO)-

Proof. If we can prove that 7 is bounded from H!(R") to L'(R"),
then by the well-known interpolation theorem we obtain that 7 is bounded
on LP(R™)(1 < p < 2). Lemma 4.5.1 directly implies that the truncated
operator . defined by (4.5.14) is also bounded on LP(R")(1 < p < 2).
Lemma 4.5.2 shows us that the LP— boundedness of 74 immediately follows
from LP— boundedness of .7.

Let us now prove that 7 is bounded from H!'(R") to L'(R"). By a
standard argument, it suffices to show that there exists a constant C' such
that

| Tel@lde < 32 10 Al

laj=m

for each H!(R")-atom a, where C is independent of a. For this purpose,
suppose that supp(a) C B for some ball B. Then

/ |7 a(x)|de = / |Ta(z)|dx +/ |7a(x)|de :=1+ I1.
R7 2B R™\2B



224 Chapter 4. OSCILLATORY SINGULAR INTEGRALS

The estimate for I follows from the boundedness of 7 on L?(R").

I= /23 |7 a(z)|dz

([ s ()"

< CIB|"?|lafs < C.

To estimate I we set B =12B,B* = 5y/nB. Let yo be on the boundary
of B, mp«(b) denotes the mean value of b on B*. Set

AP (@) = A@) = Y imB*(DO‘A)xa
|a|=m

*

Obviously, Qm+1(A7 €Ly y) = Qm—‘rl(AB y Ly y)a when z € R" \ 2B7

Ta(x) :/ L&Qm—l—l(AB* y)a(y)dy
B

|z

_ / MRm(AB*;x,y)a(y)dy
B

|z —y[™

K(x,y)(z —9)* o B
- Y o [ R b yatyay

y|™

|la|=m

= Tla(z) + T?a(x).
For 7'a(z), when x € R™\ 2B,

<M3m(AB*;x,y) — MRm(AB*;os,yo)> a(y)dy‘

[T a(@)] =
[w —yp" v = ol

<Clx - yol_”_m/ ‘Rm(AB*;:r,y) — Rm(AB*§$7yO)‘ la(y)|dy
($ yo

Iw—y! |z — ol
AB

By the definition of R,,(

‘R Yz, yo)a(y)‘ dy.

“ix,y), we have

Rm(AB*7[1j‘7y) - Rm(AB*§$7yO) =
|Bl<m

1 *
ERm—\m(DﬁAB $Y0,Y) (T — yo)ﬁ-

For || < m, applying Lemma 4.4.1 leads to

Rm_w(DﬁAB*;yo,y)‘ < Cly—yo/™ 1 > ID* Ao

|a|=m
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Thus
‘Rm(AB*;x,y) — R (AP 2 40)
<C Y > =™ e — ol PN D> AllBuo-
|Bl<m |al=m
Therefore

o=l [ [R(A%2.9) = R4 ) o)y
_ 4.5.15
<C Z HDQAHBMO |y y0||a(y)|dy ( )
B

|a|=m o — y|n+l 7

where we use the following relation |z — y| = |z — yo| > |y — o
When z € R" \ 2B, we have that

K T, K ZIZ
[ - B R 4 s et dy
5l -1 |z — yol
<o =l p A7 e g)aty)ldy

B |3§‘ _ |m+n+1

ly — yol
=c Z / lz — g+t
1 o « S S
x Km [ 1D AG) = (D7) ) )y
ly—wol
<C Z / |$_ |n+l
]' (0% (0% S S
‘ Kmyﬂ o P7AE) = mey o (D A) [*dz)"/ } la(y)|dy
|y y0| @y @ g
O J Tyt e (D) = i (D" el

Note that B* € C1I°. By a well-known inequality, if f € BMO, then

mi () = ms, ()] < Clog 121

21 £llBmos By C By, 2|By| < |Bsl,

where B; is cubes or balls (i = 1,2), (' is a constant. In fact, we may let



226 Chapter 4. OSCILLATORY SINGULAR INTEGRALS

C1 = 5y/n and get

/ K(z,y)  K(z,9)
Bllz—y™  Jo—yol™ o

<C > |ID*Allsmo log

|a)]=m

“R (AP 2,m0)aly )(dy

— Yol ly — yoHa(y)|d (4.5.16)
B |z —ylmtt

where rp denotes the radius of B. Combining (4.5.15) with (4.5.16) yields
that

T a(2)] < Claz::m [D*AllBmo log i ; o i |y|$__yoy”|:g)’dy.
For the estimate of 72a(z), we have that
T %a(z)|
< Z - ‘DocAB* |x ) y’m -y K(x‘,my)_(a;;nyo)a a(y)|dy

|a|=m

la(y)|dy.

£ Y Lar / Koo ) K)o - )

y|™ |z — yo|™

laf=m

Since K (x,y) and K, (x,y) satisfy (b), we conclude that

« * |y y0|
|T2a(x |<oz DAB |/| |n+1 a(y)|dy.

|lal=m

Thus, from the previous estimates it follows that

/ |T a(x)|dx
R™\2B

a y—y T —Y
<c Y |D AHBMO/ la(y ]dyZ/ |3J_ IHOL g| olda:,

B
laj=m

where Ay, = 281B\ 2*B (k> 1). Notice that y € B, when x € Aj. Then

we have that
ly — ol < Crp Ck

|x_y’n+l — (2krB)n+l - (QkTB)an‘

Thus

‘y_y0| \m—yo\ Ck k —k
1 dx < 2 "< COk27F,
/Ak g 8 S GEyaE PR S
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Therefore

/ etz < 3 ||DC“A||BMOZI€2 ’f/ la(y)ldy
R7\2B

laf=m

<C ) [ID*Alsno

laj=m

and

/ |T%a(x)|dx

R™\2B

<C / / \y Yol DYAB" ()| ay)|dydx
>l DAY (1))

o R |z —y[n+T

DYA(x) — mo+(D*A
<o 5 AS [y [ LA,

o=
<C Z Zk:Z F|ID*Allvo < C Y |[DYAllBumo.
o= @ 121 o=
It follows that
Hg/ |72a(:n)|d:1:+/ T2a@)ds <C 3 1D Allpaso.
R™\2B R™\2B

|al=m

This finishes the proof of Proposition 4.5.1. [ |

Proposition 4.5.2 Suppose that K(x,y) and A be the same as in Theorem
4.5.2. If the operator T defined by (4.5.11) is bounded on L*(R™) with the
bound Zm‘:m ID*AlBmo, then for any non-degenerate P(x,y), the opera-
tor T4 defined by (4.5.1) is bounded on LP(R™), 2 < p < oo, with the bound

C(degP.n) (1+ Yjojn [D*Allmr00)-

Proof. By a method similar to that proving Proposition 4.5.1, it suf-
fices to prove that T is bounded from L°*°(R") to BMO(R"). Assume
f € L2(R") N L*®(R") and & > 0. By Lemma 4.5.3, we get that

e / T4 (y) - L|dy
ly|<e/2

< OMyf(0) + & / /
ly|<e/2 J|z|>e

) g (A, 0)| 1 (0)

|z — yo|™

K(z,y)
|z —y|™

Rm—i—l(A; z, y)



228 Chapter 4. OSCILLATORY SINGULAR INTEGRALS

Obviously, M3(0) < ||f|lco- Let B¢ = {z : |z| < 5y/ne} and mp:(b) denote
the mean value of b on B¢. Set

AP (@) = Am) = 3 imBs(DaA)xo‘.

|a|=m

Using the method in the proof of Proposition 4.5.1 , we can easily obtain
that

/| T~ Ly < (14 37 1D Allsio | 1o
y|<e

|a|=m

By the translation invariance, we obtain that for any ball B, there exists
Ip, such that

1
sup i [ IT8(0) = Tnldz <€ 3 D Amsiol f o
B |BlJB oo
Suppose f € L>*(R"™). Set B; = jB, j € N, where B = {|z| < 1}. If we can
prove that there exist v; independent of f such that

Tf(@) = lim (T(fxs,)() — ;) (4.5.17)

J—00

exists, where the convergence is the meaning of local L' norm or almost
everywhere, then by the definition of space BMO(R"™), we will prove that T
is bounded from L*°(R"™) to BMO(R"). Actually, for some R > 0, if |z| < R,
then we take xg with |xg| = 6R/5. Set

K(zo,y
= Kxo.9) - (As2o,9) F(9)dy,
2R<|y—wo/<j |T0 = Y|

where the integral above exists obviously. Denote
9i(@) =T(fxB,)(x) — ;-
When 5,1 > 2R+ 1 and j > [, we have that
9i(x) = gi(x) + Si;(x),
where
Sij()

K Z, K(x )
= / (%Rmﬂ(zﬁl;x,y) - (70yflRm+l(A§ xo,y)> f(y)dy.
I<|y—zo|<j lz —yl |20 —



4.5 Multilinear oscillatory singular integrals with standard kernels 229

By a well-known inequality on BMO before (4.5.16) and by an argument
similar to that of estimating T'a(z) above, we obtain that

. T — xg Y — o
1Sy <C > |D A||BM0||f||oo/ | y|”|Jrl g <| |>dy.

I<ly—a0|<j |0 — |z — ol

laf=m

For |z| < R and |z¢| = 6R/5, when [,j — o0, a simple computation yields

that
Xr — X — X
/ | S\H log <\y o\)d
1<|y—xo|<j |T0 — Y| |z — o

converges to 0 in agreement. This means that the limit in (4.5.17) exists.
Thus

1T fllBmo < lim [|gj[lemo = lim |T'(fxs;)[Bmo < Ol floo-
j—00 j—0o0

This finishes the proof of Proposition 4.5.2. [ |
Proof of Theorem 4.5.2. We first prove that operator

Haof(x) = - Koz, y) f(y)dy
is bounded on L?(R™). For f € L?(R"), set
SO —-)*

o =

foz:

)

then f, € L%(R"), where |a| = m. Thus

ol = H [ Kat)rwy
R 2
- [ xCwsaty

= H%fa‘b

< Clfall2

— Il

Next we will prove that operator 7 defined by (4.5.13) is also bounded
on L*(R"). Since K,(z,y) satisfies the condition (a) and (b), and %, is
bounded on L?(R"), we therefore deduce that .#, is bounded on L%, (R"™),
where w € A, is a weight function and 1 < p < oo. Thus for D*A €

2
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BMO(R™), the corresponding commutator [D* A, 4, ] is bounded on LP(R"™).
So
1 (0%
Hpma = Z a[D A, )
|a|=m

is also bounded on LP(R™). Since 7 = T + #pm4 and T is bounded on
L?(R™), it follows that 7 is bounded on L?(R™). Thus it follows from
Proposition 4.5.1 that 74 is bounded on LP(R") with 1 < p < 2.

From Lemma 4.5.1 with D*A replacing A and Ry (D“A; z,y) = D*A(x)—
D“A(y), it follows that the corresponding truncated operator

Speaf@) = 3 oy [ Kalen) (D7)~ D" AWw) £y

|la|=m

is also bounded on LP(R™). Hence by Theorem 4.5.1, we have that

> DA K]

laf=m

is also bounded on LP(R™). By

1
Ty=Ty — Z J[DQAJC@L

lal=m

we obtain that T4 is bounded on LP(R™) with 1 < p < 2. This together
with Proposition 4.5.2 yields our desired result.

4.6 Notes and references

Theorem 4.1.1 is due to Ricci and Stein [RiS]. Early form of Theorem
4.1.1 with P(z,y) being a bilinear form was first obtained by Phong and
Stein [PhS1],[PhS2]. And Theorem 4.1.2 is due to Chanillo and Christ
[ChaC]. The weighted version of Theorem 4.1.2 was established by Sato
[Sa]. The proof of Theorem 4.1.2 is taken from [Sal.

For real Hardy spaces HP(R™) with 0 < p < 1, Pan [Pa] gave a counter
example to show that there exists a non-trivial polynomial P(z,y) such that
the corresponding oscillatory singular integral 7" is unbounded on HP(R™).
For the case p = 1, we do not know whether 7' maps H!(R") into L!(R").
As a substitution result for p = 1, Lu and Yang [LuYa] showed that 7' maps
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Herz type Hardy spaces into Herz spaces. Moreover, as a development of
the result in [LuYal, Li [Li] gave a systematic work in the case 0 < p < 1.

Theorem 4.2.1 and Theorem 4.2.2 are due to Lu and Zhang [LuZ1]. It
should be pointed out that we do not need the condition (2) on the kernel
in Theorem 4.2.1, but need it in Theorem 4.2.2. Theorem 4.2.3 and The-
orem 4.2.4 are due to Jiang and Lu [JiL]. As we mentioned in [JiL], the
condition (4) in Theorem 4.2.4 is sharp in the following sense: (4) can not
be replaced by any 2 € L(log™ L)*(S" 1) with 0 < & < 1. In addition, the
weighted version of Theorem 4.2.4 was established by Ojanen [Oj]. More-
over, Lu and Wu [LuW1] proved that the conclusion of Theorem 4.2.4 still
holds if the condition (4) in Theorem 4.2.4 is replaced by Q € BS’O(S”_l),
where B{""(S"1) is certain block space (see [LuTW]). In addition, Lu and
Wu [LuW2] established a result similar to that of Lu and Wu [LuW1] for
commutators of oscillatory singular integrals with rough kernels in certain
block spaces. It should be also pointed out that whether the conclusion of
Theorem 4.2.4 holds if the condition (4) in Theorem 4.2.4 is replaced by
Q € HY(S" 1) is still a problem, where H(S"™1!) is the Hardy space on the
unit sphere. However, Fan and Pan [FaP1] proved that the above conclusion
holds when P(z,y) = P(x — y).

Theorem 4.3.1 is due to Ricci and Stein [RiS]. As the weighted version
of Theorem 4.3.1, Theorem 4.3.2 and its proof given here are due to Lu and
Zhang [LuZ2].

Theorem 4.4.1 is due to Chen, Hu and Lu [CheHL]. Lemma 4.4.1 is due
to Cohen and Gosselin [CohG1]. A part idea in the proof of Lemma 4.4.2
comes from [CohG2]. The weighted version of Theorem 4.4.1 was obtained
by Ding, Lu and Yang [DiLYa]. There are two results that improved The-
orem 4.4.1. One of them was obtained by Chen and Lu [CheL], where the
condition (3) on the kernel in Theorem 4.4.1 was replaced by a weaker con-
dition 2 € L(log™ L)2(S"~!). Another result was obtained by Lu and Wu
[LuW2], where the condition (3) in the theorem was replaced by a weaker
condition Q € Bg’l(S”_l). Here Bg’l(S”_l) is a block space on the unit
sphere (see [LuTW]). The weighted boundedness for high order commuta-
tors of oscillatory singular integrals was established by Ding and Lu [DiL2].

Theorem 4.5.1 is due to Lu [Lu2]. As a direct application of Theorem
4.5.1, Theorem 4.5.2 was established by Lu and Yan [LuY].
For results on LP boundedness of the maximal operator corresponding
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to oscillator singular integrals and multilinear oscillatory singular integrals,
we did not mention them in this book, and refer to Lu and Zhang [LuZ1]
and Yan, Meng and Lan [YML] respectively . For other related results on
oscillatory singular integrals and multilinear oscillatory singular integrals,
we refer to a survey paper by Lu [Lu3].



Chapter 5

LITTLEWOOD-PALEY
OPERATOR

We know that if f € L?(0,27), then by the Parseval equality we have

1 2 . 2
= | @R =" |fw)| (5.0.1)
™ Jo
keZ
where for k € Z and
. 1 [ i
f =5 | fa)e

is called the Fourier coefficient of f. Similarly, by the Plancherel equality
we have

1£ll2 = 11 fll2 (5.0.2)
for f € L2(R"), where

1

=5 - (a;)e_zmm'gda:

f(€)

is called Fourier transform of f.
However, for 1 < p < oo, p # 2, (5.0.1) (or (5.0.2)) does not hold for
f e LP(0,2m) (or f € LP(R™)). The Littlewood-Paley theory, originated in
the 1930s and developed in the late 1950s, is a very effective replacement.

It has played a very important role in harmonic analysis, complex analysis
and PDE.

233
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5.1 Littlewood-Paley g function

For f € LP(R™), 1 < p < o0, we set u(z,t) to be the Poisson integral of f,
ie.,
u(e.t) = | Plo)f@ =)y,

where

t r(3)
—_— = )
2+ )+ " e
Then the Littlewood-Paley g function of f is defined by

o)) = ( Ia |Vu<m,t>|2tdt) "

Fi(y) = cn

where
2 n

2

j=1

ou 2

ot

ou

|Vu(z,t)| = 0,

Stein proved that g function can characterize LP(R"™) (1 < p < c0).

Theorem 5.1.1 Suppose that f € LP(R"),1 < p < oo. Then g(f) €
LP(R™), and there exist constants A, B such that

Allflly < llg(Hllp < Bl fllp (5.1.1)
for every f € LP(R™).

For the proof of this theorem, Stein [St3]. We shall discuss the properties of
more general Littlewood-Paley g function.

Definition 5.1.1 Suppose that ¢(z) € L' (R™) satisfies

/n p(x)dx = 0. (5.1.2)

Then the generalized Littlewood-Paley g function g, is defined by (it is still
called as the Littlewood-Paley g function for convenience)

001 = ([Treres@rt) "
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In Section 2.1, we have obtained the following result by the boundedness of
vector-valued singular integral operator (see Theorem 2.1.11), i.e.,

Theorem 5.1.2 Suppose that o(x) € L'(R") satisfies (5.1.2) and the fol-
lowing properties:

C n
p(z)] < A+ 2o reR (5.1.3)
/ lo(@ + h) — o(@)|dz < Clh|®, h € R (5.1.4)

where C' and o > 0 are both independent of x and h. Then g, is of type
(p,p) (1 <p < o0) and of weak type (1,1).

Next we will show that g, can also characterize LP(R") (1 < p < o00). In
other words, we can also obtain (5.1.1) for g,.

Theorem 5.1.3 Suppose that p(x) € LY(R") satisfies (5.1.2)-(5.1.4). Then
there exist constants A and B such that

Allfllp < g (Nllp < Bl fllp (5.1.5)
forall f € LP(R™), 1 < p < oo.

Proof. Clearly we merely need to prove the first inequality in (5.1.5). Let
us first begin with an identity. For all f,h € L?(R"), we have

/ por 1@) e h@) S8 =0 [ f(@) by (5.1.6)
Rn+1 R™

dt
C= / t)*—
where £ € R and C' is independent of . Then the left side of (5.1.6) is
. o - dt
hn%)/ / or* f(x) - pp * h(m)dz—
=;ig5/ / B€)PF(E) - ey

RGRICE™ / e )| % ae

Apply (2.1.43) and set

=C | 7 he)de
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from which (5.1.6) follows.
Now we turn to the proof of (5.1.5). For f € L?( LP(R"), we have

IRCIEE

where the supremum is taken over all h € L2ﬂLp/(R”) with ||h]l,y < 1.
Then (5.1.6) and the second inequality of (5.1.5) yield

_ dxdt
/ o0 % F(x) - oy hz)
Rn+1 t

1fllp = sup

=C

f(@)h(z)dx
R

<[ 5.0@ g0y

< Cllge(Dllp - g0 (W)l
< OBllge(H)llp-

Assume that f € LP(R™). Since L?( LP is dense in LP, we can take {fx} C
L? (N L? such that f; converges to f in the sense of L” norm. Hence we also
have g,(fx) = 9,(f) (k — o0) in LP and

1£llp = T [1felly < € tim llga(fi)llp = CBllga(£)]p

This finishes the proof of Theorem 5.1.3. |
In the following, we give the discrete form of Theorem 5.1.3.

Theorem 5.1.4 Suppose that ¢ € S (R™) and ¢(0) = 0. For j € Z, define
an operator S; by

~

(S;F)NE) = v(277€) F(€)-

Then
1/2
> 18ifP < Gyl £l (5.1.7)
J
P
for 1 <p < oo. Moreover, if
vl =c (5.1.8)
J

for all £ # 0, then

1/2
Ifllp < Cp, (Z ij2) : (5.1.9)
J

p
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Proof. By Theorem 2.1.11 and Remark 2.1.6 we know that (5.1.7) holds.
On the other hand, by (5.1.8) we have

:Z/ WRIEPFE) - h(e)de (5.1.10)

@) e
= Cﬁ f(z)h(z)dx
R'n
for every f, h € L*(R"). When f € L>(LP(R") and h € L?>( L (R"), by

(5.1.10) we have

f x)dz

/nZSf - Sjh(x)dz

1/2 1/2
< /R (;Sjﬂx)?) (Zsjh<:c>2) d

J

1/2 1/2
(Zsjﬂ) (ZSW)

P P
1/2
<G| 218 1Bl
J
P
where (5.1.7) is used. Thus (5.1.9) holds for f € LP () L?(R"™). For general
cases, (5.1.9) follows immediately by taking limit. [ ]

Remark 5.1.1 Let ¢(x) be a nonnegative radial Schwartz function such
that ¢(x) = 1 when |z| < 3 and ¢(z) = 0 when |z| > 1. Define
™
VA (2) = (5) —p(z),
then Ej [¥(279)2 = 1 for x # 0. Therefore, we can choose such a 1 to
satisfy the condition of Theorem 5.1.4.
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Next we give an application of the former result, which is very effective in
dealing with operators with rough kernels.

Theorem 5.1.5 Suppose that {o;}jcz is a sequence of finite Borel measures
and satisfies the following conditions:

(1) there exists C' > 0 such that ||oj|| < C for every j;

(i) there exists C, o > 0 such that

559 < Cmin (|27¢]*

zjg\“‘)

for every j;
(i) there exists 1 < py < oo such that the mazximal operator

o*(f) = sup||oj| * f|
J

18 bounded on LP°.
Then operators

(f) ZZ%‘*J‘

and
1/2

S(F) =D _loy* 1P
J

are both bounded on LP for every p satisfying

1 < 1
2] " 2po’

Proof. Take a nonnegative radial function ¢ € C§°(R™) such that

1
supp(¢)) C {x eR"™: 5 <|z| < 2}

and

Z¢2(2_j$) =1 (z#0).

For f € #(R"), define S; by

~

(SiNHNE) = (277€) f(€), jeZ
Then

Tf(x)=> o (Z S?+kf> (x) = > Tpf(x),
i k k
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where

Tif(@) = Sjyn(os* Sjynf)(@).

J

By the Plancherel theorem and the condition (ii) we know (note the condi-
tion of the support of )

2
ITif 13 = |D_ (Sjsrlog * Sivrf)" ()
J 2
2
_ i—k
-/ > ale 2 (27974 Flo)| ae (5.1.11)
< C 2—2a\k| T 2d
> / 2T P
<C2” 2"‘"“'||f||§-
/
Let g satisfy 1 1 = L then py = <q_0) . Now we will show that, it
% 2po’ 2

implies {0 * h]} € L9((?) and

1/2 1/2
D oy hyl? <Cll{ D Inl (5.1.12)
- .

q0 q0

for every {h;} € L% (I?). In fact, by Hélder’s inequality it is easy to deduce
that

oy % g (@) < o - (Jog] # [ P @) (5.1.13)
Since

1/2

Z\aj*hﬂz —sup / Z\a]*h (z)dz
J

q0
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where the supremum is taken over all functions u € LPO(R™) with [julp, < 1,
then by (5.1.13) and Hoélder’s inequality we have

Cx h () Pu(x)de ol |hi|?) (2)|u(x)|dz
/Rn;m hi(e) Pu(e)d scz_/wu i1 ) (@) o)l
<CZ/ (2)]20* (u)(z)da

1/2]|2
<cl D Inl o™ (w)lpo -
J

q0

Thus (5.1.12) follows from the condition (ii).
For any g € LPo(R™), from (5.1.12), Theorem 5.1.4 and Holder’s inequal-
ity it follows that

/nka x)dx

=Z / 0 % Sjeif) (@) (Sya9) (@) de

1/2 1/2
< / Sloy St [ IS 0@ | da
"\ j
1/2
<C D 1oy Sipefl? gl
! Po
1/2
<Cl D 1S4t gl
! Po
< Ol fllpollgllpy -
Thus we have
1Tk fllpo < Cllfllpo- (5.1.14)

Applying the Riesz-Thérin interpolation theorem to (5.1.11) and (5.1.14),
we have that
1Tk fllp < C27 M) £,

where 0 < 6 < 1 and p satisfies

1 1 1
- — = ——. Therefore we obtain that T
p 2 2 Do

is of type (p,p).
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Finally, we will prove that S is also of type (p,p). Choose a sequence
e = {¢g;} such that e; = £1. Set T f(x) = Zsjaj « f(z), then the above
J

discussion implies
ITefllp < Cpllfllp (5.1.15)

1 1 1
- — —' < — and C), independent of €.

p 2| 2po
On the other hand, if we set

for

F=) ajrjeL?([0,1]),
7=0

then F' € LP([0,1]) (1 < p < 00), where {r;(t)} is the Rademacher function
system (see [St3]). Besides, there exist A,, Bj, > 0 such that

0o 2

APl < Flla= Y o | < BylIFll.
=0
Thus
p/2 ) p
SN = | S Iy = fa)? gB;;/O S (t)o; + f(a)| .
J J

(5.1.16)
Integrating both sides of (5.1.16) with respect to x and applying the Fubini
theorem as well as (5.1.15), we can derive that S is also of type (p,p). This
completes the proof of Theorem 5.1.5. [ |

The conclusions of the generalized Littlewood-Paley function g, and its
discrete form given in this section (see Theorem 5.1.2, Theorem 5.1.3 and
Theorem 5.1.4) can be used to discuss the boundedness of Fourier multiplier.

5.2 Weighted Littlewood-Paley theory

In this section, we will discuss weighted Littlewood-Paley theory. That is,
we will give the weighted form of Theorem 5.1.3 and Theorem 5.1.4. In order
to derive the above conclusions, we will use the weighted normed inequality
of vector-valued singular integral operator. More precisely, we will give the
weighted form of LP boundedness (Theorem 2.1.9) of the related vector-
valued singular integral operator in Section 2.1, then finish its proof by the
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dual property. For the definitions and notations of vector-valued function
and vector-valued singular integral operator, see Section 2.1. We say that a
vector-valued kernel K satisfies (D,) (1 < r < o0) condition, if there exists

[ee]
a sequence {cg}72 | such that ch = D,(K) < oo and
k=1

1/r
</S (I 1K@ =y) = K(x)m,?f(A,B)dx) < o |Sk(ly )|~ (Dy)
kUY

for every k£ > 1 and y € R™, where
Silyl) = {@ € R : 2¥y| < Jo] < 2 *Jy|}.

Remark 5.2.1

(i) If r = 1, then the condition (D1) is just the Hérmander condition
(2.1.38).

(i) If |z| > 2|y| and

1K (z—y) = K(z)| 2ap) < Clyl*z["* (a>0),

then K satisfies the condition (D).
(ii3) Holder’s inequality implies that if 1 <r < s < oo, then (Ds) C (D).

Next we will give the weighted L? boundedness of vector-valued singular
integral operator.

Theorem 5.2.1 Suppose that A and B are both reflexive Banach spaces.
If there exists 1 < pg < oo such that the vector-valued singular integral
operator T is bounded from LP°(A) to LP°(B), then T can be extended to a
bounded operator from LL,(A) to LY, (B) when K(x) satisfies the condition
(Dy)(1 < r < o0) and one of the following statements:

(i) r" <p<ooandw € Ay ;

(ii)) 1 <p<randw € Ay m;

(iii) 1 < p < 0o and w" € A,

Here, for 1 < p < oo and nonnegative weight function w, define LE,(A)

1/p
Lﬁ@Z{f:WMmm=<Aﬂﬂ@ﬂM@W> <w}-

First we give the following lemma.

by
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Lemma 5.2.1 Suppose that K satisfies the condition (D,) (1 < r < 00)
and T is bounded from LP°(A) to LP°(B). Then there exists a constant
C > 0 such that
, 1/r’
MATS|p) (@) < € (M (IF17) (@) (5.2.1)

for every f € LX(A) and v € R™. Here, L2°(A) represents the set of all A-
valued bounded functions with compact supports, M is the Hardy-Littlewood
mazimal operator and M? is the Sharp mazimal operator.

Proof. Choose zy € R™. Let U be a ball centered at xy and U = 2U. Set
= [ K- )iy e B,
yG(U)

Put fi = fxg, fo = f — fi, then by Theorem 2.1.9 we know that 7" is also
bounded from L' (A) to L (B). Thus

1
m /U |Tf(x) — byl pdx
1 1
< m /U 1T f1(z)|| pdx + m /U T f2(y) — br||pdy
/ 1/r’
<c (M (1) (o)

+ sup / K@ —y) - K(zo - )l zam I F ) ady.
zeU Jye(U)e

Since K satisfies (D, ) condition, we have

sup / K — ) - Ko — 9z |1 £ @) ady
zeU Jye(U)e

<> e (v (11 ()"

k=1

By the discussion above we have proved (5.2.1). Hence this completes the
proof of Lemma 5.2.1. [ |

Now we turn to the proof of Theorem 5.2.1. First we show this theorem
holds when 7" < p < oo and w € A, /r- Using the method in the proof of
Theorem 2.2.3, we can get

M(I|ITfls) € LP(w)
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for f € L°(A). Thus, applying Lemma 2.1.3, Lemma 5.2.1 and Theorem
1.4.3 we have

p

L@@ <c [ o HTfHBxx)} o)
p/r’
<c / (1712) @] w@)de (522
1 f [y (z)dz
R’I’L

for every f € LS°(A). If p = 7/, then w € A;. Hence there exists p; > p
such that

p1
wr €A CAy

Consequently, there exists £ > 0 such that w?1(1+)/P ¢ Ap, jrr- Now take

€ -
0= d h that
1+€an p1 such tha

1 0 1-6
= + .
b b1 b1

It is clear that 1 < p; < p < p1. Then (5.2.2) yields

T fll gz gy < ClF Iz ay (5.2.3)
where u = wP1(142)/? On the other hand, by Theorem 2.1.9 we know that

ITfll o1 5y < CllfllLei(a

Applying the Stein-Weiss interpolation theorem with change of measure
(Lemma 2.2.5) to the above formula and (5.2.3) we see that 7" is bounded
from L% (A) to LE(B). Therefore we obtain the conclusion under the con-
dition (i). Now we will show that it also holds under the condition (ii) by
applying the dual method. Denote by T' the conjugate operator of T'. Then
K satisfies K(z) = K(—=x). It is clear that K satisfies all conditions on K.
Since both A and B are reflexive, it follows that (LP(A))* = L¥'(A*) and
(LP(B))* = L¥ (B*). Using the idea in the proof of Theorem 2.2.3, we can
finish the proof of Theorem 5.2.1. Finally, the conclusion of Theorem 5.2.1
under the condition (iii) follows from the idea in the proof of Theorem 2.2.4.
Thus we have finished the proof of Theorem 5.2.1.

Remark 5.2.2 The restriction "both A and B are reflexive” can be removed

(see [RuRT]) .
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In Section 5.1 we observe that, if ¢ € L! satisfies (5.1.2)-(5.1.4), then
the generalized Littlewood-Paley function g, can characterize LP(R™) (1 <
p < 00). It will be shown later that if we strengthen the condition of ¢, then
gy also characterizes weighted LP spaces (1 < p < 00).

Theorem 5.2.2 Suppose that ¢ € L'(R™) satisfies (5.1.2) and the following
conditions

lp(z)| < W7 (5.2.4)
V(@) < e (5.25)

For1 <p<oo,if we A,, then there exist constants C1 and Ca, indepen-
dent of f, such that

Cillfllpw < lge(Dllpw < Callfllpw (5.2.6)
for every f € LP(w).

Proof. Let us first prove the second inequality of (5.2.6) by applying

dt
Theorem 5.2.1. Take A= C, B = L? <R+, 7) . For 1 < ¢ < o0, it follows

from Theorem 5.1.2 that g, is bounded from L9(A) to LY(B). Since w € A,,
there exists € > 0 such that w!*® € Ay, If we set 7’ = 14¢, then 1 < r < oo.
Note that

HVS"t(ﬂf)Hz(A,B) = </OOO |Vg0t(a:)]2%>

1/2

< </|x| oo 2dt)1/2
S — Vel7)|
tn+1 t t
0 /2 (5.2.7)
4 /Oo 1y 4y 2t
2| tn+l ® t t

< |$|n+1'

By (5.2.9), we have that

ler(z =) — ee(2)ll 2 am) < C |x‘|‘3'+1

when |z| > 2|y|. Thus by Remark 5.2.1 (ii) & (iii) we know that ¢, satis-
fies the condition (D,). Then the second inequality of (5.2.6) follows from
Theorem 5.2.1.
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Now for every f € L? () LP(w), we have

[fllpew = sup (5.2.8)

f(x)h(x)dx
R

where the supremum is taken over all functions h € L? (| L¥ (w™?"/?) satis-
fying ||h., » < 1. The property of A, implies that

pw P/
weA, = uwTPPecA.

Applying (5.1.6) and the above conclusion, we have that

/RHC’/ @ f(x) - @y % h(x )dttdg;

<C [ g N@onli) )i

< Cllgo (D) lpesll g ()l 10
< Cngo(f)Hp,w-

By (5.2.8) and the density, we get the first inequality of (5.2.6), and then
finish the proof of Theorem 5.2.2. |

f(x)h(x)dx
R™

The discrete form of Theorem 5.2.2 is the following conclusion, whose
proof can be completed by applying Theorem 5.2.1 and the idea in the proof
of Theorem 5.1.4. We omit it here.

Theorem 5.2.3 Suppose that i € C5°(R"™) is nonnegative and satisfies

1
supp(¢)) C {a:G]R" 5 < lz| < 2},

as well as

D WP (2772) =1 (x £0).

JEZ

Set (S;1)MNE) = 1/1(2_75)]/"\(6). Then there exist constants Cy and Cy such
that

1

2

Cillfllpe < ||| 2187 C) < Collflpe (5.2.9)
JEZ
p,w

for 1 <p<ooandw € Ap.
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Remark 5.2.3

(i) If ¢ € L (R) satisfies (5.1.2), then Theorem 5.2.2 holds clearly.

(i) The method in the proof of Corollary 2.1.5, together with Theorem
5.2.1 and Theorem 5.2.2, yields that the weighted vector-valued inequalities
corresponding to (2.1.44) and (2.1.45) still hold for 1 < p < oo, w € A, and

F=C oty fo, fre) € ()R,

Here we omit the details.

5.3 Littlewood-Paley g function with rough kernel

In the first section of this chapter we have seen that, when ¢ satisfies
the vanishing condition (5.1.2), the size condition and the smooth condi-
tion (5.1.4), the Littlewood-Paley g function g, can characterize the space
LP(R™) (1 < p < 00). Especially, g, is of type (p,p) (1 < p < o0) and of
weak type (1,1). Note that g, can be regarded as a vector-valued singular
integral operator. Thus the discussion about singular integral operators with
rough kernels motivates us to put forward the following question: Can we
weaken the size condition and the smooth condition on ¢ but still keep the
(p,p) boundedness and the weak (1,1) boundedness of g,? In this section
we will consider these problems.

Early in the 1958, while Stein presented and researched Littlewood-Paley
g function in higher dimension, he defined the so called Marcinkiewicz in-
tegral. Let Q(z) be a homogeneous function of degree zero on R™(n > 2),
ie.,

Q) = Q(x) (5.3.1)

for every A > 0 and = € R", and it satisfies the vanishing condition
/ Q(2')do(z") = 0. (5.3.2)
S§n—1

If Q(z') € L(S"71), then the Marcinkiewicz integral yugq is defined by

2
Qx —y) dt
/ Wf(y)dy B

e—y|<t [T —

1
2

pa(hie) = | [

It is easy to verify that, if we take

p(a) = Q(x)|z| """ xp(2)



248 Chapter 5. LITTLEWOOD-PALEY OPERATOR

with B = {z € R": |z| <1} and xp the characteristic function of B, then
pa(f) = go(f). Therefore pg is actually a generalized Littlewood-Paley g
function.

Stein first proved that, if Q € Lipo(S"!) (0 < a < 1), then ugq is of
type (p,p) (1 < p < 2) and of weak type (1,1). By Theorem 2.3.2 and
Theorem 2.3.5, we know that when Q € H(S"~!) (its definition see Section
2.3) satisfies (5.3.1) and (5.3.2), the singular integral operator T related to
Q is of type (p,p) (1 < p < 00). Thus, a natural question is, whether pgo
is also of type (p,p) when Q satisfies the above conditions. The following
theorem gives a positive answer.

Theorem 5.3.1 Suppose that Q satisfies (5.3.1) and (5.58.2). IfQ € HY(S"71),
then pq is of type (p,p) (1 < p < ).

Before proving the theorem, we state two lemmas first, their proof can
be found in Fan & Pan [FaP2]. For the definition of H!(S""!) atom and
H!(R™) atom can be found in Section 2.3.

Now we present some notations. Let a(-) be a regular co-atom in H!(S"~1)
whose support satisfies

supp(a) C S"' (| B(E,p), (0<¢@<2, ¢ s
When n > 3, set
Bu(s.€) = (1=) "% x| a(s (1= 7) ot
and when n = 2, set
al5,€) = (1= %) 2 xcn(®) [a (s, (1= 5)2) +a (s, - (1-)7)] .

Lemma 5.3.1 There exists a constant ¢ > 0, independent of a, such that
cE4(s,&) is an oo-atom on R. That is, cE, satisfies

leBalloo <1/7(€)),  supp(Ea) € (& = 2r(€), & +20(€))

and

/ E.(s,&)ds =0,
R

where 1(&') = [§] 71 Apg| and Ay() = (p*€1, 982, pn).
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Lemma 5.3.2 For 1l < q < 2, there exists a constant ¢ > 0, independent of
a, such that ceq,(s,&') is a g-atom on R, the center of whose support is &}
and the radius

r(€) = 67 (o'ed + 7))

Lemma 5.3.3 Suppose that a is a reqular co-atom. Set

oo () = 2~ aQ,)@VM%ngqm>

and

0" f(x) = sup [[og] * f(2)].

teR
Then there exists a constant C > 0, independent of t,a and f, such that

loaeflr <1

and
o™ fllp < CllFllp
for1 < p < 0.
Proof. Clearly we have ||oat]l; < 1. On the other hand, it is easy to see
o*f(x) < CM,f(x), where M, is the maximal operator defined by (2.3.1)

and C depends only on n. Since a € LY (S"™ 1), |lo*fll, < C| fll, follows
from Theorem 2.3.3, where C' is independent of ¢,a and f. [ |

Now we turn to the proof of Theorem 5.3.1. Since Q € H!(S"~!) satisfies
(5.3.2), by Lemma 2.3.1 we can write

N __ . /
x') = E Ajaj(z
J
where every a; is a regular oco-atom and

DIl < el gnny-
J

Thus we merely need to show that there exists a constant ¢ > 0, for each
regular oo-atom a, such that

ot = [~

1/2

2
/| = yn)lf” . <C|fl, (533)

z—y|<t |z — 8

p
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for 1 < p < oco. Without loss of generality, we may assume

supp(a) C S" [ B(¢, p),

where £ = (1,0, --- ,0). Consider the case n > 3 first. Chooose a nonnegative
and radial C§° function 1 such that

0<y <1, supp(zb)C{mE]R”'

1
2
/ Y0 gy =1,
o 1

B(€) = P(AyE)

<l g2}

and

We define ® and A by

and R
A(&) = ¥(8),
respectively. (Here A,¢ = (p%¢1,pa,- -+, pén), see Lemma 5.3.1). Write

By(z) = ~ (%), A= EDN (%)

tn o\t n t

Then it is easy to see that

Dy(€) = Y(tALE),  Dy(€) = (te)

q)t(ib) = p”+1 t™"A g .

Clearly for any f € .#(R™), we have that

and

fx) ~ /000 <I)t*ff(w)dt ~ /_Z Do x f(x)dt. (5.3.4)
Set
go(f)(z) = </_Z|¢>2t *f(x)|2dt>l/2 ~ </Ow|®t*f(x)|2%>l/2.

Then there exists a constant C' > 0, independent of p and f, such that

lga(Hllp < CllF - (5.3.5)
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In fact, we see that
@t*fmﬂAJ/;t_%A<%)f(Ap(A%x—40)dy::At*h<A%x),
where h(z) = f(A,x). Note that
Az)dz = A0) = (0) =0

R’I’L

Applying Theorem 5.1.3 implies that

||gq><f>||pgc</w (/0°°(At*h@%x)r%)m@)w
</ooo [Acxn (Ar) ‘2 %1/2
p

ntl
<cp v |[hll, = el fllp-

n+1

:Cpp

9 1/2
dt

Notice that
a(z —y)
| )

o0
pat(a) = | |
¢ 0 z—y|<t |$ - y|n

00 1/2
<o [ o soppar)

By (5.3.4) and Minkowski’s inequality, we conclude that

oo ) 1/2
taf(x) < c/ </ | Pos+t * oot * f(x)|2dt> ds

— 00

=c

Hgf(x)ds.

—o

o0
—00
By Minkowski’s inequality again, we have

ot < [ IH.Slyis. (5.3.6)

—00

Under the condition of the theorem, if we can illustrate that there exist
constants ¢ > 0 (independent of s, f and a), 6, n > 0, such that

27%|fll,  when s >0,

5.3.7
2™ fllp when s < 0, ( )

I1Hs fllp < {
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then (5.3.3) follows from (5.3.6) and (5.3.7). Therefore, the proof of Theorem
5.3.1 can be reduced to the proof of (5.3.7), which is a direct consequence of
two estimates below and the Riesz-Thorin interpolation theorem of sublinear
operators (see Calderén-Zygmund [CaZ2]):

s llp < el fllp (5.3.8)
VH s < c-27%|fll2 when s >0, (5.39)
2= e 25411l when s < 0. -

In the above two formulas, ¢ > 0 is independent on s,a and f.
Let us first prove (5.3.8). For 1 < p < 2, since a is an co-atom, it follows
that ||oot||; <1 from Lemma 5.3.3. Set

Gstt(w) = Dot * f(2).

Then we have

H/ Oogt * G5+t dt H/ ‘Gt ’dt (5310)

On the other hand, applying Lemma 5.3.3 yields that
sup |ogt * G o <sup \Gt|> < c||sup |G| (5.3.11)

teR teR teR

q q q

for 1 < g < co. If we set
TGS_H(.T) = 09t * GS_H(JZ‘),

then (5.3.10) and (5.3.11) show that T is bounded on L' (L'(R),R™) and
L1 (L>*(R),R™), respectively. For 1 < p < 2, take

1 2
S
q P

Then by applying the interpolation theorem mentioned above, we have that
T is bounded on LP(L?(R),R™). That is,
00 1/2
([ iopa)
— 0o

<C

9

p

00 1/2
H (/ oy Gs+t(-)|2dt>
N )
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where C' is independent of s,a and f. This inequality together with (5.3.5)
/

implies that (5.3.8) holds for 1 < p < 2. If p > 2, set ¢ = (g) , then there

exists w € L? with ||w||; < 1, such that

IH fll; =

o0
/ / |Poere * ot % f(2)|w(x)dtdz] .
R" J—00
By Hélder’s inequality, Lemma 5.3.3 and (5.3.5), we have that

IH: £l < lga (HIllo* (wDllg < CIFI.

This formula implies that (5.3.8) holds for p > 2, and C is independent of
s, a and f.
Now we estimate (5.3.9). By the Plancherel theorem, we have that

\HLfI3 < / / ()22 A,6)%2 2|, (€) Pdedt,

where

Jt(f) :/ a(yi) e—27ri£~ydy
Yy

<oyt
For £ # 0, choose a rotation O such that O(§) = [¢]-¢ = [¢|(1,0,---,0). Set
y, = ('Lhyé, e 73/;1)7 then

ot
/ /Sn 1 O —27rzr|§|ud0_( )dT,

where O~! denotes the reverse rotation of O. Clearly, a(O~!y/) is a regular
oo-atom whose support lies in S*~1 N B(¢’, p). Thus

ot
- / / Eqo(u, &)e 2™ El gy
0o JR

By Lemma 5.3.1, we have that
()] < 2l / Balu, )] u — &]du < 2| 4,€]. (5.3.12)
R

On the other hand, we obtain that

2] d
RAG |<c/ /Eug Je=2mirt gy | 2

€]
2! |§| dr
C
= / T
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Applying Holder’s inequality, Hausdorff-Young’s inequality and Lemma 5.3.1,
we know that

_ 3/4 _
[J(€)] < CIEI™ (21D 1Bl g ) < 274 A7,

3(R)
This inequality together with (5.3.12) implies
|J1(€)] < C'min {23t/4|Ap§!‘1/4, 22t\A,)§y} : (5.3.13)

It is clear that the constant C' in (5.3.13) is independent of s,a and f. By
(5.3.13), when s > 0, we have

o0
|HL [} < C / /
—00 2—s—t—1§|AP£|S2—s—t+1
< C27%| f5.

When s < 0, by applying (5.3.13) we obtain that
IHLf5 < 2 f]5-

Thus we get (5.3.9), and finish the proof of Theorem 5.3.1 when n > 3. For
n = 2, we just need to replace Lemma 5.3.1 by Lemma 5.3.2.

Flo)| 21, Pad

Remark 5.3.1

(i) Since L(log® L)(S*~1) € HY(S™1), the conclusion of Theorem 5.3.1
still holds for Q € L(log™ L)(S™™1).

(ii) When Q € HY(S"™Y) satisfies (5.5.1) and (5.3.2), whether pq is of
weak type (1,1) is still a question.
The following theorem will give another result on LP boundedness of
Marcinkiewicz integral with rough kernel.

Theorem 5.3.2 Suppose that Q) satisfies (5.3.1) and (5.3.2). If
Q e L(log* L)V/2(s" 1),
then pq is of type (p,p) (1 <p < ).

First we state a lemma, which essentially is the continuous form of Theorem
5.1.5. Its proof will be put off after the proof of Theorem 5.3.2. Suppose
7 ={m :t € R} is a family of measures on R". Define operators A, and 7*
by

1/2
AL(f)(a) = ( [~ f(x)|2dt> , (5.3.14)
P (7)) = sup (]« 1) 2. (5:3.15)
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Lemma 5.3.4 Suppose that a > 2, A >0, v>0, ¢ >1 and Cy; > 0. Let
a family of measures {T : t € R} on R™ satisfy
(i) ||| <A, teR;
v/loga

(ii) 17(©) < A (min{atle], (aflg) ' })" " for every & € R™ and
teR;
(iii) | (F)lly < CyAllfllg, for every | € LI(R™).

Then for p satisfying

1 1 1

<_
p 2 2q

there exists a constant Cp, independent of f and a, such that

18Ny < Coll £l

i

for f e LP(R™).
The proof of Theorem 5.3.2. For k € N, Set

B = {y e s : 27 < o) < 2}

and

() = Uy )xe,(y) — : Q(a")do ().

Then

Q(2)do(z') =0 (5.3.16)
Sn—1

/\:{xGN:|Ek|>2_4k},

where |Ej| represents the measure of Ej, on S"~! induced by Lebesgue mea-

sure. Set
Qo=0-) U,
ke
then it is easy to verify that Q¢ € L?(S"!) and

for all kK € N. Let

/ Qo2 )do (x') = 0.
S’ﬂfl

For k € A\, define a family of measures 7F) = {7, , : t € R} on R™ by

famg =2 [ D,
R ly

<okt |y|" 1
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Now set low 9
(0]

ap =25, Ay = 2/ Q) do(y'), 7 =—2=.

B 6

Then for t € R, £ € R” and p > 1, we have the following results:

) |t < Ak,

i) |7 (€)] < Ay (aklg))? 12
iid) ()] < C A (able))” '8
) H( ) < CpA;.

LP—[LP
In fact, (5.3.17) (i) is obvious. It follows from (5.3.16) that

(
(
(i (5.3.17)
(iv)

7t (E)] < Ak (aglé]) -

This formula together with |75, (€)| < ||7x,¢]| < A implies (5.3.17) (ii) (Note
that v/logay < 1). Since

(") @ < /S %% () My f(@)da(y),

where M, is the Hardy-Littlewood maximal operator along y’, we have
that (5.3.17) (iv) holds. Next we will show (5.3.17) (iii), and the method is
analogous to that in the proof of (2.2.4). By Holder’s inequality, we obtain
that

okt 2
@ <2 [ e Ldnty)
0 n—
<c / / ()0 (@)
Sn—lXSn—l
2kt dr
9J —2mr f—z’ &) T d Nd n.
x J;m Lo ~ | doly)do(a)
Set
okt+j

I = / e—27rzr( z' &) % dr
okt+j—1 r’

then clearly we have |I| <log2. On the other hand, we see that

1< e (29970) | -]
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where C' is independent of k, i, j, 2/, 3’ and £. Thus
i <c (z'ftﬂ‘—l\gy)_o‘ (Y — o, &) (5.3.18)

for 0 < a < 1. Note that

1
-  _ d /d / .
//gn—l x§n—1 | <y/ — m/’§/> ‘O[ O-(y ) 0‘(.'1: ) S Cl

Thus from (5.3.18) it follows that (5.3.17) (iii) holds.
By Minkowski’s inequality, we have

pa(f) < poy(f) + S (klog2)/2A  (f):
ke

Since Theorem 5.3.1 implies that pq, is of type (p,p) (1 < p < o0), by
(5.3.17) and Lemma 5.3.4 we obtain that

o (Hllp < Cp | 1+ D VEAL | 1f1
ke

< Cp (1419 2gogr yv2 ) 151

Thus we finish the proof of Theorem 5.3.2.

Next we give the proof of Lemma 5.3.4. The idea is analogous to that
of (5.3.6). Here we merely give the main steps.

First take a nonnegative radial function ¢ in ./(R™), which satisfies

4
osvst supp) c foers L<lal <2

and

/oozp(t)@ = 2loga.
0 t

Set W(¢) = (|¢[2). Then for t >0, ¥y(€) = ¥(|t€]?) and

fo) = [ " W fa)de

—00

for f € (R™). By Minkowski’s inequality, we have

AL (f)(z) S/R(/R|\Ifas+t*Tt*f(x)|2dt>1/2ds.
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If we set
1/2
H(f) (@) = ( [ 1 ems f<x>|2dt) ,

then it suffices to prove that there exist constants C > 0, v and 6 > 0,
independent of s and f, such that

CAe||f|l, if 5> 0

Hsfllp <
17l {C’A689|]f|]p if s < 0.

In order to prove this, we merely need to show

[1Hs fllp < CA[l £l (5.3.19)
and
CAe™ 7| fll2 if s >0
[Hsfll2 < 0 . (5.3.20)
CAe*|fl2 it s <0.

Applying the condition (i) and (iii) of Lemma 5.3.4, as well as the idea in
the proof of (5.3.8), we can obtain (5.3.19). The proof of (5.3.20) can be
completed by using the Plancherel theorem and the condition (ii).

Remark 5.3.2

H'(S™ 1) and L(log* L)Y/2(S*1) both contain Llog™ L(S"') as a sub-
space. However, there are evamples showing that, neither H'(S"~1') nor
L(log™ L)/2(S"1) contains the other.

Finally, we state a result on the weighted LP boundedness of Marcinkiewicz
integral with rough kernel.

Theorem 5.3.3 Suppose that Q € LIS 1) (¢ > 1) satisfies (5.3.1) and
(5.3.2). If p, q, w satisfy one of the following conditions

(a) ¢ <p<oo and we A,y;

(h)1<p<qand w7 ¢ Aprqs

(¢)1<p<ooand w? € Ay,

then there exists a constant C, independent of f, such that ||pqfllpw <
Cllfllp.w-
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5.4 Notes and references

The Littlewood-Paley ¢ function in one dimension was first introduced by
Littlewood and Paley [LiP] in studying the dyadic decomposition of Fourier
series. And this theory in high dimension was established by Stein [St1].
Theorem 5.1.1 is due to Stein.

The conclusion of Theorem 5.2.1 under the condition (i) or (ii) comes
from Rubio de Francia, Ruiz and Torrea [RuRT]. The assumption "both A
and B are reflexive spaces” in the theorem can be removed. The weighted
Littlewood-Paley theory was first studied by Kurtz [Ku]. The proof of The-
orem 5.2.3 can be found in Watson and Wheeden [WatW].

Theorem 5.3.1 and its proof are taken from Ding, Fan and Pan [DiFP2].
In 2003, Xu, Chen and Ying [XuCY] also gave the proof of Theorem 5.3.1
using another method. For the weak type (1,1) bounds of Marcinkiewicz
integrals with rough kernels ugq, Fan and Sato [FaS] proved that if Q €
L(logtL)(S"!) satisfies (5.3.1) and (5.3.2), then pq is of weak type (1,1).
The conclusion of Theorem 5.3.2 for p = 2 was first proved by Walsh [Wal],
and the proof for 1 < p < oo was given by Al-Salman, Al-Qassem, Cheng
and Pan [AACP]. And Walsh [Wal] showed that if Q € L(logt L)Y/?¢(S"1)
for 0 < £ < 1/2 and satisfies (5.3.2), then there exists an f € L?(R") such
that puof ¢ L?>(R"). The weighted boundedness of Marcinkiewicz integral
was first studied by Torchinsky and Wang [ToW]. They proved that if 2 €
Lipa(S"™1)(0 < a < 1) and w € Ay(l < p < 00), then pgq is bounded
on LP(w). Theorem 5.3.3 was obtained by Ding, Fan and Pan [DiFP1], and
independently by Duoandikoetxea and Seijo [DuS]. In this chapter, we do not
mention the boundedness of the commutator generated by Marcinkiewicz
integral po and a BMO function b. Here we mere mention two results.
Torchinsky and Wang [ToW] proved LP-boundedness of [uq,b] with 1 < p <
o if Q € Lipa(S" 1) (0 < a < 1). And Ding, Lu and Yabuta [DiLY] proved
LP-boundedness of the commutator if Q € LI(S"1)(1 < ¢ < 00).

As space is limited, we do not mention the boundedness of Marcinkiewicz
integral with homogeneous kernels on Hardy spaces and Companato spaces.
For related results, we refer to Ding, Lu and Xue [DiLX1], [DiLX2].
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